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LOI GIGI THIEU

Trong nhing nam gin day yéu cdu vé giang day va hoc tap mdn toan
cao cAp trong chc trudng Dai hoc ky thuat (Cao dang, Dai hoc va sau Dai
hoc) ngay cang cap bach vé sé higng va chit lugng. Cac sinh vign k¥ thuat
¢dn nhidu gido trinh todn cao c&p theo hudng hién dai vé 1y thuyét cling nhu
bai tap. Cac thiy gido clng can nhifu bd gido trinh nhu thé dé tham khao,
chuén bj bai giang va chon cho minh mét chién luge gidng day thich hdp.
Trong lic 46 50 lugng cac gido trinh vé toan cao cAp danh cho cac trudng ky
thuat chi dém duge trén diun ngén tay. Nhidu bd giso trinh vé toan cao ¢dp
da duge xuat ban hién nay chua dat trinh dd cac, siu sac, dap tng duge yéu
cAu hoc toan va day todn cho cac k¥ su trong thai dai khoa hoc k§ thuat va
théng tin phat trién bung nd nhu hign nay.

Giao trinh nay cla tic gia ra ddi dap ing nhiéu nhu cdu hét suc cap
bach hién nay vé€ mat giao trinh toan cac cdp cho sinh vién cac trudng Dai
hoc k¢ thuat (Cao dang, Dai hoc va sau Dai hoc). V& toan cye noi dung cila
g40 trinh nay bao gdm cac vin dé c¢o ban va quan trong nhit clia toan hoc
cao ¢4p can thiét cho mot k§ su: d6 13 nhiing cd s quan trong cliia phép tinh
vi phan ciia him mét bién vaA ham nhiéu bién, cic dinh 1y va phudng phap
¢d ban clia phép tinh tich phan ctia ham mét bién va ham nhidu bién, co sd
cla giai tich vecteur, hinb hoc vi phén, 1y thuyét cd ban vé phudng trinh vi
phan, chudi ham, chudi Fouriep va tich phan Fourier. Cac théng tin d& cap
dén cac van dé trén cha tac gia 1a cd ban, dam bao tinh chinh xac vé ndi

dung toan hoc. Cac chiing minh dua ra déu ngén gon, chat ché.



bac bict phan dé cap dén 1y thuvét vd ham nhidu hign 1a mar van <é
ral tinh t& trong Al tich toAn hoc, vi & day nhiédu tinh hudng xay ra phuc
tap han nhiéu & trong Topo nhiéu chidu so vé Topo mét chidu. Do nam vitng
cac kign thue co ban clia gai tich toan hoe dya trén kinh nghiém giang dav
toan hoc cho cae trikimg Bai hoc kv thuat trong va ngoai nude trong nhicu
nam qua, tac gia trinh bay toan bg gido trinh va né ridng ndi dung cla
phan nay rat ddy d0 va hién dai (vi dy phan dé cap dén cue trj cia ham
nhiéu bign, tac gia da st dung nhudn nhuyén cac dinh ly vé dang toan
phuong dé ching minh cac didu kién di cia cye ()

Gido trinh duge vidt mal cach sang slia va chat ché theo mot day
chuyén tu duy logique, d6 13 hai y&u 18 rat khd khi dé& cap dén mor van dé
toan hoc. Thang thudng ¢é van dé dat ra dam baoe tinh chat ch& va chinh
xac clia toan hoc thi ngudi doc sé rat kbé hiéu, hodc phai ¢c6 mot kha nang
tu duy (81, néi cdeh khac A mot théi quen tu duy todn hoc. 8 day tac gia két
hgp duge hai diéu néi trén: vin khong mat chinh xac ma van dam bao tinh
dé hiéu cho sinh vién (vi du phan xay dyng hé tién dé vé s thuc, phan tich
phan phu thude tham 6, tich phan suy réng...).

Giao 1vinh nay da dé cap dén mdt so van dé kha hién dai caa toan hoe
ma trude day trong cac giao trinh vé toan cao cAp it dé cap t81 nhu khai
niém khong gian métrique, hoi tu déu, chudi Fourier tdng quéat,... Ngoai ra
tac gid con dua vao nhitng b3 sung r&t cin thidt cho ngudi kv sut nhu cac
phan: toan t Laplace giai phudng trinh vi phan, cac bai toAn ¢d ban cua vat
1y toan hoec (truydn nhiét, truyén séng, ...), phan phy lye cac eéng thiie cd
ban nhat cGa toan hyc. Vige manh dan dua vao gido trinh cac van dé nhu
thé 13 mdt viéc 1am rat cAn thidt dé nang cao chat lugng dao tao ngudi kv
su, vi ngay nay nguodi ky su cAn toan hoc 8 mide d6 sau sac va hidn dai trong

qua trinh hoc tap dé ti8p can vdi cong nghé va tin hoce hién dai.
Ha ndi, ngay 30 thdang 4 nam 1997

GS. TSKI Lé Hang Son



LGOI NOI DAU

Trong nhing nam vita qua. Xhoa toan trudng Bai hoc Bach khoa Ha
Na&i da nghién ciu dé tai: » Xay dung ndi dung chudng trinh toan cao cap
c¢ho cac nganh kv thuat trén cg sd trung hoc, hoe sinh da hoe toan theo
chuong trinh mé (12 nam)” va da dé ra duge mét chuong trinh toan cao c¢ip
theo véu cdu do.

Qua giang day mén giai tich 3 Dai hoc Ky thuat trong va ngodi nudc
trong nhidu nam qua. va dua theo chudng trinh 104n da dé ra, 81 vidt giso
trinh nay, nham muc dich gidp cac sinh vien ky thuat ¢6 tai lidu tham khao,
g6p phan nang cao chat hugng dao tao, dé trinh d6 toan cia ngudi kv sit cia
ia duge hoa nhap vao khu vye va qudc té

Trong phan dau cia giao trinh, vi sinh vién da duge hoc mot s8 nai
dung d trung hoc, nén mue dich 1a hé théng hoa va nang lén mdt mic 43
1uong doi hién dai (Phudng phap tién dé vé s6 thue) nham gidp sinh vién cé

mot 1 duyv logique ¢hat ché trong viée hoe tap toAn va cac nganh khac.

Trong phan sau chia gifo trinh, dya trén cd 53 phan ddu da trinh bay,
40 trinh cung ¢8) nhing kién thice ¢d ban cia giai tich it thap dén cao
phit hop vAi veu cau clia ngudi ky su trong hién tai va tuong lai.

Giao trinh nay ¢6 thé dang 1am tai lidu tham khao cho céc sinh vién ky

thuat d ¢a ba ¢8i tugng: cao déng. dai hoe, va sau dai hoc.
Giao trinh duge chia thanh hai tap:
Tap I: Phép tinh vi phan va tich phan ciia hAm mét bién (Giai tich )

o



Tap H: Phép tinh vi phan va tich phan ¢ia ham nhiéu bign. Phudng
trinh vi phan va 1y thuyét chudi (Giaj tich }H + T11).

C4c phan nang cao va cic bai tap khé déu danh dau *.
(tugng dng véi ba hoe kv ddu cua mbi khoa hoc theo chuong trinh cia bd da

ban hanh).

Ta1 rat cam on Hét déng khoa hoc khoa Toan trudng Dai hoc Bach
khoa Ha Néi va cac ban dong nghiép trong khoa da gidp dd va tao diéu kién
cho td1 vigt gido trinh nay, nhat 1a cée ddng chi Tran Xuan Hign, Dang
.Khéi, L& Houng San, Duong Quéce Viét, Nguyén Canh Ludng da doc rat ky

ban thao va cho nhiéu ¥ kién quy bau.

Giso trinh nay (uy xudt ban Idn hui, viin khéng tranh khdi thidu sét

mong ban doc cho nhiéu ¥ kién.

Tac gia
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Chuong 8

AP DUNG PHEP TiNH VI PHAN VAO HINH HOC

Trong hinh hoc giai tich ta di nghién cfu cic dudong cong trong mot hé wa
do nao d6. Ta thdy cac dudng cong ¢6 nhimg tinh chét hoan toan phu thudc vao
hé 10a d6 43 chon, chang han: do ddc cha ti€p tuyén, bé 161, 1om. .. Tuy nhién cic
dudng cong con ¢é cidc tinh chat chi phu thudc vao chinh dudng cong, goi la céc
tinh chat néi tai clia ching. Trong bai nay s& nghién cifu mot s6 tinh chat dé, vi
phuong tigén nghtén ciru [a phép tinh vi phan, nén mén hoc nay goi la hinh hoc vi
phan.

A- PUONG CONG PHANG

1. KHAO SAT SO BO
1.1, Phuong trinh coa dudng cong
Ta bi€t néu cho dudng cong C trong mat phang thi phuong trinh ctia C hoac
c6 dang
y=flx)hay F{x,y)=0,a<x<h
goi 12 phuong triinh Descartes clda C

hoic ¢6 dang: {x=x(1) (a<r1<p)
= A1)

goi 1a phuong trinh tham 6 cta C
hodc cé dang r=f( @} (<9 <p)
goi la phuong trinh doc cuc clia C.
Cho dudng cong C ¢é phuong trinh tham s8

{x‘“” (a<i<p)

y=x1)

Xét cung AM ciia C, A iing v6i tham sd 1y, M dng véi tham s6 1.
R3 rang d6 dai s cha cung A/A?phl._l thuoe vio tham s6 7 s = s(¢).
Nguoc 1ai ¢ s€ phu thuéc s : £ = #(s)



Do dé:

x=x(1) = x[l(.s‘)] . {x = x{s)
ay
y= 1) =3{«s)] y = Hs)

B4 cing la phiremg trinh tham s8 cia dudng cong, nhung tham 8 1a 5. Nhu
vay. thay cho tham s6 bt k¥ 7 ta ¢6 (h¢ diung tham s6 dic bigt s la do din cung
AM clu dudng cong, vér A ¢6 dioh, con M 12 didm chay trén dudng cong. Ngudi
ta goi v 14 hodnh do cong vi phuong trinh (ham s6 v 14 phuong trinh ty him ciia
dudng cong.

Thi du: Ta bict phuong trinh tham s6 cila dudng tron 1Am O bdn kinh R ja:

x = R.cost

) 0<(<2rm
v=Rsm¢

Vai £ 1a gée gitta true Oa va ban kinh OM (M (1 3)) mat khac ta biel do dai
— §
cung AM = s img v gée dam t la s = Resuy ra £ = — . Thay lai phuong trinh

tham so rén 1a ¢ phuong trinh tu him cita dudng tron, dé 1a:

[

i.\f:Rcosi
0<s<2nR

.5

»= Rsin—

) R

1.2. Tiép tuyén va phap tuyén:
Ta bict néu dudng cong cho theo phuong trinh y = fix) thi phuong trinh cia
tiEp tuyen va clia phip tyén véi dudng cong tai diém (vy. yo) 1a:
-1
1(x0)

Né&u dudng cong cho theo phuong trinh tham s6 & = x(f), y = ¥(2) (hi vi

(v - xp)

Vovo =Sl - ) vay -y =

', = =L nén phuong (rinh cua tidp tuyén va phap tuyén vdi dudng cong tai
X
7

(X Vo) Ung vai 1y s8é 1a:

Y-y = y‘(’“) (- Vay -y = -_x'(tu) (X - 1)
)i

x'(ty (e,
hay
Vo XX, Y= o X4,
__>__F . ' il - o
Vi L G A

Vaia'y = x'(1), ¥vo = V')



5t . . . . ' oA - . - N -
Vitg u=yv,= 2 nén cic cosin chi rdng chia tiép tuyén (ai mot diem bt
1

X

s

hY (v cua dutmg cong v = flv) o8 1

cCosS @ = —: l—_.— = ———l — . Ssina = —.—tg_a_.._ = ——)_).‘_——__—
Jl+ie'a \/ﬁ.(—;')_' Ji+tgia [_ ( » )z

va cta duong cong cho theo phuong trinh tham 86

(v = ) |
(v T X ) V'

1 ( sela - CoOSx = - I,—:__'_-:: N Sina = — "—_’—_ =
=t VXAV Xy

1.3. Vi phan cung:

Xé duang cong € ¢é phuong trinh y
= fa), gid s hdm vy = i) kha vi
vong lin can cha did¢m . T
Xt M(xv) € Cov = fl)) ‘
M (v + Av), (v + Ay)eC (Hinh 87) {M ,
Pat MM' = As ‘ A
Ta ¢6 | AY
-, _— M —
MMSMM =Ac< MT+TM'(]) / AX N
Nhimg AL = JAx* + 4y, | ‘\
— — J |
NT =dv =y Ax F L — -
o] x xenr X

FTZ Ax’ +dy: _ ]+J"2\_ Ar
Hinhg7

TAM' = dv - Av =0 (Av) la mdt vé cung bé bac cuo hon Ay, thay vao (1) ta ¢d:
A S
\,H(Z) Av< As <1+ 7 Ax + O{ Ax)

Chiu cho Au (pid sir Av > )

(2 i
\|' \A‘(J Av

Cho Av— Otach:



ds

hay ds =

A 1 12_
I|m— —\lel
d\‘ W AY

V1 dehay de” = dv 4 dy?

Cong thide ndy goi 12 cong thite vi phan cung coa dudmg cong v = f(1).
N

¢u C cho theo phuong tiinh thum s6

thi dé dang suy ra s =

i cing d& ding ¢ dv = Jr”

2.1. Pinh nghia:

\l'l.\' :
N¢u € cho theo phuong trinh doc cye r =

32. PO CONG

Xét mot cung dudng cong (Hmh 88) cid st lai méi diédm cta né ¢hi c¢é mol
GEp tuycn, Ta thiy khi mot didm A chuyén i trén dudng cong (hi HED tuyen G
Y véi dudmg cong sT quay mot gée 1on hay nho thy theo "muic cong” cua dudmg
cong. Die bict 461 v&i dusng thing thi goc quay dé tuén ludn bang khong vi Gep
twyén var dudng lh{'mb trung v()‘i chinh duomy thang. Nhu vay gée guay cla Uép

uy&n dae trung cho "mite LOI]L cua dudny cong,

Biy g1 x& cung M’\/I
cua dudng cong. gia st do dai
' Aq“/ ~ ~ z ' ~
cia MM 14 Av vi gde I¢ch
cla U&p tuyen tal M, M 12 Aa
(tinh theo don vi dai). Xét ti
Aa!

1 As |

cho "muc cong” cla dudng
cong rén mot dom vi dii cha
cung dudng cong. Ngudi ta
gol U 86 dé la dd cong trung
binh cia duong cong trén

N
cung MM

6 u N0 nlty dic tung

S I\
Kihicu: K,, = —\\i
' %N

Ax



Thi du: Déi vér dudng tion bin kinh R thi Av = R‘A aldo dé do cong trung,
binh cta né:

_| A& 1
IS =
Raa R

Nehta 13 dé cong trung binh cig dudmg 1dn luon ludn khong ddi va bing
nehich dio ciia ban kinh.

Dol vél mat dudng cong bal thi noi chung dé cong trung binh sé thay déi
trén cde doan cung khide nhau, Ta thily néu Ax caog uhd thi do cong trung binh
ciing dac trung duge gén "mide cong” cila dudng cong tai mot diém. Mot céch 1y
wémp ngudi e xem 2idn han:

limK,, = |im.A(i\ (As > 0 M —> M)
S ey Ag

[ dae trime cho "mide cong” clia duding cong tai didim M, va goi gidi han d6

[4 do cong cta dwdyng cong tai diém M,

S . A«
Ki hi¢u: K= liml=Z
Aol Ag
. . - . . da
Theo dinh nghta dao hdm thi K = (== n
dy

nghia I Do cong tai didm M cla dudng cong bang tri s6 tayét déi cha dao
hiam gée lich cta tiép yén vi true O tai M doi vol hoanh do cong ».
Thi du: D1 véi dudmg tron ban kinh R thi:

. . 1
K= {im K, = hml = —
Ay 3l A,\—»UR R

nghta 13 d6 cong clia dudng tron tai mor diém ciing luén ludn khong d¢6i vk
ciing bing ngluch ddo cha ban kinh (nhr do cong trung binh cia no).

Chu v 1ang khdi ni¢m dé cong trung binh vi d¢ cong tai mgt di¢m ma ta vira
dua ra hoan todn tuong 1y nhu khidi niém 8¢ dé trung binh v téc dd tde thai
trong ca hoc.

2.2, Cong thae tinh dé cong:

1". Pucomg cong cho theo phicong trinh y = f(x)

Cong thite (1) ¢6 the vict K = da ﬂ! ()
e dys
Theo v nghia binh hoc cia dao hamtg a =y’
Suy ru o = arctpy' va d_a = L
dx  1+y7?
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Theo cong thie vi phan cung:
ds= J1+y" ax

Thay- da b vira tim dugc vao (1') ta ¢o:

[}

dv s
K= |‘L (a)

()

2°. Duong cong cho then phuong trinh tham s x = x(1), y = y(1)
Do cidc cong thike lién heé:

-

¥ = o p= w VALY =20, ¥ =y
1 x. - v Xl i
vit theo (a) ta ¢0.
K= K=y (b}

2 2 32
(x7+»7)

3%, Buong cong cho theo phuong trinh déc cuc r = §{ @)
Do cic cong thite lign he:
x=reosg [.r = J{p).cosp
> a !
v=rsing ly = f(o).singp
néy ¢6 thé coi dudmg cong 1a cho theo tham s6 @, tinh dao ham cta A, v theo
@ 101 thay vao cong thic (b).
ta cé: .

K- ’r: + 20 "
(;‘3 + r':)m
Thiduy:

» 2 . e
1) Tim d6 cong cia parabole y = ¢a” (1 goc 0.

{c)

Ta tinh ¥ = 2av, v = 20 tai g6¢ 0, x = 0 thi ) = 0. ¥' = 24, thay vao cong
thuce (a) ta co:
_ |2u|
K=y =P
(1+0%)
2) Tim do cong ctia dudnyg ellipse: v = acost, y = bsint.
Tai moat diem bat ky v tai dinh («,0). Ta tinh:
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Vo= -asing, ' = —acost, ¥ = beost, v = -hsing
Thay vao cong thée (b) ta cé:

‘o I—a sint(—bsint)—(-acoss)(b c051)|

(a:’ sin’ 1 +b° cos® t)m
L ab

L 2 a2
(a' sin“ t+5b° cos‘t)

Tai dinh (. 0) 1a ¢o.
K=9b_4d
A &
3) Tim do cong cia duong cardioide r = a(l + cos @ ) (¢ > 0),
Tai diém (0, 2a). Tatinh r' = -usin @, ¥ = -acos @
Tai ¢ =0 thi r'= 0, )" = -g, thay vio cong thifc {¢') ta ¢o:

_ If4u: +2¢1:I ~

(4(12)j s
33. PUONG TRON MAT TIEP - BAN KINH CONG
VA TAM CONG.

K

”
3
4a

3.1. Dinh nghia:

Khi nghien citu mot dicm trén mot dudng cong dé duge tién loi trong nhicu
truong hop ngudl ta thay cung - dudng cong tai lan cin diém nghién cifu bang
mot cung cha dudng 1rdn ¢é d6 cong bing dé cong ca dudng cong tar diém dé.
Dudng trdn nay goi la dusng trdn mat Licp vai duong cong. Mot cach chinh xic
ta dinh nghia: Ta goi dudng tron mit tiép hay dudng tron chinh khic véi dugng
cong tai di¢m M ¢l dudng cong (2 dudmy tron:

Tiep atic vdi dudng cong tai M.

B& 16m cilia nd triing var bé 16m cia dudig cong tai M.

Do cong cla nd bang do cong cla dudng cong tai M (Hinh 48). Tam cua
dubng tron mal tiép 2oi 1a dm cong (tdm c¢hinh khic) vi bin kinh coa dudng
tron mat tiép got 1a ban kinh cong (khie ban kinh) cda dudmg cong tai M.

3.2, Cong thirc tinh bin kinh cong:
Ta biét v6i dudng tron 1hi tai moi diém cla né 3o cong K = : suy ra bdn
. . . N - Iy 1 . PR
kinh cos duong tron bang nghich dédo cia do cong R = — . Do d6 theo cic cong
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thife tinh do cong (1), (b), (¢) & 2.2 ta suy ra cic cong thie tinh bin kinh cong
¢ia dudng cong tai mot diém trong cde trudng hgp dudimg cong cho theo phuong

rinh v = f{x), tham s6 va doc cuc:
R= (l + )j : o (x'l 1y )3"3 o (r: N rlz)x-:-
P T B P Yo

Thi du: Theo cdc thi du 0 §2.2 thi:
Bin kinh cong ctia Parabole y = o+ tai goc 0 la

g=1_[ 1l
K 24|
Rdn kinh cong ciu dugmg cllipse tai mot diém bat ky la
R= L _t@isin bt cos’ O i dinh @ 0y laR= 2
K ab a
Bin kinh cong cha dudng cardioide tai diém (0, 24) Ia:
1 4a
)

3.3. Toa dé ciia tam cong:

Theo dinh nghia thi tam
cong cia dudmg cong tai M
phdi nidm wen phdp tuyén
véi dudng cong (ai M vé
phia 16m cua dudng cong
(Hinh 88). Ta s¢ tim cic
cong thie xic dinh toa do
cla tam cong;:

bdu tien xét dudng
cong cho theo phuong trinh
v = flv). Gia s 1am cong
cua duong cong tai M(x,y)
12 1(x, ).

Theo dinh nghia MI = R
Ia ban kinh cong tai M. Hinh 89
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1 N 14 ‘_.2
hay (La- VY +0p-v) = (7) (1)
VH:
Ta it phuong trinl phédp tuyen i M vai duong cong la:
y-v="tixow
y
X, Y 1a (oa 46 chay tren dudng phap uyén.
Vi 7 o trién phip tuyén nén
Yom ¥ = _.1 {(xp - %)
'1"
hay v, - v = v, - V) (2)
Giai hé gom (1) v (2) ta 88 06 1o do v, vy cla 1am cong.
Cu thé thay (2) vao (1) ta cé
2 2 2 (] +3 )
AR Mo WIS U I S

ez

x
hay:
1 s -3
L+ 3"y - ) = (7'-)_
yl h
. P
Suy ru: = 3y
}’17

D¢ chon dau + hay - 1a M{x )

U nhu sau: (Hinh 90)
Neéu V" > O thl dudng
cony [ lom lie do vy -y > 0

Suy o v& phal caa (3)

y s 1(%,,4%,)
phadi duone nhung 222 >0
“H
I{x
{do v" > 0) nén ta phai chon ( 2% )
dau +
N A< thi dudng cong [
101, Tde do v- v < 0,50y ra: vé
phai  caa (3)  phai am, M(Z, y)
nhung 2" {do ¥"<0).

» Hinh 90
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nén ta van phai chon dau +. Tom lal. ta phai 1ay:

Vo-V=+ I+~!" (3,)
Vvll
Tur (3°) suy ra yg= v + L+
ll’I

Mat khac thay (37) viio (2) (a s& suy ra:
s, ()

\'O =
)"
Vay déi véi dudmg cong vy = fiv) thi toa do coa tdm cong v, v, dng voi diém
bat ky (1,y) cia dudng cong duge xdc dinh bai:

) (] +) )y'

g = (a)

"‘II

|2
[+
Vp=y+ - {b)
Y
Bai véi dudng cong cho theo tham so

v=a()
y=x()

I hi theo cidc cong thire Lign hé:

X))
a ()

va cde cong thie (¢). (h) ta suy ra cic ¢ong thire xde dinh toa 4o coe tim
cong 1y vp tng vai mot diém bt ky (1)) cla dudng cong 1a:

Ng =X - _xl—j)r‘_ s )
x.yl’__\:’l}/“
Vo= ¥+ _X.L X' (d)

xlyn_xuyq '
Bict toa dé 4. vy cla 1am cong vit ban kinh cong R ta ¢4 phuong trinh cia
duanyg (ron mat tép la:



(v +(v-vg) =R
Thi du:
Iy Tim a do tam
cong va viét phuong trinh
cla dudng teon mat tiép
vdi parabole v = ax’ tai y
dinh (0.0) cta nd. Ta tinh
Vo= 2ax, v = 2a, tai dinh
v=0thiy =00y =24
Thay vao cdc cong
thiae (@), (b) ta ¢ 10a do
cua tam cong la;
ao=0.vy= L
2a

Ta bict ban kinh cong

cua parabole (ai dinh Ta —
0 X
R=_!
|Zu|
Vay phuong  (rinh coa
dudmg ron mat uép var
parabole tai dinh( hinh 01l Hinh 91
» 7 :
.\-_+f ‘ri_Lj :4
T 2u 47

2) Tim tam cong cla ellipse © = @eost, v = bainf tai mdt diém bat kv clia né
via Vi€t phuong trinh dudsng tron mat tiép tai dinh («, 0) cta né {inh 82). ta tinh:

v=-asing, X' = -acost

v = heost, V= -hsing
Thay vio cic cong thite (), (d) ta ¢6 10a dé 1Am cong cua cllipse tai mot
diém bat ky:

il .-.2 2 2
a sin“ t+b cos
- hcost

X, = aCost — —.
absin™ t +abcos ¢
2 =2 2 2
a sin“(+b cos t .
— —.(—asint)
absin~ ¢t +abcos ¢

v, =bsinr +

hay 101 gon ¢6.



= cos’t
u
b
v, = ‘ sin ' f
h
Binh (. 0) ing vai r = 0, lic
dé:
Y= s —h C w=0 0 <

u
Ta lac biét hin Ninh cong
cug cllipse tai dimhota. 0) Ja
R= b a.
Viy phuong inh cua duong
(ron mir uep i dinh dé 1a

( u:—b:T ., b
- 3=
4 a-

\ a 7

Hinh 42

3. PUONG TUC BE VA PUONG THAN KHAI
4.1. Dinh nghia:

X¢ét dudng cong C, khi diém M thay ddi wren C thi 1Am cong / tueng fing voi
M 58 thay doi.
Qui tich L cic am M
cong / cua dudng cong C #
a0l 12 duomg we b€ cba C,
¢don C thl poi la duong
than khai coa duong tac bé
dé (Hinh 93).
B¢ lgp phuong trinh
duong tic be cua C, didu
ticn xé1 C ¢6 phuony trinh
V= fln).
XéL(X. Yy e Liang véi M 7
(v, ) € C (h theo cdc
cong thic wa dé coda 1im
cong La cd Hinh 93
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l 1,1.‘
X=x— +'_1‘ v
3
1+
ey
It

Tu thay X, Y phu thudc 1 hode ¥ (vi y, v phu (hude nhau: v = fv). Do do va
theo dinh nghia h¢ (1) chinh 12 phuong tinh tham s6 cta dudng tic be L cia C
vai tham s6 1a « hoac v,

Biy gid xét C cho theo phuong inh tham 38 x = v(4). y = v(1), (X, Y) € L ing
var digm (v, v) bat ky cta C. Ta dugc:

x.l+v-l
X=x- -
N wo
xyU-xty
12 [R)
, X"+
Y=y4+ ————% )

.\"_)"“",\'H)'I "

Tu thAy X. ¥ phu thude ¢ (vi v, v phuy thude 1) Do d6 va theo dinh nghia thi he
phuong (rinh (2) chinh 1 phuong trinh tham 6 cta dudng tic bé 1. chu C vai
tham 86 7.

Cha y tang néu khir duge (tham 86 & (1) hode (2) (hi ~& ¢6 phuang tiinh lien
hé aitfa X, Y coa tie b& cha C:
F(X,Y)=0
Thi du:
1) Tim tic be it parabole y° = 2px
Ta tinh v', ¥°. Dao him 2 v¢ phuang trinh cta parabole theo 1 ta ¢o:
vy =2posuyraiy = P,oy'o l)yl = —_P' . mil khac tir _\'2 =2m

I}

y yo ¥
Suyra = >, thay v, ¥, " vita tim dugie vao he (1) e
2
2 1+ p; 2 + p- R 3 2
Xz'l———--'},—.ﬁz) +2 —G'D )-, L +p
2p =p7 oy 2p ¥ py 2p
}IS
.
. 5 cF4pty
)’:y+ '}1 :‘1_7) ﬂp == l—:
=P yop p
y’



Do d6 phuong trinh tic b cua parabole theo tham 6 v 1

3
X=—+p (a
oy, )
‘]
y=-2 ®
P Y
Khir v bing cach rit y?
a(a):
¥=2P(X-p) (o)
3
Binh  phuong (h) 14 [t
duoc 0 %
N &
y =2 (d)
P
Thay _\"' O () vao (d) 1a
duroc
r= 8 x-p
27p

Po [a duong parabole bin
tam thira cat tiue Oy tai
(. 0) (Hinh 81) Hinh 91

2) Tim (4c bé cua ellipse v = acost, ¥ = hsins

Theo cie eong, thide tinh 10a do clia tam cong coa ellipse tai mot di¢m bat ky
cla né & (hi du 2. §3.3 1a ¢é ngay phuang trinh tic bé cta cllipse theo tham <6 ¢
la:

al bl . y

cos ¢/,

a- .
}=—- sin' ¢
b

P63 duong  astroude
(Iinh 45) ? x

4.2. Tinh chat:

Ta s€ dua ra v tinh chi
quan trong cua tde b va than
khai, tor dé6 ¢6 th¢ (im duge
ducmng than khai khi eho truée

Hinh 95
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tic hé cla né.
I° - Tidp tuyén cha dudng tde be 1A phip tuyén cla dudng than khai cua né
(tay cac didm trong ang).
Ching minh: - Xét tde be ¢6 phuong, trinh:
1+ y" 1447
X=x ——J ¥.Y =+
Theo cdce cong thic xdc d_inh cosin chi huc’mg cla  tidp tuyén &1 va ban
kinh cong R ¢ 83 thi:

v ' >0

433
1 )l_‘ | SR Al
+'.l. V= ﬁ_)_" >— ——}__ = Rsina
¥ y J 1+
Iy 32
] " 1+))~_
+.). :( ”) , [_.I - = Rcosa
,“ _}; \II 1 + '1"_
Do d6: X=x-Rsma
Y=v+Rcosa
Suy ra: dX = dx - Reosaud o - dR.sin
dY = dy - Rsinada + dRcoso
Nhung: Reosoda = i B o= dv
da ds
Rsinado = dS dj doa=dy
da ds
(do v" > (), nén R > 0" R = dx/da, con:
1 dx dx
oS =—= =-=— =—"—= —
JI+)¢ +y2dx  d
¥ yde  _dy
S = ——-==
\/1+ v 1/1+y-ab; " ds
Vay dX = - dR sino
dY = dR.cos a n
) - -1
Suy ra: dY -d.R cosa cotger = 1 hay r=_
dX a'R sina 3 Yy

Y 13 hé 0 gde cua tiép tuyén cua tic bE, cdn R h¢ s6 gSe phip uyén
L}

))
cua thin khai. Vay tiép tuyén cia tic b la phip tuyén cia than khai.
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2" - N&u uén cung AM cin duomg cong. hdn kinh cong R bi¢n thién don
cM thi méu gifri ban kinh cong R tal M v 3O dii cung (rén e bé ung vai cung
AM 10 mét dai luong kKhang doi.

Chimg minh: Got vi phan cung (rén tic bé 1a do thi
d = dX + dY theo cic cong thac (1), dé dang suy ra:

dG° = sin” oulR + cos odR” = IR

Hay e =+ dR
Suy ra do -t _dR
ds ds

N
Theo gia thist t1ién cung AM, R bign thien don dicu dR/ds chi luon ludn
duong hodce am

Do do dg - +fj£
ds oy
Hodc: do _‘ﬁ
Cods s
Suy ra do 1
dR
hodc do _ -1
dR

Neahia 1 8¢ do bicn
thicn cua o theo R luon
luon bing 1 hodc -1

Viy AT — 4
AR
suy ra: |/\cr| = |AR| hay
o(M)- o(Ay = R(M) - R(A). -
Nhung o(M) - 5(A) 1a do dai cung tic b dng vSi cung AM con R(A) = ¢
khong doi. Vay o =R-¢ hay R-o=r.

Hinh 96

D6 la diéu phiii chifng minh.

Tir hai tinh chat nay suy ra cich dyng co hoc dudng thin khai néu cho wic be
cu 116 nhar sau:

S

bir mot soi diay Khong din rén cung PQ ciu durmg wic bé buge ddn @ con
din A hudng theo HEp tuydn 1ai P vdi tie bE va cdch xa P mot doan AP=c

Néu cang soi day (khong trugt) theo cung ﬁa clu tde be i ddu 4 cua sgi
day & v& nén dutng thian khai, ta thay: cho mot dugsng tic b thi ¢6 1he dung vo
<O dudmyg than khai (wong tng vi ¢d the [dy vo sG gid (rf cha ¢ (hinh 48).
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Thi du: ung duimg
than khai cta dudng tron

£ 2 2 . “n
AT+ =g xéteung AR l
rén duang ron vai Aq,0) d

dat mor doan day theo
cung do. buge dau B, cing
diau A (khong truot) khoi
cung thi A <& V& nén
duasng  than khwt  cua
dudmigron.

Ta ¢é the lap phuony
uinh cda than khai nay.

—

Goi géu 6 tam cla AB
larva M(v, v) 1 mét dicm
fuy ¢ o thin khat vira
dung thi  theo  hinh:
(Hinh 97)
v= DO DO=BE-DO

= s T - 1) + acoss

RY

hay
V= a{rsimd 4+ cont)

Tresnig nr

lTinh Y7

N = d(SINg - 1Cost)
H¢ ndy chinh 1a phuong trinh tham s cow dudng than khai clha dusng 1dn
(rén

§5. HINH BAO CUA MOT HO BUGNG CONG
§.1. Did bAt thudng cha duong cong
a) Dinh nphin' Cho dwong C « 1 oo plhtong G inh:
Fix, v} =0 (1)

néu (1) xdc dinh v la ham dn clia x trong mét khodang (a, b)
nao do:y = y(x) thi nhu dé biét hé 6 ¢da tiép tuyén cua C tai

Mix, v) ¢ Cla:



hodgc

C
d—\:—-—‘, voi F o+ 0
de K

A

(név coi xla ham dn ciia y:x = aly).

Nhu vay khi it nhat mét trong cde dao ham -, . 1‘ khac khéng
tai M(x,y) e C : F.? + F;z # 0 thi duing cong co tiép tuyén xdc dinh tai
M, M goi la mot diém binh thuiong cia C.

Néu tai M(xp yy) < C: F (x4, y,) =0, F_;(x(..yl,) =0 thi M(x, v, goi
la mgt diém bat thuong cia C. Nhit vay My(x, y,) la mét diém bdt
thwong ctia duong C néu nhi tog dé ciia né thod mdn hé:

Fix,, v,)=0. F.(u.y)=0, F(x.y)=0 2)

Rovang 1ai didm bal thudng oia C. C ch 1hé o6 G@p tuyen hoae khong.,

b) Phan logi: Gia thict Mo v 1a o didm bat thudng et duongs
C: F(u, vy = 0. VA 131 1 cae dan ham vidng ¢ap hai khang dong that trict
tisu:

A= 1"\"\(_r\-,. v K= }"\"_‘.(.\',)\ Lo = {x)

Bal \= -8

VNG A > 0 thi M goi 1a mot diém bat thuong ¢ Jap (11.98).

2) Néu A < 0 thi M goi 1a mdt diém kép hay mot didm nut (.99,

3 Néu A = 0 thi M ¢6 (hé 1a didm bat thudng ¢ lap hav diém kép
(1. 100}

Néu khong voi vao truong hop nay thi M goi la mot didm lui
loai mot (11101 hay mot diém 1ai loai hai (1.102)
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M M

Hinh 98 Hinh 99 Hinh 100

Hinh 101 Hinh 102
Trong khong gian cho dudng C 6 phuong trinh
r=x(D,y=y),z=z()u<t <P
Diém M(x, y. z) € C goi la diém b&t thudng cla C néu tai M:
x (=0, y(t)=0, z(t)=0
Thi du:
1 X6U dudng ¥ - 2' = 0. Ta e k=3 Fp=2y. 'Fai (0,M
F, - F ~0.Vavdidm (0, 0) 1 diém bat thudng cia dudng cong (didm ap

b1 y

Hinh 103
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2. Xét duang cong C: Y |

¥ xMx-1)=0

Ta co
Fp=2x-3x"_ F =2y
F.=0. F.=0 .
1 X
khia=0, y=0. (0, 0)
< (. Vav diém (0, 0) 1a
didm bt thuong cta C
(11 104 («1iém bat thudng Hinh 104

co lap).
5.2. Hinh bao chia hg duwdng cong

a) Ho duang cong: T'rong mat phang, xét phuong trinh Fix, y, ¢) = 0
(1). Trong d6 ¢ 12 mdt tham s6 ndo d6. N&u tng vdi ¢ = ¢, (1) xac dinh y 1A
ham &n cfta x: y = y(x) (hode x = x(y)) thi F(x, y, ¢) = 0 L1 phuong trinh clia

Ma

mdl dudng cong naon d6. Tap hgp cac dudng cong g vai cae gia tri khac
nhau cha ¢ goi 1a mdl ho dudng cong phu thude mdt tham sé e va (1) goi 1a
phuong trinh cua ho.

Tuong tu, phuong trinh F(x, y, ¢;, ¢;) = 0 goi 12 phuong trinh cua ho
duang cong phy thude hai tham s6 ¢, c,...

Thi du:

1) Phudng trinh (x <)’ +y =R (R > 0) 1a phudng trinh ca ho dudng
tron tam (e, 0) ban kinh R, phu thude tham s ¢.

2) Phudng trinh




}a phudng trinh cia ho v]lipécs ddng tam O ¢b téng chec ban true
khéng d8i (=5) phyu thudce tham sé ¢.

3) Phuong trinh (x — a¥ + (y )2 =R" (R = cosnt) 1a phudng trinh ciia
ho dudng tron, tim 1a mét diém bat kY va c¢é ban kinh R, phy thude vao 2
tham 88 a, . Néu xét R cang la tham s4 thi phudng (rinh @6 13 phuong
tvinh cua ho duinmg tron tam bat ky va ban kinh bat kv phy thudc 3 tham s6.

b} Hinh bao eiia mot ho dudng cong
Dinh nghia: Cho mdt ho diong cong C phu thube mét tham sé ¢
c6 phuong trinh
F(x y,¢)=0 (1).
Néu ¢é mét duong L tiép xtic véi moi duong cia ho C va nguge

lai tgi moi diém cia I déu c6 mét duong cia ho C tiép xtc véi L thi

L goi la hinh bao cia ho C (H.I05).

Thi du: Hinh bao ia ho dudng trdn (x — ¢)® + y° = R%1a 2 duong
thaingy ==+ R (11,106

)
YT

Hinh 105 Hinh 106



Qui tac tim hinh bao: néu ho duong cong C: Fa, y, ¢) = 0 (1) ¢6 hinh
bao L, thi cac didm trén L cé toa do thoa man hé:
F(x,y.c)=0
. (2)
Io(x,y.c)=0

Thue vay, néu ho C ¢ hinh bao L, va M(x, y) € L thi x, y phu thudc c:
£ =x(), ¥ = y(c). Do dd cb thé xem phuong trinh tham s5 cua L 1a: x = x(c).
v Ty Ve ¢ € (a, B) nao d6. Khi do  Flx(e), y{¢), ¢] =0, Ve € (u, B).

1Jao ham theo ¢, 17 ¢o:
X () + Fyy () + F =0 (3)
Mat khac xét M{x . v) € C. thi chc hé 56 gbe cta 618p tuyen tai M vl C 1A

dy _F (F. 2 0)
dx F :

N

Theo dinh nghia, M € L, hé 88 gic cla tidp tuyén tai M v8i L )a:
dav V(o)

. . N Fooy(o K g
cing theo dinh nghia - —— hav F x'(c)+ F .y (¢)=0, thay
& g ! g e v ¥ (o) +Eyyi(e) 3

vao (3} ta ¢d: 16 =(. Vay toa do cua cde didm trén hinh bao thod méan ho
(2). N&u ho C ¢6 cac didm batl thudng thi cac diém bat thudng cing ¢é (oa

40 thoa man hé (2), vi theo dinh nghia: cac diém bat thudng c6 toa do thoi

man hé:

IJl =0. FJ'. =0, thay vao (3) ta cling ¢6 hé (2). Do dé quy tac tvén chi
1a didw kidn can 48 6im hinh bao.

Thi du:

1) Tim hinh bao cia ho duing cong:

) - \:1 (1
¢ (3-¢)

[N
S



Hao ham theo ¢ 1a ¢6:

¥

2y"

G-

2%°
-3t
c

Rhi e tir (1) va (2): ti (2)

-
X

P

C

Thav vao (1) va piai y theo ¢ ta ¢o:

Khir ¢ ta ¢o:

VN
PYRINT

bd 1a phuong trinh cia dudng astroide.
%

Y (B-eY

(0, 0) khéng thude ho (1), Vay ho

ellipses (b khong 6 didm  bat

Mat khae: F;

thudng va dudng astroide 14 hinh

bao ¢ta ho ethpses da cho tH 107,

- _ (25 : (2)
(5~¢)
= 3
V= _c) va it (2) ta cé:
=0 khi x=0.y =0 hidm

2y Trong ed hoe. ta bie 4
phiong  (vinh chuvén domg ca <] = X
vien dan han dn véi e dd ban
dAn v, va gée ban o (so vl mat XVV
dan 1a:
X = varosot
e st* Hinh 107
¥y = \-mea.t—T n
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g 12 gia 1dc trong trudng, khit ¢
‘ta ¢6 phuong tring quy dao cta
vién dan la:

£ xl

y=xpgo - — —
AvjeosT o p
X

Dat tga = ¢, g‘ =k = const thi:

2vgs

y=cx— (1 tcd) ks (1) Hinh 108
136 12 ho paraboles phy thude tham s3 e (11108 T4 36 (im hinh

bao ¢lia ho paraboles nay.

Pao ham (1) thgo c:

, 1
O0=x 2kx*=0hay c= 5

~hY

Thay vao (1) ta dwge:
! 2 VYo _ & 2 @

Day 132 phugng trinh cua parabole dinh (0, ;0—) vi ho paraboles (1)
b4

khéng ¢ diém bat thudng nén parabole (2) 12 hinh bao clia hg paraboles
(1); (2) goi 1a parabole an toan.

3) Tim hinh bao cta ho dudng cong: &y —a)’ = (x - a)®.

Ta cé: y 4
F,=-2Ay-a)+3a-a)’ =0
:y—a:%(x—a)?
:g(x—a)'; :(x—a)"k
! 0 A\ X

:(x—a)‘q'[g(x—a)— 11=0.
4 Hinh 10y

38



Do dé:

x-a=>y =X

4 4
¥X=- +ta—>v=x—-—
9 27
4 .
Ta duge V=X ]2 hinh bro
i

y=ux I qui tivh ¢ic fHam bat thading (L. 109

B- PUDONG TRONG KHONG GIAN

§1. SO LUOC VE GIAI TICH VECTEUR
1.1. Ham vecteur d6i vo hudmg

Ta did dinh nghia ham s6 y = f{x) méa gid (ri cia d61 56 vd ham s6 la ohing
con 54 thudn 0y, ngudi ta ciing goi ham s6 d6 la ham vo hudng véi dsi vo
hudny.

Thyc tién nhiéu khi cin xét su phu thuoe gilta mot dai lugng vé hudng va
mot dai luong vecteur.

Thi du: Xét chuyén déng clia mot diém M ké ur mot diém goe O nao do, thi
vi m cua M tai thai dlém 1 5¢ duge hoan toan xac dinh boi vecteur OM. Nhur vay
OM phu thude 1, 14 goi OM 14 hin vecteur clia dGi vo huong ¢

Téng quit ta co

Dinh nghia: Néu ting véi mai gid tri ctia dai lugng vo hudng t, a <t < B ta
¢6 mot vecteur xdc dinh Vi V goi la ham vecteur d6i vo hudng 1.

Kihicu V =V (1)

Theo dinh nghia voi cdce gia tri khde nhau ctia ¢ ta ¢6 nhiimg vecteur V khic
nhau, d6 {h cic vecteur fu do. ta ¢é the dua ching vé cung goc toa d6 O bang
ciach dat f = ﬁ?, ldac dé V {#} goi 12 ham bin kinh vecteur ctia diém M va ki
hicu la:

— e ‘. . . “ ™ . = R
r (1= OM. Nhu vay viée nghién ctu ham vecteur bat ky dua v¢ duoce vice
nghi¢n cdu hiam ban kinh vecteur cba diém M, do d6 d€ duge tién loi L day vé
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sau ta chi nghién cdu hiim
ban kinh vecteur cia dicm
M, F=F{®. Ny, -1
toa d6 cla M thi

V=0(1), vy, z=ztny ()

¥ = \'(/)i——i-_\‘()‘) _7+ :(I)E (2)

Khi 1 thay dé1. M s¢ thay

déi vi vé mot diuding M
cong ndo d¢ (Hinh 110) 0 — —
dudng cong nay por 13 &¢ 7= Ve

dé cuy hiim veeteur
F=F@©.
Hinh 10

Hée (1) goi 12 phuong trinh tham s& véi tham s6 7 v ding thie (2) goi li
phuang trinh vecteur cta dudng cong d6.

Tuong e nhu haim vo huéng, ta dita ra dinh nghia gidi han va lién tue cla
hiim vecteur nhu saw:

Ta 20i vecteur @ la gidi han cla ham vecteur 7 = F (1) khit = ¢, néu
|F - al 1a mét vo cliing bé khit = 1

Ta goi ham F = F (¢) 1a lién tuc tai ¢ = 1, néu Km#(r) = 7(¢,)

1o,

Néu dat Ar =1 - 1y, AF =F (1) - F () thi 7 () )2 lién tue tai £ néu
lImA¥ =0
A7 a0

1.2. Dao ham cia him vecteur

1% Dinh nghia: Cho ham vecteur, ¥

= F().asr <f, xétlait, cho 0 gy
Afthi ¥ coévecleur gia AF =F (1+ AN - F 1

)

Néu ]imﬂ 10n 1ai thi gidi han nay goi 12 duo ham clia ham vecteur F theo
Al A,
dai vo hudng ¢ tai hém ¢,
~ dr . Ar
£ hay —=1lim —
di Ao Az

10



2°. Y nghia hinh hoc:
Y 3 ' N g - ey N N ~
Gia atlr (6¢ dé cus ham £ = ) (1) = OM li dudng cong C va
F i+ \n=0ON lic dé:
_ —
(r+ At -7 (I =MN
(Hinh 111

A¥ =F

AF
At
huing theo cit tuven MN kht
Ar — 0 thi cdt tuyén MN ¢é vi
tii @16t han 1 duong thang
MT got la tiép wydn tai M véi
dudng  cong €. nghia Ia

Suy ra: Vecteur la

oodr .
veeteur dao haim =— hudng
dt
theo tigp tuyen MT.
Vay vé hinh hoc:

Vecleur dao hiym cia ham
veetewr ¢6 phuong (rung vai
phuong cua Gép tuyén véi 16¢
dd cua hiim vecteur ai diém
trong ng.

Hinli 111

3°. Y nghia co hoc:

Theo hinh 64: EA_F\ = \A/_/\N ) MN
AL MN A

Tu thay AN chinh 1 ¢ d6 trung binh cda dicin M tong thai gian Ar. i
At
o
A 0t MY v 1a6e do et M i (hid didm 7. mat kKhic khi Af = 0
At

tht MY 51 (Khi  kha bé thi MN ~ MN).
MN
Do do:

= lim
A =)

Ar

=10

Viy v¢ co hoe' Do dai cua veeteur dao ham cda ban kinh vecteur F clla
dicm M tai that diém 1 bang 16c do cua diem M v (thoi dicm ¢
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4. Qui tdc tinh dao ham:

Tir dinh nghti, twong wy nhu ham vé hudng, ta ¢ thé chimg minh cac qui tac
tinh duo ham el him vecteur doi vo hudng
-

I.{ay=0 a lavecteur khéng ddi ca vé phuong va do dai.
(F +F ) =F | +F ",
M@ry=ar

Vl.(r,,)_:l,r3)’=()"|,73. —3)+(Fl‘ FIZKFJ)"'(F“ F:, ’—;’3)
V. N&u ¥ =F (i) va u = u(0) thi ﬂziﬂ
di du di
Ching han ta chimg minh: IV,
F A At) - A
(F‘lﬁ)’:limr(H )7, (t+ Af) = F ()R ()
- AV} At
I\m{ (¢ + AR (1 + A1) = F{)R{r + A1) + 7 ()F:(1+A1)—r‘l(1)f:(z)}

At

A Al At

Im{r A Rt +At)-i ()+F|([)IF:(1+A1)—F2(1)}
-, 1 (t)-b r([)} :(1)

5", Dao ham cua ham vecteur cho theo toa do
Cho vecteur F = ¢ (r)7+_\' () 7 +-(nk
Theo T va 11 ¢ 4°- 1a ¢6:

Friysx I +v@i+vh j+vymj+2mk +z(0k’
nhung theo [t 7 °=7"= k=0 vi lanhimg vecteur khong doi.

Do dd: F (=1 )+ (n ]+ () k

Nhu vay cde thanh phan cta vecteur dao ham bang dao ham cédce thanh phan
cta him vecteur. Ta Jai bict, vectenr dao ham huéng theo tiép tuyén véi tée do
ctia haim vecteur do dé ¢6 the 1ay 'y, =" [am hé s6 chi phuong caa tiép tuyén dé.

6". Dao ham cua vecteur co do dai khong doi.

Cho vecteur:

F = F (N véi r'(t)|:c (khong doi)



Vé hinh hoc: Toc db cha F 1 | dudng cong vE trén mit cau bidn kinh o xét

N

= i’—‘ii =

F.F=F"
Pao ham 2 vé ta e
F'F4+7r.F' =0 hay2 7 F'=0

Nahia la vecteus dao ham 7 * thang gée véi hdm vecteur F didu nay cé thé
suy tir ¥ nghta hith hoc.

Dac biét ndu ¥ 12 vecteur don vi (¢6 phuong thay doi) ta ciing ¢6 k&t qua dy.

7°. Dao ham ciia vecteur cé phuong khing dot.

Cho vecteur 7 = \f(t)’ Fo. Fo lavecteur khong doi thi F Ia vecteur ¢6
phuong khong déi.

Puao hdm tacéd: 7= m " F o+ m ¥ onhumg 7 ;=0

Do dé: F' = ‘r'(()" Fo

Nghia 1a vecteur dao him cla ham vecteur ¢é phuong khong déi cling
phuong véi phuong cia ham vecteur dé.

8". Dao ham cdp cao:

Cho F= _\-(r)f+y(r)]'+ =(1) /?
Tu bict FUy=v+y0) j+200 k
Byo hdm cta 7 (/) goi la dao hitm c¢fp hai cla 7 (1)
Ki hicu £ hay ﬂ - i(a'r\)
dr-  dar\dt
Theo trén thi 7 '@ = ¥'(1) i+ _v"(r)j + 20 /E .
V& co hoc T (1) huéng theo vecteur gia t6c ctia didin M trong . ta 6 thé

dinh nehia dao ham cap ba, v.v...

§ 2. PHUONG TRINH TIEP TUYEN VA PHAP TUYEN
CUA DUONG
2.1. Phuong trinh:

Cho mot dudmg cong C wrong khong gian, ta bict phuong trinh tham so cha
duona i
A=Ay =), 2 =2(0) a<t<f (n



vy phuong (rinh vecteur cla dudmg 1
F o= Fi=uni +v(n / + (1) k
Ncu duong cho B gido (uyEn et hai mat
Fiouwo)=0, Fav, v, 2)=0
(i he nay goi la phuong trinh khong gidr coa duong.

Tuong tr nhu dudng cong phing, ta ¢ cong thie vi phan cung ctia dudmg

trong Khong gian [a:

b= F T E - P T
~

X<étcung AM rén duong cong C. A (ng voi tham ~6 f = 4y M (g v4i tham
sa 7. Da AM = 5,15 ring khi ¢ thay déi thi M thay d6i, nghia la s thay doi.

Viy & la ham <6 coa 11 5 = (1)

Neuge lal £ s€ 1a ham sé cda s 0 £ = 1) cho nén thay cho tham 6 ¢ bat ky, ta
¢6 the diing tham <o s 13 do dai cung clia dudng tinh 1 mot dicdm goe ndo dé, goi
1 hoan do cong, lie 36 phuong tinh tham s6 cla dudng 8& L

vEas), vy o =28 o<y <.

H¢ nay cing goi Ii phuong (rinh (e hiim caa dudng cong.

Thi du:

Lap phuong trinh qui dgo cua mét didm M vira quay déu xung quanh tuc
Oz vai 16e O ¢ic khong dai o vi tinh (60 doc (heo truc dé vai tae do khon !

va (Hinh 112).

14 ){ Hinh 112



Ta thifiy qui dao cua ML mon dudng nam uen mot mal tu e o2 i ban
kinh khong do1 o mio dé.
Gid s vi i diu uen coa M 1 didm A, 0, 0). XEU ML, v, 2) lay y trén qui
duo. goi P12 hinh chiéu clia M uén mad phing vov vi gée (OX, OP) = ¢ (.
A= OP cosg = acos o)
v = OPsing = asin ¢

c= PM =y

i

@

o I P . v = ¥ .
Theo giathict o = o, suy rar = Z ldc dd =2 ¢ dat =2 =hthiz=Do.
w Q] Q)

Vay phuong t1inh tham $6 (tham «& @) cua gu dgo la.

. v
VSORONO L Y= asing c=hep, h=2t
w
Qui dao goi 1 dudmp dinh 6¢ try ron xoay
2.2. Tiép tuyén va phap tuyén. Tam dién Frénet,
Cho diimy cone C ¢6 phirong (inh o hiim v = (&), v = y(s). = = () hay
phuong tiinh vecteur :
F=F )= ()i +vv) J+: "k
Xétdicm M v o) ren C (Hinh 113)
Ta bidt veeteus ar i M hudng (theo 1ép tuyen vai C tai M.
ds
- 1 — T
P g P . |AF . AV
Mat Khie: = liml 2o = 1im T =1
ds  vouAx| voe MAS
codr :
Do do  — Ja vecteur don vi
oy
. -oodr = . e iy
Kihitw 7= ova voi T 1a vecteur ticp tuyén don vi voi C e M. X&
us

d°F . . i -
vecteur L.__. (a bict vecteur nay thang poc voi T .
ds”
b d

Ki hiéu vecteur don victand la v thi:



dr
ds®
d°F

5ds:

N
V=

. - - ~ ’ - . N ~ A -
Neudi tu go1 v 1a vecteur phip tuyén chinh don vi va dudng thing mang i
la phdp tuyén chinh véi C 1ai M.

>

Bay gl xétvecteur f= TA v, f cling la vecteur don v thiang goc vai ca

T. ¥V ngudita goi £ & vecteur tring phdp tuyén don vi v duding thang mung
B 1auing phip tuyén véi C i M.

Mat phang mang 7,

> -’-J
v opoi 13 mat phang mdt /Q )
uep.

-

Mat phing mang V.
/3 got [ mat phing pbap
vi mit phang mang 231-
aoi 1 mit phing truc dac

vii duong Ctai M.

. M

-y s pad —
Cic vecleur 7., V. I's
[ vi cic mat phang dé
lap thanh mat tam dién goi

12 1wm dien Frénet cia C £ N
i M X Hinh 113
ra 1 -

Trong thue t&€ duong cong C thudng cho dudi dang tham o 7 bat ki
A=y y=y1), =2, a<t<P
-

Do d6 ta & xdc dinh 7, v . f theo tham s6 1 bat ki.

Ta ¢é:
po 9 _& ﬂ—(x’7+y'~'+-’}€)1 dt
ds dt .L/.\' J*= f_\.-3 +y13+:>2 dr
B - o dar
hay’ P XIAYIAk g M
\/;3 e dF !
dt |
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Détinh S xée

ds_ de’

& AT ards _d[g _d_s-) daF ds |dF d’s ﬂ(a{y
d it dsTdr ds'dt) ds di a

__d\/\ d:s . dr (ds\ __ﬂ dr(dsJ _
dt d[: d? dt .dl dr

(Tich 6 hudng diu bing khong vi ¢6 2 vecteur T)

. ds _d-’,:'(ﬂjf_ i(ﬂj
i.dsl‘dz CMlds? dr

=7T.—AYV
dt

Suy ri:
dF d°F
Y -dt- " dit nhung
=l _di” ‘

d’r (df_j’
ds \dr

) -

ar d’F
podid 2)
dF  d*F
TAE
ar dr-

glp =

néu ;

d¥  dF
A
dr  dr

do dé:

Tink duge ?,if theo ¢, theo cic cong thitc (1), (2) ta s€ linh duge V theo 4,
theo cong thirc:
V= ,Z)’/\ T 3)
Tir (1) ta ¢6 thé My vecteur chi phuong 7 clia 1iép tuyén |a:
- dF - - - .
T:‘d—’:x'(z)i (0] +2(0k (1)
t
Do d6 goi X, Y, Z la toa d¢ chay trén 1iép tuyén thi phuong trinh cia ticp
tuyén véi duong cong tai diém (v, y, z) la:
X~x Y-~y Z-:

X y z
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vi phuong (rinh et mét phing phip véi dudmg cong tar didm do 1
(X-W+ Y -y +(Z-2)"=0
Tl (2) tu c6 the 1ay vecteur chi phuong B cua tring phip (uyén Li:

/— d:— , ! A_i '

B= (-—’—/\ - l =t (2
drodet T
o E

Co 7. B theo (3) la ¢6 (hé 1dy vecteur chi phuong N ctia phap tuyén chinh
la.
N =B AT (2

Vi trong tr ta co 1he vidh phuong tinh cla tiing phap tuyén. mat phiang mit
HEp. phip wycn chimh v mac phang tige dae vai duamy cong.

Chui §: Tir cich chon cde veetew T B N nhi tién @ thiy:
T . B N
T - /} = o
|7 8] 5

Do 16 trong thye Gién, d¢ tinh cic vectewr 7.6, d6i vai dudmg cong cho

-?-—:

theo tham <0 /bl kv, ddu tien atinh: 7, B0 N
Thi du - Tim cie veeteur £,y 8 v vict phuony tiinh GEp wy @ mdt pledng

phdp. trimg phip tuy&n. mat phang mat tcp, phip tuyén chinh, mat phang frue
Jdie var duding cong.

V=1, _v=l2 cz=1 . tai diém dng voi (= 1
Fa tinky V=lov=2, =30 =0, =2, =00
Totr=1thy v=1,3y=2,"=3 : "=0 .v'=2 ,"=6
Da 6 theo (1) ta ¢6: ].':[A+2_7+3_
Theo (2 twcd:
PR
B=|l 2 3j=67-6j+2k
0 2 6
Pheo (3t c6
ik
N=BaT=l6 -6 2|=-227-16) +18k

1 2 3



Suy ra:

7] Ju
bri_};"3j:+.£
Ei J19
. N -~/ -8/ +9k

[N e

dicmang vdir=1lax=1,y=1,z=1.1Do dé, tai d6 phuong trinh cla tiép
tuyén li:
x-1_y-i_=-1

1 2 3
cla mat phang phap Yo (v- D+ (- D2+ (- 1).3=0
hay: t+2v+32-6 = 0

cua tring phdap yén li:

x=1 y-1 =-1
30 -3
cla mat ph{'mg mat tiépla: (-D3I+ G -DH D)+ (-1 =0
hay: v -3y +z2-1=0
ctla phap tuyén chinh la:
x-1 _y-1 =--I
TR T

ctia mat phiing trye dac 1a:
(-DEID + -8 + -9 =0
hay : ilv + 8y -9--10 =0

3 3. PO CONG VA bO XOAN
3.1. B cong:

Tuong tu nhir dudng cong phang, ta s& dinh nghia d6 cong cta dudng trong
khong gian,
Cho duding cong C ta vé céic vecteur tép tuyén don vi E’,?l i Ctal M. M,

TN L —_— — —_ -
va MM, = AT mot diem O ndo d6 ta dumg cic vecteur ON = 7, ON( = T,
(Hinh T14)



Gos gbc gitta 7.7, 12 Act. Ta (hdy khi M chay trién duong cong C thi N 8

chay trén mat cdu (am O, ban kinh |r =1

Ta goi do cone trung
binh cia C én cung MM,
By 6 139 ki hieu N

 As | z

Ky = !£| = My

| As]
vit dd cong cla C tai diém
M 1a g han
: . Al

fim K= lim— M
v U | »-:JI Agl

(Av > 0O - M, —> M)

Ki hi¢u:

Ao

K= {im e
1oyl AN
bal AX Ny

I; "?:I_'|A?| 0 Z

T o
> -
Ac= NN |~ NN, = |A7]
Hinh 114
(Vi NN, = 26in 22~ pa khi Aa - 0)
9

Do dé:
K= Iiméﬁ = Jim |Af
M0 Ag Ao As
Theo dinh nghia dao ham:
K=|[AL hay K = d_’ (1)
As ds™ |

Cong thice (1) cho ta ngay cong thie tink d6 cong clia duomg cong (heo
phuong trinh wrhim: v =a(s) Ly =y(s) 2= z(3).

Biy gidy d¢ tinh do cong cita dudnug cho theo tham sa 7 bit kv, tu Yam nhu sau:
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Mheo cach tinh 382 L cd

di dF
AT
S (2)
11:_}7_(51.5‘\“
ds™ \Ndt/
lF  d°F
oA =1 ne lar ™ ar
Vi l/}l =1 nén (= ! L
Id:f‘\/dﬁ)
‘d.s: ;L dt
Viay theo cong thite (1) la 6
aF dF
A
K= dFi idt dt
s s
\\L{(J
y Tk
VUI _i — \Ilu'x|l+-v|:+:b.‘_ . L[‘r/\ d f_ — |X| y) 21\
dt dt df'i ‘ . y y
X o

y'=2, 2'=3
A=, W=2, Z'=6
{ ar P };i
G =da; LAl 2 s=6i -6 42k
dr dt” )
2 6
iz/r' d°F| (3 2 5 ]
— A —=AN6T +67 +27 =76
e ur’
Viay theo cong thie (2) ta ¢é:
V76 1 [38

Sy avT

Chi y: Nghich dio clia do cong coa dubng cong tai M cling goi 1a ban kinh
cong ctia dudng cony tai M.
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Ki hiéu R=

3.2. bo xodn:

Cho dusng cong C vi x&t cic vecteur 7, V £ i M tén C. Ta bigt mat

phang mat tiép véi dudng cong tai M 14 mat phang mang 7, V. Dai vai dudng

cong phing, ti€p tuyén 7 vi phdp tuyén V luén ludn ndm trong mat phing chia
dudng cong, n6i cdch khic mat phing mat ti€p vai duomg cong lusn luon chira

duong cong.

Dar vor dudng  cong
trong khong gian thi khic,
ndi chung tai cic diém khic
nhau cha C, ¢6 nhimg mat
phang mat ti¢p khic nhau.
Khi diém M doi trén dudng
cong, mat phang mat 1iép sé
quay chung quanh 4ép
tuyén 7 motl gée 16n hay
nho thy theo mic dé “"gap
ghénh" clia dudng cong. Ta
bict  vecteur (ring phdp
tuyén . A thang gée véi mat
phing mat 1icp, nén géc
guay cla mat phing mat
tiép cling la gdc quay cta
vecteur f. Nhu vay géc
quay cia B chung quanh
1iép tuyén T bidu thi duoc
mic dé "gip ghénh" cia
dutmg cong.

s

Hinh 115

Bay gid xét cic vecto Bs B] i cdc diém M, M, trén C. T mot diém O bat
k¥ ta dung cdc vecteur ON= B ON, = B, Ta thay khi M ddi trén C thi N s& doi
— TN
1rén mat cu 1am O, bin kinh iON|‘ = ‘,[}]‘ =1 dat MM, = As.

—_— — - L —> - - ~
ON -ON, = f -3, , géc gita ON, ON, ciing 1a géc gita B . f, 12 Ac

(Hinh 115).
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AS bidu thi géc quay clia A tren mot don vi dai ctia cung
As

Ta thiy 4 s6

—

MM,.
. B . g e ~ N z ~ » N
Neudi 1a goi ti s6 dé 1a do xoan trung binh cila dubng cong trén cung MM,

con gisi han lim IAJ‘ thi goi 14 d6 xoin cita dutng cong tai M.

A .o| ;\s‘|
Ki hicu T = lim IA_J
A U Aﬂ'
TN - - -
Nhung Ac =NN, ~ NN, = ‘ﬂ—[fllz‘Aﬂl

(Vi NN, = 2sin ézﬁ - A khi A — 0)

Do do:
T= |im A5
Av—l) Af
Theo dinh nghia dao ham thi T = |98 ()

ds

Theo cong thie (1) mudn tinh do xoin 7T tai 1 di€ém M, ta phdi tinh vecteur
B tai M.

C6 thé ching minh:

2= 43
T = Rl[i‘g_f,d r)
ds  ds® T ds?

véit dudng cong cho theo phuong trinh tr ham: v = x(s), y = y(s), z = 2(x)
(i 47 ﬁ)
dr'dt*’ dr’

[d? d:i’]z
a4
a dt°

véi dudng cong cho theo phuong trinh tham s6 ¢ bat ky
x=x(t) , y=y(1) , z=2z0.

* Thye vay, ta bidt a1 p
ds
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[S1}

mat khac @: ‘_1_(?,\g=):_l,\§+;,\."i
ds ds ds s
nhung ar _ ‘ii 7V nén de AT=0
de dsT ds
Do d6 d_[)’ = f/\f{ﬁ nghia la % 17
s ds ds
Nhu vay ﬁ thang géc ca véi 7, B nén iiﬁ ¢6 phuong ciia V , nghia [i:
ds ds
f{é: - ‘db[ \'.
ds s |'
Theo (1) ta cd flﬁ =+T v
ds

De tiegn loi vé sau ta chon ddu -, lic d6 ap =-TV
U>

Nhan vé hudng 2 vé€ dang thite nay vén V vi chuyén vé ta cé:

T=-¥ ‘;—ﬂ (2)
s
Ta biét :
da’r e .
godst oW R ATV A
B 4°F) R ‘ds'l dy”
dy ‘
Mait khdc theo trén:
ds ds ds ds  ds

Theo (3) thi:

%zd_rAi(Rd;;)
ds ds ds ds



hay:

/ T U i A _\
fiL}:dTA(ﬁ'df"R.dr] dR ( dF RN ( LJ
ds  ds \dy dsT ds’ ds\ds dst ) \ds
Theo (3) va (4) thi (2) viét duge:
7| dR{ uF R P ) (d; dF)

T:—R— - 1 + —
ds” a’s\a'\ d\ J Cdy o ds /|

dR|zli dF d:u R_.‘,/dlf dr dl"

ds L dy” a’.s Tdst ) l\ ds” dst

Tich bon hop didu bing U vi ¢6 2 vecteur trung nham, cdn tich sau déi dau khi
hodn vi 2 s& hang li¢u nhau

- -R

Do do:
7o Ldi d'F d!]
tdly dx: ds?
Vai R= i, =
K |d*F|
i
\ ds™ !
Biy g1d ta chuyén ¢ong thac (a) vé trudmg hop dudng cong cho theo tham so
hat Ny - A=) vy=Ean, 2=
Ta ¢
dar c/) ¢
o ds
cl") d’ dr . dr
sSH—s
ar dx ds
d'? dF AT, dr,
—=——F3 /5y +—3
de’ds’ ds” ds
Suy 1w
(dr &°F A\ _(dF ¥ dTY
ddt dit dz‘J Uds " ds” s‘J
Do dé:
(Lr A7 d'y j
T= [E”_ dar d_’] di’de d') g
ds ds*  ds

( dsj °
dr



Ta biét :

[ dsy” (dF d°F d'F

R - \d()l nén T:kdt.dl: \dli/' (b)
[’df AN [g_zf_A{f_]‘
ar” ) ar " dr

Nghich ddo cla do xodn cua dudng cong tai mot didm goi 12 bin kinh xoan
el nd tai diem ay.

Ki gu: p= 1
T
Thidu:
Iy Tinh dé xodn cta duding x =1, y=1r", z = tai ¢ = |
Tait=1 thi =1 v=2 =3
=0 =2 "=6

AM=0 y'=0 =6

Suy ra:
1 2 3
(FI‘FH\FIII)= 0 2 6 = 12
0 0 6
Con |F'/\7"|: =76 (xem thidu ¢ 3.1)

Do d6 theo (b) -

r=12_3
76 19
2) Tinh do cong va do xoén clla duong dinh 6¢
A = UCONP ¥ = asing 1=hy
Ta cd:
F o= acospl +asing j + b k

"= -asin@l +acosg J +hk

~I

~

" =-acospi - us‘inq)j

= wsin@l - acoso ]

i

o6



>x=

| ! /

. + - 1
Fart=|—using tacosp bl = absing i -ubcosp j +a™ k

acose —asing 0

—asing acosp b
(.7 F")=\-acosg -asing 0O/ =a’b
| asing -acosg 0‘

Theo cdce cong thie tinh do cong v dé xoin & trén ta ¢6:

1 ava® +b  u

R (a* +h) TS
o) ab b

p d (@ +b) a+b

Tir cde k&t qua nay, ta suy ra mét tinh chat rit quan trong cua dudng dinh 6e¢:
Tai moi dié¢m cla duong dinh 6c, dé cong va 4o xodn cla né Ia nhimg dai

lugng khang dai
Ngudi ta cing dung linh chit ndy dé dinh nghia dudng dinh oc.

Chu y:
T ciic cong thiae tinh 7, v, Zf, R, p ta suy rd cdc cong thdc lién h¢ gita
chiing li:
5 4 -t B dp_
ds R ds

R p s p
Ciéc cong thic ndy goi 13 cde cong thite Frénet cha dudng cong tai | diém

cla nG
C- MAT, TIEP DIEN VA PHAP TUYEN VOI MOT MAT

Tap hyp 8 cae didm M, y, 2) < 1Y thod man phuong trinh Fx, y. 2) =
O (1 gor 1x mdt mat va (1) goi 1a phuong trinh cta no. Néu wr (1) (a glai
dutge 2 = flv. y) hoac y = flx, 2) hoac x = f{y. &) thi cAc phugng (Tinh nay goy
1A giai duae thav 13 dang hisn) eda S va (1) eting goi 14 phuang trinh khong

gial cua S Mot mat S ¢6 thé cho theo cie phudng (rinh:

x=au, v), y = ylu, ).z = z(u, v’ (2), (4, v) € D c mat ph‘:mg u, v goi

~1

o



13 phuong finh tham s6 cua S, Ro rang 1 2 khit v, v (1 ¢6 (1) va ngige
lai. Mat S gol 1a mot mat 1ién tue néu ham F 4 (1) lién tge 1vén S hoae cac
ham 0 (2 1ién 1ue trén D,

§1. MAT CHO THEO PHUUNG TRINH KHONG GIAI
Trong R* cho mat S ¢6 phuung trinh F(x, v, 2) = 0 (1)

Dinh nghia 1: Mét duong thang goi la tiép tuyén véi mat S tai
M(x, 3, 2) € S, néu no la tiép tuyén vai mét duong cong bat ky trén S va
qua M.

Vi 1161 chung ¢6 vé 50 dudng cong trén S qua M € S, nén theo dinh
nghia: Tal M € 8, ¢6 thé cé vd s tiép tuyén vdi S, cac tiEp tuyéh nay lién
hé vl nhau boi:

Pinh ly: Néu tai diém M(x, y, 2) ¢ 8, tén tai cdc dao ham riéng
K. I‘ F. lién tuc va F, +F +F 0 (it nhdt mét trong ching

Lhdc khong) thi moi tiép tuyén tai M voi S déu vuéng goc voi

vecteur:
N =Fi+Fj+Fk

Ching minh: Xét mdt dudng cong bat ky Cc S qua M(x, y,2) € S
gia st C ¢6 phuong trinh tham 8¢ x = x(t), y = y®, z = z(t). Ta biét tiép
ven tar M vdi © o veeteur chi phuone 1a: 7 =.r'(t)f+y‘(t)f+z'(i)l? mat
Khae v

C S nentheo (1)
Flx(ty, y(H, z()] =n Vvt € (u, P).
Do dé va theo g Chidt:

lox)+ 1-_‘_._\"u) +lzv U

hay theo trén: —\‘7:0 nghia la __’I.‘ LN vi N khong phu thude vao C

—

qua M. nén moi tiép tuvén tar M vdi S déu thang goc vai A



Theo dinh 1y thi moi (igp tusen tai M véi S déu nam trong moét mat
phﬁng vudng goc véi vecteur N

Dinh nghia 2: Mdt phdng chia moi tiép tuyén véi Stai M c §
goi la mat pht';ng tiép xiic vdi S hay tiép dién cua S tai M. Puong
thang qua M va vuéng goc véi tiép dién cua S tai M goi la phdp
tuyén véi S tai M.

Theo dinh nghia thi phap tuyén véi S tar M song song v N nghia la
N 1a vecteur chi phudng ciaa phap tuyén do, ~ goi 1& vecteur phap cua S
tal M.

Tu dinh nghia ta ¢é phuong trinh cda tiép dién va phap (uyén véi S
tai M(x,y,2) € S la:

(X =X)E +(F - )F.+(Z - )F, =0 o8

N-x Y-v Z-z
F A F

(2)

trong 46 X, Y, Z 1a toa dé cia mot diém bat ky trén ticp dign va
phap tuyén. Dac bigt, néu mat S cho theo phudng trinh: z = f(x. y)
thi F =2 - f(x, y) vA cac phuong trinh (1), (2) ¢6 dang:
(X=X e+ (T =w)f, =7 -2
X-x Y-y Z-z
Lo Lo !

Thi du:

1) Viét phudng trinh cta tiép dién va phap tuvén vai mat ellipsoide:

J
[
(2

tal M{e, y, 2) trén mat. Ta ¢6:

A 1 -~

. N T - .
Flxvzy=—+—+—-1=0
a- bh™

0o



do d6

Theo (1) v& (2) ta ¢6 cac phudug trinh phai tim la:

N -+ —v)+2(Z=2)=0
P bA cz

X—-x Y-y 7-z

X vz

()2 b: C:

phueng trinh dau ¢6 thé viét:

Xt v zZ -1

2 2 -

a b= ¢

2 2 2

. X z
wi —~—+’vﬂ +

a b c

=1 do M trén mat)

T =

2) Viét phudng trinh cha ti8p dién P véi mat x? + 2y + 22 =1. Bi&t

ri‘mg N6 song song vl mat phfmg Q. x-y+2:=0.

Theo thi du 1) thi phudng trinh cua tiép dign P tai M(x, y, z) trén mat

1A:
v} z7
- AN =]
L
2
iheo gia thigt P /1 @, nén:
v 2y oz
1 -t 2

N . ! .
Pat cActy s bangt thiz =¢, v= 5 z = 2t. Thay vao phudng trinh

t:+2(—i):+(2!)2=1—$m;=]:"’=iJz
2 2 11

cla mat:
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do dd:
Y S A

11 2411 11
11

va ta duge hai tiép dién cia mat lat x —y + 22 = + 5

§2. MAT CHO THEO PHUGNG TRINH THAM SO

Mat S ¢ RYco thé cho theo phuong trinh tham sé:

x=x(u,v),y=y(u,v), z=2z(u,v)(l)(u,v) e D ¢ R’

Xét M(x, y, z) € Sva chov = const, thi hé (1) la phuong ¢rinh tham sé
fvdi tham 6 u) cua mét duong cong C, = 8, tiép tuyén tai Mix, y, 2) € C, ¢d
phuong trink:

fx Y- _
X -x _ Iy R VA : z @)

Xy Yu 2y

Tuwong tu: cho u = const thi phuong trink cta tép tuyén tal M(x, y, 2)

cCy 8 la:
(3

Cdc Liép tuyén (2) va (3) nam (rén tiep dién cia S tai M. Do dé
phuong trinh tiép dién cua S tai M la:
X-x Y-y Z-z
S T (4

X,. Y z,

va vecteur phdp N vdi S tai M e¢é cde toa dé:

C

z

4 — u u
A=r7
v, Z,

voi diéu kién la cdc dao ham riéng tén tai lién tuc va it nhdt mét

3

trong A, B, C khdc khéng
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Thi du: Cho mat x = ucosy, y = usinv, z = cv thi theo (4j phvong trinh
cua tiép dién cua S tai Mix, y, z) bat ky trén mat la:

X-x Y-yv Z7-2
cos v sin v 0 [=0

—usIny 1#Ccosv c

. N
hay sinv X - costY + —Z = uy

<

Chu y: 1) Trong R dudng cong C ¢6 thé cho theo hé phuong trinh
{F(m;:z):() ()
Glx.v.2)=0 (S:)
nghia 1a C 12 giao cla 2 mat S,, S,. Tiép tuyén vdi C tai M ¢ C,
chinh la giao tuyén cua céc tiép diégn cua S, S,tai M € §,x S, = C.
Do 6 phuong trinh ciia tiép tuyén vdi C tai Mix, y, z) € C la:
{(.\' — LAY = IFL 4 (2 -2 =0
(X =x)G, + (Y ). +(Z—2)G; =0
Thi du:
Vict phuong trinh ena (iép Luyen vér duong:
21y 2= R? &' +3y"=Rx
Ta ¢6 phuong trinh phai tim [3:
{ XY by} 427 =R

(2x- RN +23) =Ry

CnnioveTa da xét mat S: F(x. y, 2) = 0. Tai diém M, y, 2) € S ta da gia
(hict: F ¢6 cac dao ham riéng lién tye va it nhat mat trong ching khéae
khong Khi dé tiép dién hay phap tuvén cia S tai M duge hoan todn xic
dinh. ta goi M 1a diém binh thudng cia S.

Ngrige 151, néa tai M e 8 cde dao ham riéng cha F déu (ridt tiéu hoac



moC trong chung Khoug t6n tai thi 1a got M 1a didm bat thudng ¢ciia S.

Néu vM e S déu 1a diém binh thuang thi 8 goi 1A mét mat tron. Mat
S ol 1A tron timg phan (manh) néu né 1 lien tue va duge ¢hia thanh mat
~ohira han phan tron bdi cae duding tron timg phan (doan1 (C7(1.8) TI).

BAI TAP

L "1im vi phan cung va cde cosin chi hudng cla (iép tuyén tai mot diém bl
ki cia cie duony:

1).\:+_\'2=¢/" 2) __\_‘1_1_;1‘_\:]
a b
).) _\»— =2Pv 4) _\-.“ + )‘_}3 _ (I:B

Sy =a{r-sint), y =a(l - cost)
3 . 3
6) A = acos’, y = asin’f.

2. Tim vi phan cung va cosin hode sin ctia g6¢ V gilta bidn kinh cuc v tiép
wySn tar mol diém bat k§ cla cace dudng,

1yr =a@ 2‘)1':3
17
3) ;= a 4)r= acos” Ef_
cos” ¥ -
5y =d" 6) 1~ = cos20
3. Tim do cong vi ban kinh cong tai mot diém thy ¥ cta cde dudmg,
I)_\':u\': 2)\‘2\}
3y v =S 4y v = achy/fa
S)v= cill\rcos_{j 6) v = acos't V= asin't
\ 124
7)Y v=acht v =bhsht Y v=a(/-sinf) . v=al - cost)
) F = u:coqu) 10) 1 = al(l + cosp)
11y =ap 12)r = ae™

4. 1) Tim biin kinh cong bé nhat cta dudng v~ = 2pv

L. . X
23 1im do cony 1dn nhat cua duong v = ach -
2 g R

u

(SN



5 1im oa do cia tam cong cia cdc dudmg;
Day=[ta(l, 1) 2) u_vz =\ (al (d. a)
6. Vi¢l phueng trinh dudng 1rdon mit tiép véi cac dusng
Dy=2 -6+ 10 tai (3, 1)
Dy = ¢t tai (O, 1)
7. Lap phuong trinh tde b& cua cdc dudng;
) x=aln iﬁ— _Jat oyt
y
2) v = ! - sint) v=u(l - cost)
3)_\24‘2 _yzl"
4) v = a.(cost + 1sint) v = (S - 1cosr)

5)r=u(] + cosp)
6)1 ="
8. Chimg minh rang néu (x,. v,) 14 toa do cua tdm cong cta dudmg
=20, y=y(), ast<h.
thi:
Xyt XY

xlyll_x"yl X‘O ).lill_-rnoy!n

9. Tim va phan loai cic
didm bat thudng cla cac
duong cong:

1) yi= -t +
2 (y 7Y ="
3 at+yd 3axy =0 (14 Deseartes)
3 yia  x) =% (cissoide)
M+ yt=af
10. Tim hinh bao clia cac ho dudng cong:
D oy=@-c?

2y y' =(x-c) (paraboles de Neid

&



3 (@+axly-co)f =xl(a-x). a =const
1) y*=9px+p?
5 Ho dudng lh?ing lap véi cac trye toa do cace tam gide vo dign
tich khonmg d61 S,
11. Xic dinh cdc dudng 13 téc A6 ciia cdc ham vecteur
DF =dar+¢ DF=ar+bt
3) ¥ = dcost + b sint H F=dcht + b she
a.b, ¢ 1cicvectukhong d6i d L b
2. Tinh dao ham theo tham s6 / cha thé tich V cila hinh hop dung trén ba
vecteur
d=i+j+rk
b=xui-j+’k
C=ri+lj+k
13 Phuong trinh ciia mét chuyén déng la:
F =1 cosa coswr + J sinacoso? + k sinar
a, o 1 cdc hing s6, ¢ 12 thoi gian, xdc dinh qui duo cha chuyén dong, 4o lon
v hudng cta van 18e va gia toc ctia chuyén dong.
14. 1 céc vecteur 1. v, Z} cia cac dudng:
Iye=tsin, y=tcost, z=te' taigée toadd
2) v=cos't, y=sint, z=cos2/ lai | didm thy y.
15. Viét phuong trinh cua iép tuyén phdp tuyén chinh va tring phip tuyén
tai mot digm iy y cha dudng:
1* t t
—_ y= —, zZ= __
4 3 2
Tim cic diém ctia dudmg, tai dé tiép tuyén véi dudng song song véi mat
phing: v+ 3y+2:-10 = 0.

3
v =

#16. Viat phudng trinh mat phang mat tidp, mar phang phap, mat phang
tryc dac ctia duong
Dy +y +27 =6, _\'2—)"+:2=4 tat M(1,1,2)
Dy =, X =z tai diém tiy y
Dao=e, y=e', =12 tai 1 diem thy y.



17. Viét phuong trinh cua ti€p tuyén va mat phang phap véi cic duong:

1yx=Rcost , y=Rsmtcosr , z=Rsins taijr= %
4
2)_:\2+_v2 , X=y ai (1,1, 2)

I8. Tim cdc vecteur 7, v, f va viét phuong trinh cila mit phing mat a&p,
phdp (uyén chinh va trung phdp tuyén véi dudng (xoan 8¢ conique).

X=Icost . y=tsint , z=Mht tal goc toa do.

19. Tim do cong clia cdc duding:

Iyx=cost . v=sint . z=cht tair=0

Dyx=1(cost , y=tsint , z=bt tal goc (oa do.

Hx=lIncost ,y=Insint . z=1 J2 tai £ty y

*4)\* =2az | y2 =2h: tai (v, v, )ty ¥
20 Tim do xoédn cta cic duding tai 1 diém thy y:

1)\—91.0\1 , )—esmt , c=¢

D) x=achtcost , y=achssinr |, z=at

3y =x . x=z

21. Tim do cong va dd xoan cta cic dudng tai 1 diém tdy ¥,
Iya=3t-£, y=3r , z=31+¢
2)x=achr , y=ashr , z=at
3) 2uay = s R 6’z =
*22. Chimg minh véng:
1) Néu do cong tai moi di¢m clia mot dudng bing khong thi dudng d6 la
dudng thang.
2) Néu do x0an tai moi diém cila 1 dudng bang khong thi dudong dé la 1
dudng cong phang.
23. Chimg minh dudng x = | + 31+ 26 | y=2-21+57, z=1-r 12 mot
dudng cong phang.
Tim méat phang chifa né.

24. Vigl phuong trinh ctia tiép didn va phap tuyén vdi cac mat:

D z=a2"+y  ai (. -2.5)

2 3 2
2 T Y20

w o tai (4. 3, -b
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3 xXP+y’ +28= 2Rz tai (Reosct, Rsina, R)
1) x = acosOcosp, y = beosOsing. z = es®  tai My(p,, 8,
87y x =reosp, y —rsng@, 2 yeorga (al Maig, L)

25. 1) Tim trén mat 22 +y”° 22 - 2v = 0 nhiing diém tai dé cac tigh
didn s song song vai cac mat phang toa do

2y Tim géc gitta cac mat: XX +y° = R?, (x Ry +y'+2° = R (ai

m& BV,

3 Chitmg minh vang phap tuyén tai mot diém bat ky tvén mat tron

aioay 7= f(‘l.\'z +y7), (f 2 0) cit tryc quay cua né.

2 9 2
4y Tim cac diém trén mat —-2—+i7+ — =1 tai dé phap tuyén clia
o c

mat hgp Vol cae nrue 1oa dd cAc gée bang nhau.

HUONG DAN VA TRA LOI BAI TAP

Lhds=%av , cosa=2 | sina=_%
) a
72
2)dy = ; cosq = AVA =X
4 2.2
a’ -cx
singy = - bx ; c=Aat b
a'—ctx’
Hav= ! [preyidy , cosa= _ Y ding= r
. - 1 A T,
3 VP VP oy

o



u X . '
) ds = \/_ dv . coso = J— oSN = - .\[l
X a u

) ds = 2asin i3 dr ; cosa =sin ! ;o osin =cos —
2 2
6) dy = 3asinr.cost.dr | coso = -cosr . Sindc = sing
2. ydv=a l+(p do . cosV = !
Ji+e
o a T e 1 — 1
2yds = __‘\/I+(p- Ao cos V =- _
\/ |+ (/)'
N g4 dop . snV=cos?
cos* ¥
2
4y dy = acos gdq) . sinV = cos 2
2 2

R

_____ » i

i)(/\—l\/l+(|na) do . sinlV=__
J1+(na)’

6) Jy _ @ dep sin b =cos2g
,
- i
Vol SR
R (1+4a x7)" R N
(1+9x7)?
N R L Y N
R (1+cos x)** TR .
(1+ ) R o
a
| !cos | -
SYK—— =1 d 6)R=— = usin2s
R u K |2
K = ! — abi._ x)K l _
R (™SIt +b7Cht)'? R
|4us|n W
\ . /



10.

2
Yp=Lt_a 10>R:L:iac05£‘
K 3 K 3 2
ll)R=_]_=M 12)R=L = pfivp?
K 2+9 X
4 DR =p DK=Ll (@>0)
a
5.1)(2.2) YL
273
6.1)(x_3)=+(y_§y:l 2+ 27+ (-3 =8
2) 4
7. l)y:achi
a
2} X = ma + a(t - sint) Y =2a+all -cosr
B 2 9 !
Hx=-0f + y=43f+ 1) L
2 3
H ey =a 5) cardioide
T
6)r = A Q=0+

9.

1 Diém bat thudng cb lap (0, 0)
2) Piédm jui loai hai (0, 0)

3y Difm nat kép (0, 0)

4) Didm lai loai mét (0, 0)

SY Difm bat thuang cé lap 0, 0)
1) Hinh bao: y = 0 (qui tich ¢ac didm wdn)

2) Khéng ¢6 hinh bao (v = 0 qui tich cac diém gde)

3) Hinh bao: x = a, (x = 0 qui tich cac diém kép)
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1) Khong ¢6 hinh hao

o) Hinh bao vy— =

11. 1) Budng thing 2) Parabole
3y Ellipse 4) Hyperbole
12V =4+ 1)
13. v = cosa cosw! , y=sinacoswf Z = sinwf
(Budng ron). V =- 07 cosasinef - o 7 sinasingr + o k cosar
V =\l

T 2 277 2 .
W =-w i cosacosws - o ] sinacoswr - o k sinor

|#]= o
14.
Y ik I
Dr=ap- . v=—T ===
5 7 =
oy= _ 3costi -3sing + 4k - =
)7 — v =sinl +cosyy
jie dcosti —dsing - 3k
5
15.
IJ ’_! 12
X—- 3= -
4 _ 3 2 J
I - 2 UEp tuy¢
= , : (uép tuyén)
_\A_: it L
_ 3 _ R . A o7
ey » tphapuyven chinh)
R /4 7 t-
e
14 - _2’) - ,12 (tring phdp (uyen)
M, (l_l_') ; .11_.(4 _3 7)
47372 =



16. [} 20 --=0: Mat phang phip .
y-1=0: Mat phang mat tiép.
A +22-5=0: Ma phang truc dac.

D6y, (x-x)-8Y) (-yo) - (2-2) =0
2, - ) ¥ -y ) A Yy (z-2) = 0
(1-32V) (- v) - 256128 + (v -¥) +2 V0 (BYy +30(z-25) =0
e "x—ey—22421,=0
eix—e "v+22 4201, + Sh2t,) =0
Xy =28kt 2 +2(4,Shiy - Chty) = 0

17.
R
\—f y—]2i - 27 5
1 = = = — , xJ2-:z=0
R R
2 \_1:1_125—_—2— x+y+4--10=0
) ! | 4 )
18.
P+bk 5 _=bivk o ;
T: 5 = = N =
+5° V1I+b
x=90 X+hz=90
bx—z-=0 .
=0 y=0
19 DHJ2 2y
[+p2
3)lsin2!| 4) ((l_'i'{))‘: ‘
J2 (a+b+22)"°
20 1) & p) QL
3 acht
3 —12y

(64" +36y" +1)



21,1)K:T:; NHK=T= -
3(1‘+|)2 2ach’t

HWK=T=_“__
(a+y)
23,20+ 3y +192-27=0

24.

1) 22—4y -2-5=0

2) Sx+dy—6z=0 _2_¥y-3 _z-4
3 1 6

Jy xcosa tycosa - R =0, x—Reosa = y-Rsina = z-R

cosa sin « 0
x . z .
1 —voslq cos g +%cosf)0 singy +—sinB =1
a c

wseeQpreqg —a  yseeOq coseepy —b  zcoseebg — ¢

bc ac ab
3} xcos@y t+ ysingg - ztga = 0

X—ra 089y y~rysingpy  z-rgcolgu

cos Qg sin@g ~tga

28.
1 (1, £1, 0), | | Oxz

2) (0,0,0) (2,0,0)0: || Oyz; '| | Oxy khéng ¢é6

Sk

H; b2 2
) . . .
Lip? gl /( +b2+c \f Z 6%+t

-1

™



Chuong 9

TiCH PHAN BOI

Trong bai tich phan x4c djinh ta da nghién ciu tich phan cia ham mot
bign y =f(x) trong doan {a, &1 nao d6. Trong chudng nay ta sé nghién cttu tich
phan ctia hAm hai bién va ba bign trong mat mién nio dé goi 14 tich phan
kKép va tich phan bt ba, ¢on tich phan cia him mét bign da nghién ciu
ciing got 1a tich phan don.

A. TiCH PHAN KEP

§1. KHAI NIEM TONG QUAT

1.1. Dinh nghia

- Cho ham s6 z = f(x, y) xdc dinh va bi chdn trong mét mién
compact D.

- Chia D ra n phén bat ky khéng dém lén nhau, £oi tén va dién
tich cud chung lan luot la:

AS,, 48y..,4S,.., 48,
- Chon diém bat ky Pi(x,y) € AS;(i=1,2,.., n)

- Lap téng

Zf( is Yi)AS; = Zf(P)AS
i=1



- Ky hiéu d; la dwong kinh cua AS; (i= 1, 2,..., n) (duong kinh cua
mot mién la khodng cdch lon nhat giza hai diém bat ky ciia mién)va
d = maxd;. Néu téng I, ¢6 gidi han la I Rhi n — o sao chod - 0
khéng phu thuje edch chia mién D va edeh chon cac diém P; thi I goi
la tich phdn kép etia ham 86’z = f(x, y) trén mién D. Ky hiéu

T-j{fix, »dS hay I=[[f(P)dS
D D

Tong I, goi la téng tich phén thit n, f(x, y), f(x, y)dS goi la ham
s6 va biéu thize dudi ddu tich phén.

Néu f(x, y) ¢6 tich phéan trong mién D thi f(x, y) goi la khd tich
trong mién dé.

1.2. Didu kién kha tich

Tudng ty nhu déi véi tich phan don ta c6: Pidu kién cén va du dé

ham bi chdn f(P) kha tich trén mién compact D la: ‘Eim (S—s):O
-0

(dicu kién Riemann), trong do

n

o= T mAS ; S=_"ZIMAS ;

1=

~

m; = inf (P) ; M= sup f(P)
PeAS, P=AS,

S (s) goi la téng Darboux trén (dudi) cia ham f(P) trén mién D.

Tit didu kién Riemann, tudng ty nhu dai véi tich phan don ta c¢6 thé
chitmg minh: Moi ham lién tuc f(P) trén mién compact D déu kha tich

trén mién dé.
1.3. ¥ nghia hinh hoc va ¢0 hoc ctia tich phan kép
1) Y nghia hinh hoc

V& hinh hoc, cho ham z = flx, y) xac dinh trong mién D, nghia & cho

mat $ ¢6 phuong trinh z= fix, y), mat nay ¢ hinh chidvu trén mat phang xoy



12 mién D Nguioi ta goi hinh gidi han bl mat S mat h ¢6 dieng chuan 1a
bién ctia misn D, (utng sinh song song véi truc oz va mat phang xoy 14 mot

hinh tra cong (1 116»

Gid st fix, y) > 0, 12 thav: f(x,, y).\S, chinh 1a (hé tich hinh tru déy AS,
va chidu cau ta frx, y) khi \S, kh& 11hd thi ¢6 thé coi thé tich nay gan ding
13 thé tich hinh try cong cung
day AS,. Do do I, =) f(x,y)\S,

1=1

¢6 thé coi gan dung la thé tich

hinh tru cong day la ca mién D, A
M6t cach v tudng ta djinh nghia !
thé tich V coa Winh tru cong d6 ll
la V=1limI,.d=maxd;, d 1a :

o .
o 0 - - T . Y
AY
dudng kinh cia mién \AS,. x }g
P

Theo dinh nghia tich phan
kép thi V=[[f(xydS. Nhu
D

Hinh 116

vay, v& mat hinh hoc khi ffx, y) > 0 thi tich phan kép |f f(x,y)dS 1a thé tich
D

hinh tru cong. day dudi 13 mién D, day trén 1A mat z= (x, y) va dudng sinh
song song vai truc oz.

2) N nghia ed hoc
Gia su f(x, y) > 0 va coi f (x, y) 12 mat dé khdi lugng (mat) cia ban
moéng D thi I, =3 f(x,5)AS, c6 thé coi gan dung 13 khéi lugng cla ban D,

1=1

mdt céch 1y tudng ta dinh nghia khoi lugng cia ban D 1a m = gm‘} I1,.
Theo dinh nghia tich phan kép thi m= ﬁ f(x, y)dS . Nhu vay vé ¢o hoe
n

khi f(x, y/ > O ihi tich phan kép: H f(x, v)dS la khai lugng caa ban mong D
1}

cd mat dd khoi hugng ( mat ) 1a flx, y) .



Chn y: Néu £= { trén D thi

n
{j F(P)dS = lim $°1.18;=8 la di¢n tich mién D.
D d )()":l

1.4. Tinh chat cta tich phan kép

Tich phan kép cang ¢ cac tinh chat twdng ty nhu d8i vdi tich phan
don:

1)  Néu f(P), g(P) kha tich trén mién D thi ff{P) & g(P) cing kha tich
trén D va:

[lf(P)+ g(P)HS = ({ f(PMS + || g(P)MS
D D D

2y  Né&u fP) kha tich trén mién D thi kffP), & = const ciing kha tich
trén mién D va

[ikf(P)dS = kff f(P)dS
D D

3) Néu D duge chia thanh hai miédn D,, D,;: D = D,uD, bdi mit
cuang, f(P) kha tich trén D thi f(P) kha tich trén D,, D, va ngugc lai, khi dé:
[(f(P)dS = [[f(P)dS+ [[ (P)dS
b D D

1 2
4) N&u f(P), g(P) kha tich trén mién D vA fiP) < g(P) VP ¢ D thi:
[[f(P)ds < || g(P)dS
D D

5) N&u f(P) kha tich trén mién D thi |AP)| ciing kha tich trén D va:
|§j f(P)AS|< {1 f(P)|dS
D D

6) N&u f(P) kha tich trén mién D v m=1nf f(P);M=sup f(P); th:
PeD Pch

mS< ([ f(P)AS<MS , v6i S 14 dign tich clia mién D.
D
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Ty N&u A0 Lo tae trén midn D rhi tén (ai diém P. <D sa0 cho:
Ii /'(P)dS—f(I_")_S, S 1a dién (ich mién D. f(I_Df)——% [[£f(P)S goi In
D )

214 11} trung binh caa ffP) trén D.

CAac iinh chat trén duge ching minh tuong ty nha déi véi cae tinh chalt

¢la tich phan don. Chang han xét 7). T 6) ta co:

m<

[ f(PYAS< M
n

t/;|»-

VI f(P) lidn tuc trén D nen m, M 1a gia trj bé nhat va 18n nhat caa f(P)

trén D, Dat y= 1 jjf(PJdS thi theo dinh Iy 1av gis (r] trung gian ¢ta ham
S D
lién tue, 3P, e D sao cho

FPo =y =< [ F(PIS .
D

§2. CACH TINH TICH PHAN KEP

2.1. Toa do Descartes
a) Mién chit nhat: Cho ham f (x, y) xdc dinh trén mién chiz nhdt
D:a <x <b,¢c <y <d.

Dinh ly: Néu tén tai edc tich phén

d
[[fe»dS (1 va Ix) = [f(xydy, asx<b (2)
D c

thi ton tai

b d
f¢ j flx, y)dy)dx 3)

« <

-
B |



va

b d
If fe »aS = (] f(x, ydy)dx (@)
D a ¢
ky hiéu
b d b ad
J(f fx, dyydx = [dx| fix, y)dy

va tich phan nay goi la mét tich phéan ldp hay tich phan hai lop.

Chimg minh: Chia mién D thanh mot s& hitu han mién nhod bdi cac
duong thang song song vdi cac trye toa & (hinh 117)

a=%<x,<..<x,<2,,; <...<x,,=b,
C:,Y1<y2<-~<yk<ybﬂ1< ) <ym‘1:d

Xét phan duge chia (D) c6 dién tich 1a Ax, Ny, trong A6 A¢, = x,,, =
Ayk =Y Yy (L = ]) 2)"')"’: k= 1! 25-»-1’72)-

Dat

my, = inf f(x,y), M;, =sup f(x,y)
(D) (D)

thitrén (Dy) tacd:my <f(x, y) <M.

y
Trén |x, x,,,] chonx =&, ty ¢ thi:
Yest Yh+1 Yk+1
[ mudys< [(fE;.y)dy< [Mdy di-— -
Yk Ve i _”',___J___,__L__
[ W I IO N
hay 0 | |
Yher Chk---- , l |
mgdye (G, ¥y S Mip\ypn : . { |
i 1 k
o a IL 'rl:v" b z
Tir gia thiét (2) suy ra:
m d m
kE my Ny, STED = J7 (&, y)dy < kZMikAyk
- ¢ ! Hinh 117
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VA

il m n n m
2\, Ymy vy, 2 X I(&:)—\“; = TN\ TM Y,
k-1 11

I -l k-1

Tong & gita chinh 1a tdng tich phan c¢ba ham Irx) trén doan la, b, cae
Sng & hal bén 14 cac tong NDarboux dudl s va trén 8 cla ham fiv, v tvén D

nghia la:

Theo gia thiét (1) thi:

lim Y1)\, = fjf(x, y)dS
D

A¢, >0 1
Avp >0
vay
b b d b d
§§ £, )dS = I(x)dx ={(§ f(x, y)dy)dx = jdx| f(x,y)dy
D a ar a c
Hoan vi val trd x, y ciing v81 (4) ta cing c6:
d b
([ f(x,y)dS ={dyf f(x,y)dx )
D ¢ a

b
véi gia thiét y = const, | f(x,y)dx (in tai. Vay:
b d b
Ji foe, 9)dS = [ fix, ydy = [ dy | flx, y. dx
D a ¢ o

nghia 12 ¢6 thé thay d8i thu ty 14 tich phan (theo x, y). Do (4) (4) ta ciing
ky hi¢u

([ f(x, »)dS =f] f(x, y)dxdy

D D
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Thi du:
1) Tinh

I-= jj(:vc2 Vyz -2x -2y + 4)dxdy
D

Dlahinhchinhat 0 <x 2,0 <y <2,0daya=0,6=2,c=0.d=2

Do d6 theo cdng thide (1)

22 2 3 (
I=jdef(x? +y* -2x -2y +4)dy = j(12y+-);3——21y—y2 +4y) 13 dx
O Q ]
2, 8 ) 2x* 20 [ 2
= {@x® +—-4x-4+8)dx=(—-2x+—1x)| =10
5 3 3 3 3

2) Tinh:
I =ﬁLy3

D(l-i»;r2 +y2)7'

D12 hinhchinhat 0 <x 1,0 <y <1.

Ta co:
I=}dy} xdx i
0 014 x2 4y%y
Tinh
S _ 1 xdx T
R TR R R e
Do dé

1

y = In yryy A1 i —in 242
Jy +1 Jy +2 y+\(y2 1-2/0 1+f

I= I O(y)dy I
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b) Mién cong: X4t mién D gidi han bdi cac dudng lign tyc:

¥ =310, ¥ = 3,0, 3, () <y ), a <x <b

va cae dudng théng x=a, x=b. Y
Dinh ly: Néu ham f (x, y) J
- . L Yy{x)
kha tich trén mi¢n D nhu
R . ) A ¥, ()
trén, khi x = const tich phén
y.(x)
- » . < |
don Q(x) =jf(x, ydy ton tai |
L o| a b X
thitén taitich phéan lap

b yelx)
fdx [ f(x,y)dy

a ¥ilx)
y,(.r)

b
va [[fxydS=[dx [f(xydy
D . u ¥ {(x)

Chitng minh:

Hinh 118

Xét hinh ¢hit nhat R gidi han bd cac dudng thang

x=a,x=b,y=c= min y(x)
a<xsh

y =d= max y,(x) (.
aux<bh

va ham
f(x.y) néu (x,y)eD

F'! = -
(.7 {0 néu (x,y)e R\D

R6 rang bam F(x, y) thod man cac diéu kién cua dinh 1y § a)
Thyce vay:

)i Fx,y)dS = [ f(x,y)dS
D D
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mai khac

j{ F(x.y)dS=0
R\D)

Do d6 ham Frx,y) kha lich trén R va

[ F(x,9)dS = ﬂf(l »dS (1), tén tai.
I

Xét x = consl va tich phan

d yi(x) voix)
_I'F(_fsy)dy— jF(r yydy + (F(e.y)dy + jF(x y)dy
¢ y1(x) Vg(x)

Tich phan thi nhat va tich phan thd ba § v& phai ton ta) va bang 0.
con tich phan tha hai
yp(x) o)
[F(x.y)dy = [f(x. y)dy
vi{x) M(x)
do do

d yolx)
[F(x,y)dy = [f(x.y)dy (2)
¢ y1ix)
Theo gia thigt eda dinh ly, tich phan 6 v& phai tén tai nén

d
[ F(x. y)dy t0n tai. Vay theo dinh 1y § a) ta cé:

b d
WF(x,)dS = [dx[F(x, y)dy.
D ¢ d

. ) L,(Y)
Theo (1) va (2) thi cong thie nay viét

duge:

b vylx)
[ foepdS=[dv (frydy ()
13 a v, {(x} . —_ -

Né&u mién D gidi han bdi cac duang:

Hinh 119
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A= o,y
y=e,y=d(Thinh 119) h chimg minh titnng ta nhy doi v (3) ta ea:

GO y) < x,0) (6 <y <d) va cae dudng thang

d i ¥y
(i fxowdS=idy | flx.y)d @

N r A{v)

Cha y:
1) Nou cac dudng thing song song vdi cac truc toa dd cét bidn cia
mién D khong qua 2 diém (11.119) thi theo djnh 1y trén ta 6 cong thic:

yo(x)

b yv(xy d .
[[fx.y)dS=(dx [ flx.y)dy ={dy [ f(x.y)dx, nghia 1a (a c6 thé
D

q vi{x) ¢ »x

thay ddi tha tu 14y tich phan va ta ciing ky hiéu

i F(x, )dS = [ f(x. y)dxdy
D D

2) Mién D trong dinh 1y trén cing goi ]1a mién don gan. Néu D khing

phai 1a midn don gan, khi dé dé tinh ] f(x,y)dS , ta phal chia mién D
D ~

thanh nhing mién don gian da xét, va tich phan trén mién D sé biang tong

cac tich phan trén cade midn don gian.

Thi du: Y}
1) Tinh
a’- x?
I=i{y2va? - x?dxdy
D
D 1a hinh tron: x*+ y? <a? :
o x
‘Theo (11.120) va cong thite (3) ta ¢o
a v 2 xl) . . ]
I=Tac [ y*a®-atdy V- x?
e o - 22
a N
= j \/;z—.rzdx I y2dy
-a 2.9
@ Hinh 120
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2) Tinh

(12 - 3x — 4y)dxdy
D

D 13 hinh ellipse (H.121):

xz

2
+ <1
A

Tacoa=-1,b6=1,

4,x)

yi(x) = -2 \/1 -x?
yolx) = 2 ‘h -x* (giaiy theo

x tlt phuong trinh ellipse).

Vay

1 2v1-x?
I=(dx

L od1-+2

Xét

201—x?

b .

% x)

Hinh 121

(12 - 3x — 4y)dy

O(x)= {12 -3x~4y)dy
-2v1-2

8 day f (x, y) = 12 - 3x - 4y 13 ham khong chan, 1& doi vdi y nén:
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2V o2 241-x2
D)= ((flxe, )+ flx-ldy = (12-3x -4y + (12 - 3x +1y)ldy
o )

2
= 6(4-x) fdy_]2(4 x)\/I %2

1
Do d6 I=[d(x)dx ,dday D(x) cling 13 ham khdng chan, & d6) vdi x nén:
21

I= }[‘D(I) + d(-x)idx = 12}[(4 -Vl - 22 +( 4+ 201+ 22 1dx
0 0

il
1

= 96 1—x2dx=96(-’2‘-\/1—12 +—;—arcsinx) :96%:2%
0 0

3) Thay d6i thi ty 14y tich phan
2

L y
I'=jdy Jf(r y)dx
0 2—7

Tich phan nay ¢é dang
clia cong thuc (3" vdi ¢ = 0,

I
|

d=1,x1y =%y2,

= {3-y7.

Ta c6 mién D nhu hinh
(H. 122

S

NI\}.______

f
i
!
l
I

N

Vz 3 =

Hinh 122

Thay ddi thu ty 14y tich

phan trén ta co:

Jix 2 NN
dee f f(x, y)dy + J dxj f(x.y)dy + [dx j fx, y)dy
72

I=

[ " Ny,

z'



2.2. Toa 46 ddc cuc

Xét I :J:[F(r,cp)ds W
)]

trong d6 D 13 mién trong

toa do cye. Tudng fi nhu

toa dé Decartes, dav

tién xét D giéi han bdi 2 &

tia ® =a, ¢ =P va cac A . A
=4 r

dugngtron r=r, r=r,

viia <P, rp <y (H123)

Chia D ra n phan Hinh 123

bdi cac tia @ = const. r = const. Xét mat phan dude chia: gdm giita cac
duong ¢, = cbnst, @, + A @, =const, r, = const, r, + Ar, = const. Coi gin dung
phan nay nhu mét hinh chit nhat canh 14 MN va NP thi dién tich cia né la:
AS;=MN.NP=r, Ay JNr.

Vay ta cé tong tich phan cta Fry, ¢) trén D 1a:

n
In = EF(I‘{,(P[)T,A(I)KA?"
i=1

R6 rang I, cing c6 thé coi 1a tdng tich phan cia ham F(r, o). r trén
mién chit nhat &« € ¢ <P, 7, <r <r, Do dé va theo cach tinh tich phan

kép trong toa dd Descartes v3i D la hinh chi nhat thi:

B T,
I=|[[F(r,9)rdrde=|dp f F(r,¢)rdr (2
D a

ry

Bay ¢id xét D gidi han bdi ¢ = « = const, ¢ =B =const { ® <) va
r=rd), r=r{e) (n(¢) <ry(e) (H.124.
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Tty tg nla nrang toa dc

Pesesttos, Taon

B or,p)
I-\dp [Forglrdr o0

a iy o)

! (P
NGU D gior han hdi 7, (47)
r=1r, =const a
—_ o be 2 I

' 17 X

r=r, —const,
Hinh 124

r<r,. ¢= @0

o= ) @y = @urn
A2 he

1, |21r)
= [rdr [Foyeide (1)
1, vefr)

X&0D 1A micn ¢idi han
hat dusng khép kin € ma
cAc A @ -2 consl va Ccac

diiony 1o r = const cat C

khimg qua har didm, khi dé
D cimg poi la midn ddn

mAan g toa do doe cde

Hinh 125

(1T ol Gl st cae tia
@ — g = B < B va cac dudng ton r = R r = R, (R, < R,) tiép xuc vii C
1ai A. B. C. D va ¢d3¢ cung ACB, ADB. CAD. CBD 1an lugt ¢6 phuong trinh
[ER rEr(@Lr=r,(pop = @), o = @,(r).

Then cac edng thite (3). (D) ta en;

B ol i, 1ty
I_ f dg JF()‘, wjrdr - | rdr | F(r,¢)do
a ) e, i
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nghia 12 ¢6 thé thay d6i thi ty 1ay tich
phan.

Dac biét: Néu gsccac O e Dva D
¢i8i han bdi dudng khép C: r = r( @) ta
co:

2n rie)

I= jd(p jF(r,q:-)rdr.
0 0

Bay gid xét I =J{f(x,y)dS trong
D

toa do Descartes dé tinh tich phan
nay, ta ¢6 thd chuyén sang toa do doc
cyge, Tacé x=rcos @,y =rsin ¢ (5). Hinh 126

Khi d6 f (x, y) = f(rcos ¢, rsin @) = F(r, ¢ ) va theo (2) trong toa d déc
cuc dS = rdrd @. Vay

1= ﬁ f(x, y)dS = Hf(rcoscp, rsinp)rdrde = H F(r, p)rdrde¢ (6)
D D D’

trong dé D' 1a mién trong toa dd doc cyc tudng img v8i mién D trong toa d6
Descartes qua phép bién déi (5). Cac cong thie (3), (4) s& cho cach tinh tich
phan (6) trong toa dd ddc cue.

Thi du: d
D Tinh  I=[[(x+y)dS
D
trong dé D la hinh gidi han bdi
cac dudng x* +y? =1, 2" + y2 =4,

y=0vdiy =20 (H.127). Déi sang
toa db doc cyc theo cie cong thic

) . 4 7 Vs
lién hé x = rcos @ , y = rsin ¢ thi

cac duong tron x* + y? = 1,

X+ y¢ — 1 ¢o cac phuong trinh: Hinh 127

r=1 va r=2 (do ricosiptrisin’p=1

suy ra r = 1, tudng tu cho r = 2). Do dé:
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1= |dapj(r cos+rsinQyrdr = [(<nsq)+smq>)d<p_[r2dr
0 1

2

3
= (sin @ cosq)]g [%j

1

2) Tinh I = |[{R’ -x% - y2dS, D )a nita trén ciia mat tron:
D

2 2
["_gj +y’ g%_ (hink 128)

Péi sang toa do dc cyc ta co:

\/Rz —x2 -yt = \/RQ - (rlcos® @ +r? sin’ ) = \/R2 —r?

con dudang tron trén, trong toa do ddc cue ¢é phudng trinh: r = R cos @, do d6

mién D trong toa dd doc cye duge xac dinh b3di0 < @ < g, 0 <r < Rcoso.
VAay:
% Rcosg y
I= H R?-r2dS = J‘d(p I VRZ - r2rar
% Heosg
= Lfay I (R®=r’Y?d(R? -r
25 y
3 a|Reose
L2l g
203 s
. ¥
2 0 R x
%j[(R2 —R” cos? cp)2 R o
0
1
R—j’(l sin® p)de
39 Hinh 128
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R

Y ox 7 , R® 2
3 [T—jsmA@d(p]:—[E——l

32 3

. 2.1
(_|_sm'Q pdp =

3.

, Xem tich

phan xae dinh, phan tich phan Z
timg phan)

s

Vé hinh hoc I la % th

tich V. ¢idi han boi mat try /
(r - R%)Q +¥2 =R’ ma mat ciu /
2 /

oy 2 =R (129 Suyora - - — — 4L 5 )
1 VT 2 - \\ { y
V= m R“(: - 5) . Néu lay mdt o P

. N
na {hé tich hinh cau: gﬂRa
trir di V ta ¢o: x
2oRY - AR R o2 8 Hinh 129
3 3 2 3 9
A6 1A mot s0 hitu tv cha R,
2.3. Quy tic tédng quat d5i bién sé cna tich phan kép

Tuong ty nhu ddi vdi tich phan don ta cé:

Pinh 1y: Gia sz ham z = f(x, y) lién tuc trén mién compact D dé

tinh tich phan:

I=[fflx, »)dS taddt x = x(, 1), y = y(u, v) (1)
D

Né’u:

1) Cdac ham (1) ¢6 dao ham riéng lién tuc trong mién compact D’

cua mat phzing Ouv.
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2) Cdc ham (1) xdac dinh mot song dnh tu mién compact D’ vao

mién compact D céa médt phang Oxy.

3) Dinh thie:

G

i ox
J_|fu dv ,
J By oy #0 trong D
du odv
goi la dinh thic Jacobi hay Jacobien, ky hiéu J = %yﬁ thi ta c6
wu

céng thie:

1={[fx, »dS = [| flx(u,v), yu,v)] | J | dvdu  (2)
D D

goi la cong thirc d6i bién sé' trong tich phéan kép.
* Ching minh:

Cho v = &k = const, (v = h = const) thi x = x(u,k), y = y(u k) (x = x(h, v),
y = yfh,r)), 1a phudng trinh tham s3 cia mét dudng cong L, (L) ndo dé trong
mat phang Oxy, nghia 12 4nh xa (1) bién cac dugng thang song song véi cac
trye pa dd Ou, Ov trong mal phﬁng Ouv thanh cac duong cong trong mal

phang Oxy (11.130. Tl 1311,
b

v

VedV|

Z1T 1N |
N ;
D

u wrdy u O ' X

Hinh 130 Hinh 131
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Do d6 néu chia D' bdi cac dudng thang u = const, v = const thi D’ s&
duge chia thanh cac hinh chit nhat va qua Anh xa (1) mién D s& duge chia
thanh nhitng 1 giac cong.

Xét trong mién D’, mot hinh chi nhat duge chia c¢é dién tich 4S8°, gdi

han bdi cac dudng thang u = const, u + Au = consl, v = const, v + Av = const.

Tudng Ung vd) td giac cong duge chia cla mién D ¢6 dién tich AS. R3
rang AS’ = Au.dv va néi chung 48°, AS khac nhau. Gia si:

AS = | J1AS = |J1 du.4v, J #0 )

Dé tinh J ta e¢dn tinh dién tich 4S cua tir giac cong. Gia st toa d6 cha
cac dinh cua td giac cong la:

M (x,, y), %,=x(u, v),y, =y, v)

My(x,, yi), x5 = 2(u + Au, v), y, =y(u + Au, v) 4)
Myfxy yg), x3=x(u + Au, v + Av),'ys = y(u + Au, v + Av)
Mx;, ¥, 2= 2(u, v+ 4v), y, = y(u, v + 4v)

Theo gia thiét 1) ta bo qua cac v6 cing bé bac cao so voi \u, Av va (4)
vidt dugc:

x; = x(u, v), y, = y(u, v)

x,=x(u, v) + 2I~Au,yg=y(U, v+ QAu @)
du du
o ox ay By
x,=x(u, v) + — Au+ — Ay, =y(u,v) + = Au+ — Av
s du @YY du o
x,=x(u,v) + ox Av, y = ylu, v) + de
v v
Vi lg,-x,1 = lx,- x,1= |-a—x-Aul; lyg -y = lys-y,l= 124u| nén c6 thé
ou. Ju

coi 1 giac cong M,, M, M,, M, gdn nhu mét hinh binh hanh va dién tich 48
cla ti¥ g1ac cong d6 theo hinh hoc giai tich 1i:
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o, o, o ox

AS = det{xy BRI _yl} = |det| S© ou =ldet| G4 v |y,
Xy Xy Yz~ Ve E Av gAv & &
ov ov u Qv

Theo (3) thi

gl

a_r
du
%
ou
14 dinh thdc ham Jacobi da phat biéu trong dinh 1y.

BAy gid ta sé ching minh cong thie (2).

Theo dinh nghia néu chia D thanh n mién c¢6 dang ti giac cong da xét
d trén thi:

I=[ff(x.y)dS= lim 3 f(x,y)AS
D maxd, 50 7§ i

Gia su (u, v) € D' tudng dng véi (x,, y,) € D thi fix,, y) = f [x(u,, v),
y(u,, v)] va theo (3) ta co:

= lim N flx(uy.up), y(u,, o0 () ) AS;
maxd, >0

Pay chinh 1a tdng tich phan cta ham f fx(u, v), y(u, v)]ldlu, v)l trén
mién D'. Vay:

_ D4, v)]

1
= =—, A=
Jgf(x‘ y)dxdy IJ)I flx(u v), y(1,v)] | J | dudv [J A Dz, )

Thi du: Tinh I = [(y - x)dxdy, D gidi han bd
D

1 7 1
=x+l,y=x-3,y=-—x+—, y=—-—x+5
Y Y YR YT

1 .o . 2 p s a R p
Patu=y-x,v=y + gac (1), thi cac dusny thang 1rén bién thanh cac

~, - 2 7 - h - 7
dudngthangu =1, u=-3,v= o v = 5 trong mat phang Ouv. T (1) (a ¢6:

93



Vay
-1 3 3 3 3
I={{(y-x)dxdy = _(— +Zp)=(-=u+-r)|—dudv
_Df(y x)dxdy Lj'l_(4u -IU) ( Pl )i)4
3 35 1
=|{[Zududv="|dv[udu = -8
b4 PR

3
Tyuong hgp dac biét:

Y wmuvlacactoadbeycu=r,v= ¢ Tacd

Gx  Ox
x=rcos g y=rsin @ J= or é(p =C(_)S<P Treme
& &| kine rcose
or  og
va I={{f(x,y)dxedy = [[ f(rcosq,rsin@yrdrde
[ »

2) u=r,v= @nhungx=arcos ¢, y = brsin ¢, r, ¢ goi 1a cac toa dd
dde cye suy rong khi dé |J| =abr va

I = f(x. y)Ydxdy = [| f(ar cos @, br sin )abrdrde .
D 7l

2
a

Thi du: Tinh I=[[(x?+y®dxdy, D 1a hinh ellipse: "—+Z—251;
D

Chuyén sang toa dé dde eue suy rong x = arcos @, y = brsin ¢ thi Jacobien
|J| = abr va do tinh déi xtng ta co:

m

2ol 22 2 22 o2

I =4[dgj(a”r® cos” ¢+b"r“sin” plabrdr
[§] 4]



o 1

2 . S L .
= 1(a” ros” @ +b? i sin? pd@) abridr
0 0 0

= 11(0.7' +b2)1;ab1— = %b(az +bz)_

§3. AP DUNG CUA TiCH PHAN KEP
3.1. Ap dung hinh hbe
1) Tinh thé tich va dign tich phang
Theo ¥ nghia hinh hoe ctia tich phan kép thi khi z = fix, y) = 0 thé tich

cua hinh tyy cong day dudi 1a mién D, day trén 1a mat z = flx, y) va duang
sinh song song vaéi tryc Oz )a:

D

Néu fix, y) < 0 1hi theo tinh chat cta tich phan kép jf f(x, y)dS = -V
D

(V> 0y do d6 dé tinh 1hé tich hinh hoc ta cé:

V =\ f(x, y)dS

D

Datbigr khiz=fix, y) =1th [[1.dSla thé tich hinh try day 13 mién D
D

va chidu cao bang 1, 56 do thé tich nay cing bang s do dién tich mién D.
Vay dién tich ciia hinh phang D duge tinh theo cong thite: §= [{dS .
D

Thi du:
1) Tinh thé tich V hinh gidi han bdi cac mat:
x=y=z>,z2=1 G 2ety =4 @20
¢ dav micn D 1a (am gide gidi han L1 che duong:

-y =0 2uFy— L I8y



L

4
0 Z X
Hinh 132 Hinh 133
2 4-2x 2
vay V=([(4-2dS =fdx [ (4-2")dy =[(4-22)(d-2x)dx
b 0 0 o

2

2 4 3
=’|»(2x3 —42% = 8x + 16)dx :[%_%_4;(2 +16.’C]

0 0
2) Tinh thé tich V gidi han bi elipsoide:
:—:+Z—j+j—2=1 (H.15 1.
Ta cé:
z=t¢ I—z—z—%; vi ly do ddi ximg ta cé:

2 2
V = 2¢jf ‘h -5 -2 dxay
D a b

Hed



Hinh 134

2 2

D 1 hinh ellipse:

%l e
l

le ®

Chuyén sang toa db cye suy rdng: x = arcosy, y = brsin ¢
ta ¢6 |J| =abr

Va:
2x 1
V =2¢]de| V1 ~r’ abrdr
0 0

3
= 4nabc[- % . %(Vl -r*ye

1
= i nabe.
o 3

3) Tinh dién tich S gidi han bdi cac duong:




y=1Z
yl= X

fle—
A
z [ !

[ i

i S |
0 ! 2 X g X

Hinh 135 Hinh 136

4) Tinh dién tich S gidi han bdi cac duong

y=px, y* =qx, x! =ay, 2 = by (H 136

? 2
0<p<gq, 0<a<b. D3 bién 56 SR
x

2 N . 1
x =Yur”®, y=Yulv vadJdacobiend = -3

=v thip <u <gq,a€v <y,

Do dé:

q

b1 1
8 =|[dxdy = fdu[—dv==(q-p)b-a).
P p a9 3

5) Tinh dién tich gid han bdi dudng astroide x = acos’®, ¥ = asin’®t (O
<t <92m). D3I bidn 86 x =rcos™, y=rsin’t, thi 0 <r <a,0 € ¢t <21 Taco
Jacobien: J = 3rsin’t.cos’. Do dé va i tinh ddi ximg 1a cé:

b3

S=4

© t=n2 |2

a 7 a
dt{3rsin® ¢ cos” tdr =12 (sin” t —sin* t)dt [ rdr = 3l
0 o 0

us



2) Dién tich mat cong

Pinh nghia: Cho mién D la mot mién compact trong R?, z = f(x,
¥) la mét ham c6 dgo ham lién tuc trén D, khi d6 d6 thi cia fla mét

mét tron S c6 phuong trinh z=f(x, y), (x, y) € D (H. 137).

Z

=|

Hinh 137

Xét mot cach e¢hia D thanh = phén bat ky khéng dAm 1&n nhau, goi tén
va dién tich ciia phan duge chia thiti 1a: Ao, (=1, 2, ..., n). Xét diém tuy ¥
P(x,y) e Ac;(i =1, 2, .., n). T\ 1a 1iép dién tai M(x,, y,, X, ¥)) € S va AS;
12 phén cua tiép dién gidi han bdi gizo tuyén cha tiép dién vdi mat try cb
dudng chuin la bien cha Ac, vh dudng sinh song song véi Oz, goi dién tich
cia AS, cing 14 AS;.

n
(3161 han S = lim Z \S; Q)
d )()‘ 7

G4



v8i d = max d, d, 18 dudng kinh cla \o; goi 1A dign tich cha mat S (cling goi
1a S).

Cach tinh: Theo ly thuyét hinh chigu thi: Ao, = AS;cos (I\;,,z), N, i
phap tuyén ciia mat S tal M,
Nhu da bist
N; =iy, £y (xi ¥~ 1);

Do d6

1
.\O'iZ_‘.\SJ' > »
Jl +f‘.x (xl’yi)+)uy (1“)’,')

hay

88; = U+ £2 G300+ 12 Gy 30,

Vay (1) viét duge:

n
S = hm ZJI +f‘i(xi)yl)+f’_% (xi!yi}AUi
d-0;7

Theo dinh nghia tich phan kép thi téng

%Jl + 2 (g, y) + f"?v (z;, 7)o

chinh 1a téng tich phan ctia ham

JU L+ 2 (5y)

trén mién D. Theo gia thidt ham nay 13 lién tye trén D, no kha tich trén D.
Vay

S=f \/1 +12 (%304 £ (x y)dxdy
D
Ba 1A edng thie tinh di¢n tich ctia mat S.
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Thi du: Tinh didn tich mat paraboloide tron xoay 2z = x” + y? gém gita

cac mat phdng z = 0 va z = 2. Ta thay hinh chifu ¢da phan mat dé tran mat

phang Oxy 13 hinh (ron: z

E 5 ]

Py <4 (1R,
(thay z = 2 trong 2z=x"+y?) | :
6déy fx=x! /y:y | 1

! -l-</ 1

Do d6 dign tich S cua i’ ~

phan mat la: /o P y
— 7 =T
S= J'J Y1+ < +y* dxdy //
b vy

D0} sang toa do doc Hinh 138
cye ta co:

o2
S= [[V1+rrdedr = j"dcpfv1+rzrdr
D o 0

”(5J3—1)

L2
(l+l )
o

3.2. Ap dung ¢d hoc
1) Moment tinh, toa dé trong tam ciia hinh phdang

Xét mot hinh phéng D trong mot mat phang xOy ¢6 mat &b khai lugng
(mat) 1ay = y(x, y).

Xét mdt yéu (3 vi phan dS cia D chaa diém M(x, y) (H.139) va coi khoi
lugng cua dS 1a y(x, y)dS thi theo cd hoc moment tinh clia dS dé) véi cac
truc Ox, Oy la: y. yfx, y).dS. X. y(x, y).dS va moment tinh M,, M, cia hinh
phang D d61 véi Ox, Oy 1a:

.{J Yy, ydS. M, le y(x, y)dS

1



Ta cung biét khéi
lugng m  cia D la:
m=(y(x,y)dS va do db

)

theo djnh nghia toa dé
trong tam (x,, y,) clia D 1a:

xy(x, y)dS
, 4

T T [rxyas
D
IERCRILS
D
Yo

" {[vx S
D

- - -/~ []ds

e - -~

2) Moment qudn tinh ciia hinh phing

Dua vao dinh nghia ¢d hoc
va |y luan tuong ty nhu 1) ta
¢6 moment quan tinh I, I, cia
hinh phang D d6i v3i cac truc
Ox, Oy 1a:

1. = (f y>4(x, y)dS,
D
I = jgxz.y(x‘ y)dS

»
va moment quén tinh I, cia D
dé3 véi goe O 1a:

Io = [ (2® + ¥ )¥(x, y)dS
D

Thi du: Tim M, M,, x,
Yo Iy I, Iy cia mdt phan tu
hinh trén x? +y? < R% (x, y 2 0)
déng chat y= 1, vi ly do 46 d5i
XUng nén:

M, =M., ,=y, 1t

x
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Ta c6:

R fRQ 0 .2 JRZ-X?:
A} —X 'y
M, ={[ydS=|dx [ydy=j=— dx
D 0 0 0 2 o
R
R 3
TR Catyde Lo - F| LR
2% 3 3
. s o ag _ 1 s X nR?
T'heo nhan xét trén ta cling c6: M, = ;R edbn m=[[dS = -
' D
1.3
do d6 xo—yc,:——z—gR - 4R
R an
4
Bay g0 tinh:
3 R i R 1 4
I =|(y*dS = [d(pj’rg sin” grdr = [sin ede(ridr = E.R— = _nR
D o 0 0 0 4 4 1

o . , nR* v
Theo nhan xét trén ta cing ¢6 I, = T5 cudl cung:
! 6

3 R 4 4
I =ﬂ(12+}’2)d5=fdcpj'r2rdr=£_R_:_ni
D 5 0 2 4 8

B. TiCH PHAN BOI BA

§1. KHAI NIEM TONG QUAT

1.1. Dinh nghia
- Cho ham 86 u = f(x, y, 2) xdc dinh va bi chdn trong mién

compact V.

1413



- Chia V ra lam n phén bat ky khong dédm lén nhau, goi tén va

thétich cia ching lan luot la: AV, AV,..., AV, ..., 4V,

"

- Chon M(x, yoz) c 4V (i=1,2,3,...n)

n n
- L‘,’ip té’n’g In = Zf(xi;yi)zimvi = Zf(Mi)A l{
i:] i=I

- Goi d; la duong kinh cia mién duoc chia thiti (i = 1, 2,..., nva
d = maxd, néul, - I khin — wsao chod — 0, Rhéng phu thuje
cdch chia mién V va cdch chon cdc diém M thi I goi la tich phan bi

ba cia ham f(x, y, z) trong mién V, ki hiéu:

1=([[f(x,5,2dV hay I={[[f(M)dV
14 |4

Néu flx, v, z) co tich phén trong mién V thi ta néi né kha tich
trong mién do. Nguoi ta chitng minh rang: Moi ham 86’ lién tuc trong
mién compact V déu kha tich trong miénds. Tich phan béi ba ciang

€6 cdc tinh chdt tuong tu nhu tich phén kép.
1.2. Y nghia hinh hoc va cd hoc eua tich phan béi ba

- V& hinh hoc, tich phan bdi ba néi chung khong ¢6 ¥ nghia cu thé, dac
biét néu f(x, y, 2) = 1 thi:

= =i "/V-=
1=[fjdV = lim > AV 1%

14 thé tich cta mién V.

- V& o hoc, néu col fix, y, 2) (fx, y, 2 > 0) & mat 49 khoi lugng (thé
tich) ctia mién V thi khi AV, kha nhé c6 thé coi khéi lugng gdn ding cita né
1 flx, y, 2)AV,, Mi(x, y, z) € AV, va khai lugng gin dung clia ca mién V la:

I, = ¥ F(x, ¥ 2)AY,
=1
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Mat cach 1y tudng (a dinh nghia khéi hwgng m cha mién V 14,
m=IlimI,.
o

Theo dinh nghia tich phan boi ba thi: m = (|f f(x,y, 2dV .
‘7

Vay vé ed hoc tich phan bdi ba [if f(x,y,2)dV 1a khai lugng cia mién V
‘7

néu coi flx, y, z) 1a mat dé khai lugng cia mién (fx, y, z) >0).

§2. CACH TINH TiCH PHAN BOI BA

2.1. Toa 46 Descartes: Cho ham f{x, y, z) kha tich frong mién
compact Vva c¢in tinh tich phan:

I-= jﬁf(x, ¥ 2)dV Q)
v

-NéuViahinhhépa <x €b,¢ =y <d,e <z <g thl tuong ty nhu
tich phan kép ta cé cong thie tinh tich phan bai ba (1):

b d g b d E
1=[([(] ftx, 3, 2dz)dy)dx =] dx [ dy][ flx, 3, Ddz (2

a c e u C e

Cong thic (2) ¢6 thé vist dudi dang:

£ b
I= [[dxdy] f(x,3,2)dz =[dx [[ f(x,y,z)dydz (2
D, e a D,

trong d6 D, (D,) 1A hinh chiinhata <x <b,¢c <y <d. (¢ <y<d e<z<g),
né ciing 14 hinh chiéu clia mién V trén mat phang Oxy (Oyz).

Bay gid gia sit V 1a mién gidi han bai ;
-Cacmatphangx=a,x=b, (a < b).

- CAc mat try y = y,(x), y = y,(a) trong doé y,(x), y,(x) 13 cic ham lign tue
va y,fx) <y x)trén (a, bl.



- Cac mat z = 2,(x, y), 2 = Zy(x, y) trong do6 %,(x, y), 7Zo(x, y) 14 chdc ham
lién tyc trong mién

D=§x,y)a <x <b,yx) €y <yix)}, z;, <2, Rorang D la hinh
chiéll eia mién V trén mat phaug Oxy. Midn V nhut trén cing goi 1a mién
don gian trong khong gian ( H 141,

Tudng ty nhtt tich phan kép ta ¢6 cong thae:

b ye(xi)( 2g(x,3) b valx)  zy(xy)
I=]| || [fsyadzidyldx =[dx [ dy [flxy2)dz 3

al yi(x)\ z4(53) a  y(x)  z(xy)

Z,(x,y)

Hinh 141

Céng thice (3) c6 thé vist dusi dang:

z3(xy) b
I=[[dxdy |[f(x,y,2)dz=]dx [|f(xy2)dydz @)
D z,(x,») a KE(x)

[RRIY



trong d6 D }a hinh chidu eda midn V trén mat phang xOy, £ 13 thide dién
cOa midn Vvamat phang X =x (H.141) (@ <x <b). Do cac edong 1hiic (2 (),
(3) (3" ta cling ky hiéu:

1= {[f f(x, », 2dV = [[j f(x, 3, 2)dxdyd
| % 174

Thi du:

1) Tinh I = f{] xyzdxdydz
v

V 12 mién gidi han bdi cac mat:;

x:y:g:()‘x:]_,y:],z:_ri'!'y? (.112)

z

Hinh 142
Theo cong thae (3) ta cé:

11 2P !

3 1 ?
I={dsdy [xyzdz = 5dxjxy(%-]
0 n 0 2

0 o]




1o . o ] .
= Idx]' ]— xy(x') +y ))dy = l | xj (xsy +2x"y” 4 xys dy
v 02 20 @

1

1 !

+oxdL ) +x(y)

0

1 2
lj Z__) i
21" 2

0 0

7

48

15 3 1( & Iy\'
| —+-——+—dx—— v =
ol 2 6 2012 8 12 N

2) Tinh I =(j{ zdxdydz
v

l\:it—-'

Na

. . ., x2 oy oz
V la nua trén cua hinh ellipsoide: — + el +—= <1
(4

R

Hinh chidu cia V trén mat phang Oxy 13 ellipse:

2 2
f—+y—51,vay -a <£x <a
a® b
2 2
—éda2—125y<— a? - «* N<z<e ]—12—2—2
a
I'heo cong thie (3) va tinh todn ta ¢o
22 I[ 2 y?
vatox c‘l——z—
a i [ 62
I={dc idy Jzdz=22C
N 4

Ta ¢6 thé dung cong thie (3 dé tinh I (d6i vai 116 cia x, z).

I={z2dz (jdxdy
0 E(2)

E(z) 1a thidt dién cla V va mat phang Z =2, 0 <z <e¢, (H.143", nghia 1

P 2 9
hinh ellispe LI SRS —Z‘ hay
2 2 4
a b c



Mat khae  [Idxdy = S(z) la dign tich eta hinh ellipse d6:
Kz

ZQ
S(2) = mab(1- =) .
c

Y N4
Vay I=mb_\'z4|—z—9)dz=mm :
" [

TS
{77 7,7
'y 10

Hinh 143

3) Tinh 1 = ||| xdxdydz

v
Vgidi han bdi: x =0,y =0.2=0
y=h,x +z=al1lin
Dang (3 ta co:

I={xdv {idxdy
" E(x)

IR



Erx) 1A hinh chi nhat canh hvaa - x.

o 2
Vay I =xh(a-x)ds= “_.’ ‘

0 )

Hinh 144

2.2. Toa &6 cong ~ Quy tic téng quat dai bién s&
Tuong tu nhu d8i véi tich phan kép ta ¢6 thé ching minh
Dinh ly: (Quy tac tdng quat d6i bién s6 trong tich phén bdi ba).
Cho ham f(x, y, z) lién tuc trong mién compact V, d¢é tinh tich
phan : I = mf(x, ¥, z2)dxdyd=z
|4
Ta ddt x = x(u, v, w), y = y(u, v, w), z = z(1, v, w) (1). Néu

1) Cdc ham (1) co cdc dao ham riéng lién tuc trong mién

compact V’ cua khong gian Ouvw.
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2) Cac ham (1) xde dinh mét song anh tu mién compact V> vao

mién compact Vciia khong gian Oxyz.

3) Dinh thize ham Jacobi:

éx ox
du v Qw
J= Digy,z) |0y &y &y 0

T D(wuo,w) |0u v fw
2 Oz Oz

du v ow

trong V' thi ta c6 céng thize déi bién sé:
1 = ({[ fx, 3, Ddxdydz = ([[ flx(u, v,w), 3, (1, v,w), 2( v, w)] | J | dudvdw (2)
\ 4 | %

trong do V la anh cia V’ qua anh xa (1) (J:-l— . A:M
A D(x, y,2)
Thi du:
- fjav
v
trong dé V 13 mién gidi han bdi cac mat phang:
a\x+b,y+cz=1h,
ayx+byy+cyz=rthy
ayx+byy+cyz=21hy

vii
a b o

A=lay, by =0
@ by

u=ax+by+cz -l Sush
v=asx+byy+cz thi —hy<v<hy
w=a.x+by+cyz —hy <w<hy



Ta ¢é:

D(x, y. 2) 1
J = e
D(u,v.w) _l?({l-. o, 1)
D(x.v,2)
mi
a, b ¢
7g(u.b>w)202 by co|=\20
(. :2) a b oo
1 ,
Vav IJ]| = m va theo cong thie (2):
hy hg hy }
[=1_ [du | dv dezm
[N % R ng Y
Chi v rang I chinh 13 thé tich hinh hdp gigi han bdi cac mat phang da
cho.

Bay gid ta sé xét v trudng hgp dace biét T4t quan trong trong 1y thuyét
va thye 16 cla hé 10a d) (u, v, w) da xét § trén, 44 12 cic hé toa d6 try va

cAu ¢ 1oa do (u, v, w) cling goi 1a hé toa dd cong 1511g Qquat.

a) Toa 86 tru

Z
1) Pinh nghia: Cho diém 1
M(x, y, 2) € R® hinh chiéu cua \ .
M trén mat phéng Oxy la S OM

diém P(x, y) (H.1 13)

Dat /‘C’\ N

|
- AN
— P
p=(0Ox, OP), 0<sp <2rm ~

r=[@|,0 <r<+m

z= ;’T\:I,-ao<z<+w Hinh 145



(r, ¢, 2) goiléatoa dd tru cia diém M(r, ¢, 2). Theo dinh nghia thi
(r, @ la toa dé cuc cia diém P va z la cao 48 cua M trong toa dé
Descartes. Theo (H.145) ta co cong thice lién hé gitta toa dé Descartes
va toa d tru ciia diém M:

x=rcosg; y=rsing;, Z=z 3)

Céc cong thie nay xac dinh mot song anh gitta hai hé toa d6 Descartes
va toa do try trit cac diém trén Oz, c6 2 xac djnh, r =0, @ tuy y.

Theo céc cong thite (3) thi cAc mat phang r = const, ¢ = const, z=
const, trong hé Or @z 1an lugt img véi mat try 2% + y* = r?, nita mat phang y
= xtg ¢ (qua truc Oz), mat phf:mg Z = z (mat phz:mg vudng gée véi true Oz)
trong hé Oxyz.

2) Tich phan béi ba trong toa 44 tru
Ta s& chuyén tich phan bai ba I = [[[ f(x, y,2)dxdydz sang toa do trg
1%
nhu sau;

Theo cong thiic d6i bién s6 tong quat () vdiu=r,v= ¢ w =z ta cé:
cosp —rsing 0
J=|sing rcosp 0 |=r
G 0 1
va cong thie chuyén tich phan bdi ba tit toa dd Descartes sang toa do try 1a:

I = ([[ f(x, y, 2)dxdydz = |]] freos ¢, rsing, 2) rdrdedz 4)
\ %4 v

Trong d6 V' 12 mién trong toa 46 tru dng véi mién V trong toa dd
Descartes qua anh xa (3).

Chu y:
1) Theo dinh nghia ta ¢6 thé chuyén tich phan I = {{f f(x,y,2)dV sang

v
toa dd try nhu sau:

Ta ¢é [(x, y, 2) = f(rcos @, rsin @, z), dV= dxdydz.



Ta bidt: Chuyén sang toa dd cyc dS — rdrd ¢. Vay chuyvén sang (pa o
tru dV=rdrd ¢dz va I < ||| f(rcos¢,rsing, z)yrdrdodz .
v

2} Pinh tich phan bai ba trong toa dd try cang dua v8 tinh ba lan tich

phan don.
Thi du:

D Tinh I<jjj v+ v .dV
it

V 12 mién gidi han bdi paraboloide tron xoay z = ¥ + y° v mat phang
2 =L (h > 0) chuyén sang toa dd try: a2 + y?= rlcos”  + r’sin’ ¢ =7’ mién D
(hinh chidu cia V trén mat phang xOy) 1a hinh tron 2+ y? = h, mat khac

phuonyg trinh ¢iia mat paraboloide (rong toa dé try la:
z=a2+y =1l

Vay 05¢n$21t,0£r5ﬁ,r2 <z <h.

Theo (4):

m A A o1 vh A N
I=ldeldririrdz= [do | ridr (dz =2z [ ¥8(h - r")dr
aon 2 b0 -7 0

N 4 8 vh Re
=2r [ (hr*-r)dr =2n(—h-—)| =n—
5 4 6

6
2) Tinh I =|fj ‘Hx? +y?.2dV

v

V 1a mién gidi han hdi cdc mat 2= \/12 +y’, z=R Ta thdy V I hinh nén.
dinh (ai O chidu cao R (11,1 16). Mién D Ya hinh chidu cia V (rén mat phang

Oxy 13 hinh tron  x* + y* < R? (thar 2 = R (rong phugng trinh

z= \)x’ +y%, z=R). Dbl sang toa do (v, 14 o6



‘JxQ +y.92 =rz,
z=yxt+y? =1

vaV: 0 < ¢ 27,0 <r <R, &R

r <z <R, do dd theo (4): \
I = {|[(rzrdrdedz .
v
2n R

2 R
= jd(p_[rzdrj zdz
0 0 y

K
2
RQZ

:2 _ d ’r -
ﬂir b r /

r

R ¢ 3
o n | (R - rydr = R Hinh 146
0 15

b) Toa d§ cau

1) Pinh nghia: Cho diém 7
M e R®. Gia st hinh chiéu ciu
Mirén mgt phdng xOy la diém
P (H.147)

Dat &

©=(0x,0P), 0<¢<2n

@-(0z,0M), 0<08<n
pP=|0OM]|, 0<p<+o

Bé ba 86 (p, @ 0) goi la Hinh 147
toa dé cdu cua diém M, hky
hiéu M(p, @ 6). TU (H 147 ta ¢ cong thic lién hé giida toa dé Descartes va

toa 46 cau cta didm M:



x = pcos @ sind
¥ = psin psind (5)
z = peos (

Cac coéng thuc (5) xac dinh mot song anh gida hé toa dé Descartes va
hé toa do cu, trit cac diém cia Oz (p xac dinh, 6 = 0, ¢ tiy ¥, dac biét diém
O: (p =0, 8, ¢ tuy ¥). Cac mat phang p = const, ¢ = const, & = const, trong
khéng gian Op 96 1an lugt ing voi: mat cAu tam O ban kinh p, nita mit
phing qua tryc Oz, mit nén tron xoay dinh tai O va truc 1A tryc Oz trong
khoéng gian Oxyz.

2) Tich phin béi ba trong toa 44 cdu

Theo cong thice d6i bidn =4 tong quat (2), véi: x=p, v =0, w=¢ thi
cos @ain 6 sinpsin®  cosb
J =|pcos@pcas® psingcos® —psin0f=p’sinb
~ p8inesin® pcospsinbd 0
v ta c¢6 cong thidc tinh tich phéan boi ba trong toa dé cau la:

I = [jf flx, 3, 2)@V = ([ f(p cospsinb,p sinpainB,p cospp 25in0 dp dodb (6)
v v

Néu dimng phép bién ddi bién s6:
x = apcos geinf, 0 < 9 27
y=bpsin gsin6, 0 <0 <=x )]
z=cpeos 6,0 < p <+w
(p, @, 6) goi la toa dd cdu suy rong, khi d6 tinh toan ta cé:
|J|= abe P8in @ (8)
Thi du:

1) Tinh I={ff ‘/x2 + 3y + 2 dxdydz
v



Vla % thit nhat céa hinh cAu (trong géc phan tam thit nhat) 2 + 2 + 2 = K.

D31 sang Loa dd cAu ta co:

\’xﬁ +y 2% = JpQ 0082 @sin’ 8 +p? sin? @sin’ B+ plostl =p

vay I = ([{p*psinBdpdedd . Ta thay khi M(p, @, B) vé toan bd mién V

-V'

thi:
4
0<p<—, 0<0O
¢ 2
Vay:
:
I =[dop[sin0dd
0 0
2) Tinh

I =[{[(x" +y")dxdydz
14

V 1a mién gidi han bdi cAc mat:
Py’ +2f=a?

C+y etz bt

Lry?=22 (220,a<b) (H11

Chuyén sang toa do cdu ta
co:

g 7 pt
{p*dp == (- cos0| £ R
a o 4|, 8
z
\
O Y
a
g
X
Hinh 148
,a <p <b



x

a- 4 h
Vay I 1 do[sin8def p®sin® 8pdp =

n a
_2 COSO—cose 148
- 3 b )

_ (8-542) 55 -
30

Theo (6) va (8) ta co:

2noom Loy 2nabe C 4
I = abe [dofsinddbf p°p°dp = ———(cos 0)| = —mabc
oo 0 5 . 3

§3. AP DUNG CUA TiCH PHAN BOI BA

3.1. Ap dung hinh hoc

Ta biét thé tich V clia mién V dugc tinh theo cong thitc V= {[{dV . Nhu
1%

vAy ta c6 thd ding tich phan bai ba dé tinh thé tich theo ¢ng thitc nay
Thi du: Tinh thé tich V gidi han boi cac mat:
x2+y2+z’=4,x2+y2=32,z_>_0
Pé 12 mat cAu tdm O ban kinh bang 2 va mat paraboloide trdn xoay

dinh 131 O (11 119). Ta s& chuyén sang toa dé tru dé tinh. Theo cac cong thie

licn ha:



XNT=Tr oS,y = rsin @, z =z thi c&¢ mat trén, trong toa dd tru ¢6

phuong trinh la:

P+z2=dhay z=v4—-r" (viz20)

2
Mzz=20

=3z hay z=

v

Hinh 149

Bitn ¢ia mién D 132 hinh chiu cia giao tuyén cia hai mat trén, Tw
z' =3z suy 1az = 1, nén bién cta D 1a dudng tron: £ + y? = 3.

4
Do do:
R m 43 Vaor?
V=[jfrdrdedz = jdo {rdr [dz =
v 0 o0 2
3
V3
3 9 _aly 4
. Ydr = —n=(4-r%)? ~ 9 :]7,’1
3 3 N 121 )

3
=97 [ (¥4 —rir -
i

u



3.2. Ap dung co hoc
1) Moment tinh va toa dé trong tam cua vit the

Tuong ty nhu da tinh d8i vdi hinh ph}‘ing, ta ¢6 cac cong thdec moment
tinh cha vat thé V: M, M,,, M,, d&i vdi cAc mat phang 10a do Oxy, Oyz, Ozx
nhu sau:

M =ffjzy(x,y,2)dV; M, = I‘H xy(x,y,2)dV; M,, = J"I,J' yy(x,y,2)dV
v s

Trong d6 y(x, y, z) 1a mat 46 khdi lugng cia vat thé V con toa do trong

1AM Xy, Y, 2, cla vat thé V thi duge xac dinh bdi cac cong thite:
M, M M

— - zx
Xg = Yo =
m m

) 2() :_X‘J

m
trong d6 m = [fy(x,y,2)dV 1a khsi lugng cda vat théd V. Sau cang cac
~ \4

moment tinh cia vat thé: M, M,, M, déi vdi cac truc wa do Ox, Oy, Oz cho
bai cac cdng thite:

M, = (| W y(x, y, 2)dV
\%

M, = [jjv2’ +2 y(x,y.2)dV
\%

M, ={[f ‘fIQ +y2 y(x,y,2)dV
v

2) Moment qudn tinh ctia vét thé

Tuong ty, ta c6 cAc moment quan tinh I, I,,, I, cta vat thé V déi vai
cac mit phing toa d6 Oxy, Oyz, Ozx 1a:

1, == y. 2dV; 1, = ([{£"1(x, y,2)dV; L, = [[{ y*¥(x, y,2)dV
1% \%4

.v.

Céac moment quan tinh I, I, I, cba vat thé V adi vdi cac true toa d6 Ox,
Oy, Oz la:

[JS1H



I, =I|J(y +24)(x, y, 2)dV

jjf(z +2))y(x, y, 2)dV
v

I = m(ac2 +y2 w(x, y,2)dV
v

va moment quén finh I; clia vat 1thé V déi véi géc O 1a:

Iy = [f{(x* + y* + 25)y(x, y, 2)dV
!

Thi du:

1) Tim M,, M,, M, vh toa d§ trong tAm cha ban kinh cau:
Pyl SRQ, zz O (1 L»())(I(Sng chat vdi y = 1, vi ban cdu dbng chat,
nén do tinh déi ximg, trong tam phai 6 trén Oz, nghia 1A x, = y, = 0 suy ra
M, M, =0.Vayta chi con tinh M,

Ta c6: M,, = [jjzaV z
t

Déi sang toa d6 cau ta cé:

n >
M, 7 (do ]'-‘.medejpcowp dp= -
0 0 — -
4 4 y
_ o LR _nRY
2 4 4
. 2 _pa X
Con m = {[jydV == =R".
v 3
M 4
Dods 2z, - 2= R 3 _3p Hinh 150

m 4 2nR* 8
2) Tim I, cGa vat gidi han boi cac mat:

1-2+y2=1'2= 1 V(’ii‘{: t (Il']:'1’

Ta ¢6: I, = {i[(<5 +y)hdV
8



151 sang toa db tya ta eh:

11 un . AL
1, = [do[dr[r®dz - [de{(r* - r®)dr = 21[{)—1 - —]
1 ;

1
N n (1 ]

’

Hinh 151

C. TiCH PHAN BOI SUY RONG

Trong phan nay ta chi han ch& nghién citu tich phan kép suy réng, céc
k&t qua ¢6 thé ma réng cho truong hgp tich phan boi ba suy rong.

§1. PINH NGHIA

1.1. Mién 13y tich phin 1a vé han (khéng bi chan)

Gia sz D la mét mién vé han va f(x, y) la hém khd tich trong
moi phédn bi chén (hiwu han) G cia D. Gid su theo mét quy tde tuy y
mién G né dan va chodn toan bé mién D ky hiéu G — D. Khi dé gioi
han:

lim dxd
lin Dg f(x, y)dxdy

goi la tich phén kép suy réng cria ham f(x, y) trén mién vé han D.
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Ky hiéu:

I~ [ f(x, Wdxdy = lim [[ flx, y)dxdy (1)
;) G-Dby;

Né&u 2181 han (1) ton tai (htu han) thi tich phan suyv rong goi 12 hoi ty.
Nguge lai néu gidi han dé khang 16n tai hoac bang vo cung thi tieh phan suy
rong goi 1a phan ky. Xét dudng cong C gidi han midn G < D, € yoi 1a din 1a
vb cting néu khodng cach ngan nhat R tir mot didm bat ky trén C dén géc
toa d6 dan ra vd cing, khi d6 mdi diém thude D s& thude G vdi R du 1dn,

nghia a4 G nd dan va choan toan bdé mién D khiR - +x

Dinh ly 1: Néu f(x, y) > 0 thi diéu kién cdn va du dé tich phan
suy réng (1) héi ty la gici han (1) tén tai véi mét day duong dan ra

v6 cung: C,, Cy...., C,. gidi han cac mién tuong ing: G,, G,..G, ..

Thiyfc vay, didu kién cin 12 hién nhién, nguge lai <6t dudng cong bat ky
C din ra vd cung, gidi han mién G c D, v5 rang vai n 4G 16n ta c6:

ﬁ f(x, y)dxdy < H f(x, y)dxdy (2}

G G

n

Theo gia thist R]im [i f(x, y)dxdy tén tai
R OTEg

n

R, 13 khoang cach ngan nhat tr mdt didm bat ky trén C, dén gbe toa

d, do d6 |f f(x, y)dxdy Ia bj chan, mat khac 16 14 mot dai lugng dan di¢u
G

n

tang khi R tangvi f(x, y) 20

Vay Rlim [ f(x, y)dxdy tén tai
s

Xét tich phan suy rong (1) tusng ty nhu dé véi tich phan don suy
rong, ta cd:

Dinh ly 2: Néu [{| f(x, )| dxdy héi tu thi tich phéan suy réng (1)
D

héi tw, khi dé tich phan dé cing goi la héi tu tuyét déi. Trudng hop



]I f(x, ») | dxdy phén ky, ma tich phén (1) héi tu thi tich phén dé goi
D

la bdn héi tu hay héitu cé diéu kién.
1.2. Ham duéi diu tich phin khéng bi chan

Cho ham f(x, y) trén mién compact D, gia su f(x, y) khéng bj
chdn tai lan cén diém P(xy y,) € D va kha tich trong mién D\G, = D,

vadi moi mién G; c D, chiza P va duong kinh . Gidi han:

lim [[ f(x, ydxdy (¢ — 0: G, thu lgi diém P)
£E-0 D,

goi la tich phdn suy réng cua ham f(x, y) trén D. Ky hiéu

([ f pydxdy =lim [[ f(x, y)dxdy ¢y
D -0 D,

Néu gioi han (1) tén tai ( hitu han)thi tich phan suy réng goi la
héi tu, nguoe lai néu gidi han 46 khéng tén tai hoge bang o thi tich

phén suy rong goi la phéan ky.
Dinh ly:
Néu flx, y) 20 thitich phén suy réng (1) la hai tu khi va chi khi

lim _U f(x, y)dxdy tén tai véi D, = D\C;
€0 D,

C.1a hinh tron ban kinh % (H.172)

Thyc vay, didu kién cdn 14 hién nhién, nguge lai v4i moi mién Gs chia
P, G5 c D t4n tai mot hinh tron €. ban kinh % C: < Gs (ching han % Ia
khoang cach bé nhat tif mot diém bat ky trén bién cia Gs dén P).

Khi dé:

\f F(x, y)dxdy < (| f(x, y)dxdy
Ds D,



Ds=D\Gs5 D, =D\ C.viflx) 20

Theo ma thiét
Iintl [l F(x, y)dxdy 1on  tai,
£ ) l)“

do dé suy ra su dn tai
cua vé lrai kKhi 8 — 0,
vay tich phan suy rong
hot ty. Tuong ty ta cling
c¢6 dinh 1y va dinh nghia
vé sit hdi ty tuyét d6i cha
tich phan suy rong vdi
ham dudi dau tich phan
khong b} chan nhu
trudng hop tich phan suy
rong vai mién vo han. Hinbh 152

Chu y: Néu trong mién D, f(x, yJ khéng bj chan tai lan can mat s& hiu
han diém P,, P, ..., P, thi ta dinh nghia tich phan suy réng cta f trén D la;
If f(x, y)dxdy = lim [f f(x, y)dxdy , D= D\ UG,

€ >

b £ =0 =1

£ -0

P,e G, cD, A duong kinh cia G, (i=1,2,..n)

§2 CACH TINH

Ta biét cach tinh tich phan kép théng thuong din dén viée tinh hén
ti8p hai 14n tich phan don. D&i véi tich phan kép suy rong hoi ty, Lta cing ¢
thé tinh né bang vide tinh lién ti€p hai n tich phan don, ma (t nhat mot
1ich phan 14 suy réng va ta ciing ¢o thé thay dai thi tu 18y tich phan (dinh
1y Fubini). Chéng han mién D 1a géc phéan tut thit nhat thi:



I =\ f(x, y)dxdy - jld_r | Flx, y)dy = f dy | f(x, y)dx
) an nooo

Thi du:

D Pinh 1= (fe " dudy

]
Lo h ., . S Ll o .
D la goc phan tu thd nhat, DAau tidén xér D |a -4— hinh tron ban kinh R:

D, trong géc phan tu thi nhat va I = {fe = "2dxdy, chuyén sang toa do

Dy
dde cyce ta co: ‘
) R 1
Iy=idofe " rdr =2 2(1- ey
DD 22
Bay gid x4t mién D, gidi han y
bdi dusng 1, va cac tryc Ox, Oy, goi
R, R, 1d khoang cidch bé nhat va
161 nhat gidta bién I', va gde toa 4O
trong géc phan e tha nhat L1
? 42 SEN
Vie* ™ >0, Va,y ¢ R nén
g y x
IR] <I, = j_[e"2'~"2dxdy < IRQ Ry T Ry
D,
Hay theo trén: Hinh 153

Ta-e®yst = (fe* Ydedy<E(1-¢ ™)
3 5 3

Khi R,, R, = +x thi D, dan 161 géc phan tu thi nhat va:

I=|fe < -“‘)d.rdy X 1)
D 4

Mat khac mién D la hinh vudng: O <x =a.0 £y <a thi:
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him

na+e
0

a

I= lim [r]x}io v '?d‘\-' - lim Je 'gdxjc ~"2d\y—

a -y 0 DR U

A
Theo dinh 19 14 §1 vA theo (1) th [f e ’)dx] =
; \

Do d6 (a ¢ gia tr] cha tich phan BEulev-Poisson:

2) Xét sy hdi ty cfia tich phan Cayley:

I =|[sin(x’ +y”)dxdy
D

D 12 goc phan tu thi nhat.

@8]

Xét D, gidi han bdi cac truc Ox, Oy, x —n,y =»n ({1 101

I.=1i sin(x” + y*)dxdy
n,

D, U

Ta bidt: Y

| sin x’dx =

n

= lim [cos y’dv = n—

n-xog

+on

= jsin x2dx =

0

v

= I(‘os Zdx =

0

NI

n n
o ; 9 . N > )
= {[(sin x2cos ¥° +cos 1’ sinyYdxdy = 21 sin vdx[ cos y'dy

JE
2

N[~

Hinh 154



Vay lim I, =1;

norrc

Mat khae, sét D, 1a ; hinh tron ban kinh n tyong géc phan tu thu

nhat. chuyén sang toa dd dae cuc ta ¢é;

dy{ sin rérdr = E‘(l —cosn?)
) y

I, = [[sin(x® + y")dady =
b,

O

Khi n -» +ec, I, khdng c6 gidi han. Vay véi hai ho dudng da chon, I, ¢6
£191 han hoac khang cé gidi han nghia 1a tich phan Cayley (1) phan ky.

Chd ¥ rang, ham dudi dau tich phan 8 day !a khéng gilt nguyén mot
dau trong D.

3) X6t sy hoi ty cla tich phan I = |ff dxdydz

V1a hinh cdu: % + y2 + 2< 1
d day, ham dudi dau tich phan khéng bj chan tai (0, 0, 0) € V.
Theo dinh nghia v dinh 1v 3 §1, 2, ta c6:

7 - lim m, dxdydz

—— ;
€ »0 v, f(xi +y2 +zz)u

Chuyén sang toa dd cau, ta cé:

Vee?<Z+y? +2%<]

2x " 1 ) 1_83‘“
I =1lim | de|sin0d8|p*p2dp = lim2n2 —— | =
t—»U(J; ‘Pgﬁ ! £P pap E—0 { 3-a ]

4n

néu o<3

=913 -«

« néu a>3

a =3, nguyén ham cta p’ * 13 Inp - o khi p —»0. Vay tich phan hoi tu khi
« < 3:phan ky khia > 3.

128



BAI TAP
1. Vigt ¢ong thife tinh tich phan I = {f f(x, y)dedy, vai:
D

1) D 1a tam giac ¢6 cac dinh (0, O, (1, Oy, (1, 1

2) D 1a hinh thang ¢6 cac dinh (0, 0), (2, 0), (1, 1), (0, 1)

3) D la hinh vanh tron x* +y° > 1, 2% + yt < 4

4) D gidi han bdi cac dudngy” - 22 =1, &% + y =9 (®, 0) e D)

2. Thay d&i thi ty ldy cac tich phan

4 12x
D fdx [f(x,y)dy
0

3

N
2
7 R [Rz 2
5) 5 lif(x y)dy+ jdx If(x y)dy
0 Ry2 0
2

m | x

6) fdx [f(x y)dy
0 0

3. Tinh cac tich phan:

W T dxdy

2,D: 3<x<1,1<y52
D(x+y)
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130

2
ddy hohcx<1,0<y <

2) T =
D1+y

3) I={j(x? +y)dxdy,
D
D gi6i han bdi y* = x, y = «*
L2
1y I =fj=dxdy,

D y?

Dgidihan bdix =2,y = x, xy =1

5) T = f{y4x® -~ y2dxdy,
D

D 1a tam gidc gidi hanbdi: y =0, 2t =1,y =x

*6) I=({xP'y?'dxdy, p,q21,D: x20,y20,x+yc<!
D

7) 1= (je’dxdy,
D

D gidi han badi y* = x, x =0, y =1

8) I=|[xydxdy,
D

D:(x-2*+y* <1,y20

x=R(t-sinf) 0<t<2n

“9) I=[jydxdy, Dgi6ihanbdi:
) 1= ydedy. Deidihan 1{y=R(l—cost) y20

x=acos’t 0

2N

4

IA
(SR

*10) I=[jxydxdy, Dgiéihanbéi:{y=asins
D ]xz 0,y20

*11) I=f{lcos(x+y)ldxdy, D: O<x,y<m
D



1) I=jifly—2> ldxdy, D: -1<x<1,0<y<?
D

*13) I = jjs;,gn(x2 —y2 +2)dxdy, D: x* +y? < 4
D

*14) I=[fE(x+y)dxdy,D: 0<x,y<2
5]

E(x): phan nguyén cla x.

*15) T = [[xKy"dxdy
D

K, n € N, it nhat [a mot 1a 1é D: x? + y* < a?

4. Tinh cac tich phan sau bang cach chuyén sang toa do ddc cye:

1) I=(fydxdy,
D
D: nia trén cia hinh tron ban kinh %, tAm (%, 0)
2) 1= jj\/az -x? -y dxdy, D: £ +y*<sa® y20
D
3 1= jh/az - x% - y? dxdy,
D

D gidi han bdi: (2 + ¥y =a’ (x? - y?), 2 0

4) I={fsinyz? +y’dady, D: 72 <x? +y° < 4n’?
D

2 2 2 2
X Yy x Y

5 I= 1‘1——7——dxd, D: —+Z2-<1
g at b Y a? B

2

2 2 2 2

*6) 1= jjdxdy, D gidi han bdi ["— y_] I

2 2

D a b

7y I=|{dxdy,D gidi han bdixy = 1, xy =2,y = x, y = 4x,
D

(x, y >0)

)



5. Xac dmh dau cac tich phan:

] I:J‘J’ln(.\'2 4 y'z)d.\'dy. D: |xt + |yl €1
D

2) I=ffaresin(vs y)dady. D: 0<x <1, 1<y<1-x
D

8. Im gia tr] trung binh caa:

D flx, y) = sin‘x. sin’y trong 0 < x, y < %

2) flx, y) =2 + y trang (x  a¥ + (y - BY2 < R?
7. Tim dién tich cua cac hinh gidi han bai:

1) y? = 1ax, x +y = 3a

2y (y — )2+ 27 =1 (eNipse)

2+y2=fi.t,_y=x,y=0

3 x?+y? =92, x
4) r = a(l + cos), r = acosy. (a >0)
*ylx 2y +3)2+ (3x + 4y - D2 =100
CyyP=max,yi=by,xy=a,xy =B0<a<h 0<a<p
*7) (x? + y?)? = 2ax°
*R) (x? + y2) = a?fxt + y¥)

8. Tinh thé tich cha cac hinh gidi han bai:

9

Daz=y’, s2+y?=r",2=0.
2)y=1/;,y=2 x,x+z2=6,2=0

3
Nar+ty+z=n3x+y=a, E_r+y=a,y=0,z:()
DxX2+y?=a’, x?+y2. 27 =-a?

0) Laz 2 x? + yE xXF 4+ y¥ + 20 = Ba?



)

R . .
*Gy zoae 'Y Y Pyl - R?

Ty =l vyt e 2 <ad, tinh 1V 86 coa cae thE tich.
e+, xy=1,xy=2, y=x,y=2,z=0(x, y > ()

)y 2 TR xT vt = Al

Y z=x+y, (X +3v) =2xy,2=0(x>0.y >0
2 2 2 2 2 2

11) ‘—2+—’—2+i=1, LH’_IZZE‘_, (z>0)
a b ¢ a b e?

12 z=ay, 22 =y 2t = 0y, y? = 2x, 2 =0

9. Tinh dign tich:

1y Phan mat «© +vi =R 7z 20 gdm gitn hat mat phang:
z=mx,z=nxitm>n>)

2y Phan mat & y? = 27, gidi han b3 mat phdngy + z = a trong

goc phdn tam rha nhat,

2 PhAn mat &2 + y* = 2ax gdm gitta mat phang 2 = 0 va mat

4) Phén mar 22 - y? = 2% J trong mat 2% + y? = 2ax.
5 Phan mat % + y?2 + 27 = a? nam & phia ngoai cae hinh try
2y zax
. 2 . o x2 y2
©) Phan mal 2% + y? + 22 = a? 3 trong mat try: =1 & <a).
a b

7y Phan mit z = \fx2 —y2 d trong hinh (ry:
(7 +y?) = al(x? -y

#8) Phan mat gidi han bdi 2f + 22 = a?, y* + 2° =a*



*4) Phan mat cAu ban kinh B gié) han bdi hai kinh tuyén va hai vi
tuyén ké nhau.

10.

1) Tim toa dd trong 1Am cGa hinh ddng chat (y =1) gidi han bai:
ayyl=4x + 4,y = -2 + 4.
by r = a(1 4 cose)

2) Tim moment quan (inh cia hinh ddng chat (y =1) gidi han bdi:
Ax+y=2 x=2 y=2dsi vdi Ox.
*Wy’=ax, x=adéiviiy=-a
¢) x = aft - sint), ¥y = a(l- cost), y = 0 doi vdi trye Ox,

O<t<in
11. Tinh cac tich phan bdi ba:

1 1= dxdyd:z

V{cx+y+z+ '

Vegidihanbdix=y=z=0,x+ty+z=1

2) I ={[ff(x+y +2)*dxdydz
‘7

V 1a giao cua; 2az > x% + y% + 2% < 3a?

3) I = {jfzdxdydz
\%

2
V gidi han bdi 2? =ﬁ-2—(x2 +y)vaz=~h
R

4) I = |jidxdydz
\%4

V gift han hoi u? +y2 + 22 = 2Rz, 2 + ¥ = 2° vachtia (0,0, B)



5) I= J.J]‘ZJ;;Z +y2dxdydz
v

V gidi han bdiy=y2x—x% ,y=0,2=0,2=a

8) I=(jj(x?+y?)dxdydz
v

V la hinh cdu £? + y? + 22 = R?

7 I= j)’j\/x2 +y?% + 2% dxdydz
v

V1a hinh cdu «? + y? + 22 < x.

*8) I = [ffxyzdxdydz
4

2 2
V gidi han bdi z =x? + y?, z =%. xy = a?,

ay =b% y = ax, y=PBx,0<a<b,0<ua<p
*12.
1) Tim gia trj trung binh cia f(x, y, 2) = x? + y? + 2°
trong min 2 +y?+ 22 <x+y+2

2) Tinh F'(t) néu F(t)= [f] f(x? + y? + 2% )dxdydz .
f

V:ix?+y?+ 22 <t? fla ham lién tuc.
3) Chimg minh rang n&u ham f lién tyc trong mién compact V va

i f(x, y, 2)dxdydz = 0 vdi mién bat ky Q < V thi fix, y, 2) =
0
Vix,y,2) eV

13. Tinh thé tich hinh gidi han bdi cac mat:

1) y? = 1a? 3ax, y’=ax,z=%h.

O)



Y22+ yi = 2ax, 3% +y' =2az, 2=0

2 2 2 2 2 2
R 3 v z x z
) — o, T z—f:. +_y2__2=0 (z=20)
a b ¢ a c

N~
o

dyz=22+y, z=22"+ 2 y=x, y =

5) az = xf + y¥, z = yx? +y*
6)z=6-x! y* z:Qx2+y2

*7) (2 4yt 4222 = al(x? +y2-22)

AR
R 4 R
w3
a b ¢
14.
1) Tim toa d6 trong tAm caa hinh dong ch&t (y =1) gidi han bdi:

a)yl+222=4x, x =2

D +yi=a? yP+22=d’ (y20)

2) Tim moment quan tinh cua hinh déng chat (y =1) gidi han bdi cac

mat sau, doi véi cac mat phing toa dé:

a) £+2"—+i=1,ac=0,_y=0,z=0.
a b ¢
2 2 2
b) —2+y—2=z—2,Z=C
a b ¢
2 2 2 2 2
c) —2‘+;y—+z/ﬂ:‘ —\-7+y—2:£
a2 % ¢ et b a



“1) Hinh cau dényg chal o7 + ¥ + 27 < R? khol lwgng M hit chat

Jidm PO, 0. @) kb1 higng m Hol mot lue bang bao nhicn?

*15. Tinh cac tich phan suy réng:

D _l‘dx'j e ¥y
o0

d 2
2) Ii—zﬂy—f Dgidihanbdix 21,y 2 x?
Dx" +y

r, . d
) fde| 24 5 (@>0)

hooa (P ryi+dd)

9 [dx fdy | — dz

0 0 o (x

+y2 22 +1)?

*16. Xét su hoi ty cua cac tich phan

1) ﬁh\\!x2+y2dxdy, D: ¥ +y?<
D

2) Higa, D: x?+y*2 1
D(x—y7)
dxdy
3 =2 D:ofxl <, Iyl <1
D(x - y)*
4y f—Tdydz oy ey s

vV (x? +_y2 +12)°

5) filnsin(x - y)dxdy .
D

D:gidihanbdiy=0.x=n,y=rn



ae

TRA LOI CAC BAI TAP

1 x 1 1
1) (dxf f(x,y)dy = [dy| f(x, y)dx
o 0 0y

2-x 1
2) deIf(x y)dy+de If(x ydy = de If(JC y)dx

0 0 0
Viox? -V1-x2
3) fdx jf(x y)dy+ jdx f(x, y)dy
-2 —V4-x2 1 4-x?
s Va2
+[dx [f(x, y)dy+Idx [f(x. y)dy
1 1 :9 —\J4—x2

2 e 2? 9 y1ea? 3 Jo-i?

D fdx  [flxy)dy+ (dx [flx.y)dy+[dx  [f(x,y)dy
9 12

3 -2 .2 2

9:9

\'E
1) Jdy { f(x, y)dx
T
2 [ 2.2 [az_y2
2) jdy !f(x y)dx+j'dy (f(x, y)dx
0 a? -2ay 2 0
av3
2 a a a
3) ldy{f(x,yydx+ [dy ff(xsy)dx
0 a ayd I 2
2 2 \a




V2r
Jf(xy)dy +
0

71_
fdx
0

1)
2
jiy)

2
fdy
0

RZ_yQ
(f(x y)dx
Y

1 Tm-avesiny

{f(x,y)dx

arcsiny

3)

1)

I'(p)'(g)
F(p+g+1)

t

(pg+l)=
7

8)

S 2ra  y yix)

9) —ﬂR3; I= (dx [ydy=
2 0 0

4
10 2
80

11) 2x

2o
[dxff(x,
1 0

Va- x?

3
yidy + (dx  [f(x, y)dy
O 0

(ham Euler)

R(1—costi)

an
{ R(1 - cost)dt jydy]
0 0



X : LERY m A a
1= )ljd.l ju)s(.x +y)dy - _[d,x j(u&.(x+y)dy J‘d,t _[cos(.r+y)dy)
0 1} 0 o t 0
2 ?

2 1

- 1 2
12) §+%; [I=jdx_[‘/L -y dy+|dxj Y« dy]
' \ : ?

< i P

I3)81n1+\/§ iﬁ;
23
AQDZ 2 L ¥2 \J-’( _x?
I= 4(jdf jdy+]'dx fdy J’dx jdy)
] 0 0 ’19‘_2

19 6; (f=Ex+y)=K-1 (K=1234) ndu (x,y)eDy) (11 170

a NUZ—IQ
15) 0: [xHdx y"dy y
a _Jul-a2

[n 16(\/5—20)](1"‘
3y | 2= e 2
3 2

9

4) -8n* Hinh 155

<

5) —nab
3

110



2 h |
M cas? ?
5 s ¢ /hl|| g

KR K \
I-14 [dg _[abrdr
u ]
J
R Ao _ ) 1
N In2, dalt xy =u,y =V, J = v

<O

2)=0

1
D) frx, y) = —
4

2
2)f./x,y)=a2+b3-R—

2

Wi}
-

10, (dat x - 2y = u, 3x + 4y = v)

1 (B - a)In 2
3 a

<

7[(17

-1
x|



8) _‘3_7(02
4

1)

2y ——

3)
4 4

4) 27a V2 -1)
naa

H) T(6\/§—5)

8) mz(‘l—e_RQ)

7

343 -2
2

vz

8)?

V2 -1) ([dat xy = u, L =v)
X

3
4a31'2(2) = 3 42 L 1
9) V =4ff Jxydxdy = —a” [sin2¢@cos? gdo
331: Dj 4 g)

100 =
) %
11) %abc(Q—\/g)

12) %; (dat « = uy, y® = Vx)



10.

b

b 20m - n)R?
2) gaQ (tich phan theo mat phang yOz)

3) 8a’

4) 3na?
5)8a’, (0<x<a, Yax-x% <ysyal-x?)

6) 8a’arcsin b
a

2
na
7y =
)2

8) 16a’

9) R7(9, - @)(siny, - sinyy)
@1, ©,: Kinh 43, ;. w,: v 40
(M € 8: x = Rcosgpcosy, y = Rsingsiny, z = Rsiny
P SO @y, ¥, S Y

8= [jVEG - F? dudv
D

'?

E:xI,,2 +yu2 +23; G=x;:°' +yf +z., F=x,x, +y,y, +2,2,)



11.

12.

al, =1

R a o )
By ~a'y I=fdx | (y+a) dy

3 0

X

35 . -
) 15 nat, (1&y t va y 12 bidn tich phan)
D —h2- >

2 16

5 {
2) na (18J§ 97

5

_?)

zh2R?

7 —

3

8) — % —a®Np? —aH(1 +

64

1

Ut

(M) =

21 2)+'1ln
d.B

(xy =u,y =vx,z=2)

2

Ty3

ifea a2V
v



s Ly 1o L, 8
\_(4-§)+(_y_§)+(z--§)sZ

1 .
2) F'(t) = Int?f(1?): Fm:mjpzf(p*)dp]
0

B FO0) = 5 [[f a3, 2dV =0
dmre” Y

3
(Vixt+y?+22<e2 e 50, M > M

13.

: a ; 2acosq g
2y =mna”; |V =2fd¢ [rdrjdz
1 0 o 0

2 3 2

n2q ayf-cos2

2 3 ® n

y (V=8(singdo(dd [ p°dp:dat E—tp:t)
.8 0 o
3

142

" p.d

2 PR ; [ BN
1?:”—; V= 72abc_|'co.s2 cpsin5 odg(sin % 0ros? 8db | pzdp)
o1 0 0 0

8)



14.

D)
4
a) | =,0.0
" [3 ]
D4 -
b) [:a i)a,Lazl
5 5 30
) (ia ib,ﬁcj
8 '8 '8
d) [0.0 ia}
8
2)
3 3 3
Y. abc :I}.,zal_)c.1”=abc
60 60 60
b) I, =—abc1,, = 31, _‘—()abd

¢) Ix_v—‘jb‘ (15 - 16%

T 3
= Zl" b¢ osr—92)1,, = 2"" = (108%- 272)
A ¥ 5]
_ -KTZ"{ néu lalz R
_ ala
d) Foo.2,2=1 Zle)
-——— néu lal< R
R

Theo dinh luat Newton: chat didm cé khdi lugng m b hat bdi
mdt vat ¢6 khéi lugng M bdi mét lye FX,Y, Z)

ou ou

X=-EmZ v-km®. z-Kkm%%
éx oy

&

110



15.

dédnd:

r

Ulx,y.2) = [[[(z.n.3)
v

i 12 mat do khol lugng clia vac.

r= \/(E_ - x)? +(n —y)2 +(g—z)2 , V1a thé tich cia vat

U goi 13 th& vj Newton (1hé cua trudng lue hut)

9 L
4

7E

3 —
4a?

18.

1) 1oty

Xét I, =[jIn(a” +y")dxdy (D:x*+y* < e?)
D
2 2
= 2r 8——5’—111&:—l R llmI -z
4 2 4 2

2) H6i ty khi a>1
3) Hai ty

X-€

—hm_[dx | + hm[dx I

L—)() 0 \/I y) é Y ’1 )'



148

4 Hoi tu khi o > %

v

2
5) Hai ty, 1=—’f711\2

. R . +¢ ~1t
I=]| Insm(x—y)dxa’y, dat x = u‘) , yzu2
D 2
17, 7 . . . n?
I =—[du[Insintdt=—fInsintdt=-—In2
20 b 20 2

(phan tich phan suy réng, tap [).




Chuong 10

TiCH PHAN PHU THUOC THAM SO

§1. TICH PHAN THUONG PHU THUOC THAM SO

b
1.1. Dinh nghia: Cho tich phan I(x) = {K(x,t)dt (1) vi K(x, t) la

mét ham bi chdn va khad tich theo t trén [a, b}, tich phan (1) la mét
ham 56 cia x trong doan [c, d} nao dé, ta goi tich phan do: I(x) la
tich phéan phu thuéc tham 86 x, ta xét sw lién tuc kha vi va khd tich

cua I(x). Ta cé:
1.2. Dinh ly:

1) Néu K(x, t) la mét ham lién tuc trong hinh chit nhét D: a <t <
b, c <x <dthi:

(1) I(x) la mét ham lién tuc trong [c, d).

(2) I(x) 1a mét ham kha tich trén [a, f] < [c, d] va

8 5 B
§ Kx)dx = [dt [ K(x, t)dx .
a

« a

2) Voi gia thiét ¢ 1) va néu K(xt) tén tai va lién tuc trong D
Al
thi
b oK(x, 1)
3) I'(x) = J dt

a@x

10



Két luén (2) goila qui tde tich phén dudi dau tich phan. (3) goi

la quy tde lay dao ham dudi déu tich phan cia Léibniz.

*Chdng minh:

b
(D) Xét I(x + Axy — I(x) = [[K(x+ \x,8) - K(x,D)]dt

Theo giad thidt 1). Kz, ¢ 1a lién tye déi vdi x trén [e, d] theo dinh 1y
Canter (ham lién tue trén mot doan) thi K(x, ) 1a lién tuc déu déi vdi x trén
[c, 4] nghia la: -

ve>0,38>0, |Ac]|<6 = |[Kx+Ax, 1) - K(x, 1) <&

Do dé:

b
L AM@) | = 1 + Ax) - I(x) [ < [edt = e(b - a)

Didu nay ching t6 I(x) 12 ham lién tyc trén [c, dJ

(2) Ta cé:
[ B 5 B
[I(x)dx = [ dx[ K(x,t)dt = [dt] K(x,1¥dx
@) Al(x)_I(x+-_\r)—l(x):?K(x+_\r,t)~K(x,t)dt

Ax Ax . Ax

K(x+Ax,t)- K(x,1)
Ax

Khi Ax — 0O thi

N "K((}:") 12 mot ham lisn tyc

trong D theo gia thigt 2).

Do dé:

- (2)

a

Az(n b aK (x, t)d‘ K(x+Ax,t)- K(x,t) aK(x, Dy
UI

Ax

Theo cong thuc Lagrange:

K(x+2xe.t)-K(x,t) 0K(c,t)
Ar

,C € (x, x + Ax)

1400



- N oK (x
Cang theo gia thiét 2) suy ra i
o

v& phai cua (a) vigt dude:

[ GK(ct_f_)_ ~ K (x, #) Jdr

b
)

a

oo Ox

b
<\edi=e(b-a)

va vé trai ¢ha (a) < e(b - aj, diéu nay chimg t6 khi \x = 0:

LA .
P = (K@D g
. Ox

Chu y:

Néu ham K(x, £ 1a lién tye trong hinh chd nhata <t < b,

O & B, - . .
" l]alién tyue déu trén le, 41 Do dé

¢c<x<d,

vd > ¢ (c = const) thi ta ciing noi: K(x, ¢) 1a lién tyc trong hinh chit nhat

vze,as<t<h.

Thi du: I'a s& 4p dyng dinh 1y trén 48 tinh mot s tich phan

. } dx .
1 Tinh In:fﬁ,aio, khin=1:
()(x +a,)"
1
L= 2=Larctgl
5x’+a® a a

Coi 1, 1a tich phan phu thuéc tham &6 a: I,= I(a), ¥d rang

dao ham ctia nd lidgn tue trong mién Jalza, >0, 0<x <1, theo (3):

! Zadx 1 1 1 1
b(x9+a‘2)2 a2

\a
(Dao ham 2 vé cua (1) theo a)

Do do:

dx 1 1 1
=——arctg—+

-—arcg ~+—————(-—)

NI

o’ +a’y  2a a 20’(a” +1)

va



Tiép tue, ta sé tinh duge I, I,, ... I

o

2 5
2) Tinh I(a)= [In(a®sin® x + b% cos” x)dx (g, b > 0) (M
0
Ré rang ham dudi dau tich phan va dao ham theo @ cua né lién tyc

[ o b4 o R R
trong midna2¢,>0,0<x< TZ_ . Vay theo quy tac Leibniz:

N . 2
2asin” xdx

a?sin®x +b% cos® x

2
I'@) =]
[0

Dat = cotgx ta duge:

= dt r
I'(a)=2u| =
0 (@2 + 0D +17) a+b
n dé; Ia)=nln(@+b) +¢ 2)

2
Theo (1): 1(b) = [ Inb*dx = xInb. Do d6 trong (2) dat a = b ta co:
1]

I(B) =7 In2b + ¢ = m Ind, hay n( In2 + Inb) + ¢ = 1 Inb,

b
vay c=-r1n2, va I{a) =n In a;
3) Tinh

11'0 __xa
j—dx (a, 6>0)
o Inx

b a L
X —Xx

vi = |x'd
Inx j Y

a

ib
nén I=jdx[x>dy

0

Theo (2) caa dinh ly:

152



b b d b
I=Idij-'dx=f—y—=ln( +)
a O 2y +1 (a+1)

Chu y: Ngudi ta cing xét trusng hgp caic can cua tich phan cing phu
thude tham sé
%

I(x)= [K(x.b)dt (D

afx)

Gia st K(x, ) 1a mdt ham lién wye trong D:a s ¢ < b, ¢ < x < d: alx), fx)
1a cac ham kha vitrén (e, d], a Safx) < b, a < flx) £ b va M ton tal va

lién tye trong D 1hi (1) 1 kha vi teén e, d) va:

B(x)
I'(xj _ J aK(I,t)

a{a)

dt + B () Kl x,B(x)] o' (x) K[ x, a(x)]

Thuyc vay, ap dung quy tac Leibniz § trén, quy tic dao ham cha ham
hgp va quy tac dao ham cha tich phan theo can trén (dudi) ta sé c6 cong

thire nay.

§2. TICH PHAN SUY RONG PHU THUOC THAM SO

b
2.1. Dinh nghia: Cho tich phdn suy réng: I(x) = IK(x, Odt (1)
a

vdi b = +o hode K(x, t) khdng lién tuc theo t tai b. Néu (1) hgi tu tai
x € X c R thi né la mét ham cua x: I = I(x), I(x) goi la tich phan suy
réng phu thuéc tham s6. Ta ciing c6 dinh Iy vé su lién tuc, khd vi,
khad tich nhw déi vdi tich phén thuong phu thude tham sé, nhung
phdi c¢6 nhitng diéu kién han ché hon, cu thé ta phai xét su héi tu

déu cua tich phéan nay.



Su héi tu déu:

Tich phan Ix)= | K(x bt (N

a
goi 13 hdi o tal x € X néu:

b
Jim Z(x,6) = lim [ K(x,t)dt = 1(x)

Nghia la Ve > 0, AN > 0, V6 > N= |I(x, b) — I(x)| <. N6i chung N phuy
thudec £ va x, N = N(x, ). Néu ¥V x € X, N chi phy thude €: N = Ne) thi (1)
goi 12 hdi ty déu trong mién X. Vdy tich phéan (1) héi tu déu trong X
néu:

-

[ K(x,t)dt
b

Ve> 0, IN(e) >0, Vb > N(g), V'x c¢ X = <E

b
Tuong tu, tich phén I(x)=[K(x,t)dt v6i K(x, t) khéng lién tuc tai

b Ia héi tu déu trong X néu:
b

[ K(x,t)dt
b a

Ve >0, 35(g) >0, lal< dg), rx e X = <E

Dé xét sy hoi tu ddu cda tich phan (1) ta ¢é:
2.2. Tiéu chuin: Néu tén tai ham ¢(t) sao cho:
1) |K(x, t)] < @(t), Vx € X vattrong khodng lay tich phén.

2) [@vdt tén tai (tich phén trén [a, b] hode [a, +x)) thi
(K (x,t)dt héitu tuyét déi va déu trong X.

Thuc vay, chdng han xét truong hgp I(x) = [ K(x,H)dt thi

a

< {@(t)dt <e theo gia thiét
)

[Ke,ndt
b




2.3. Dinh ly:
1) Néu K(x, 1) lién tuc trong D:a <t < 40; ¢ < x < d va

I(x) = jK(x, pdt héi tu déu Vx € fe, df thi I(x) lién fyc trong [c, dJ.

a

2) Vi nhitng gia thiét ctia 1) va [a, i} < [c, d] thi:

B - B
[I()dx = [ dt]| K(x, t)dx.
a

a a

3) Néu

0K(x, t Lo
(—;i-)— ton tai va lién tuc trong D
x

" . K (gt . s

IK(x,t)dt héi tu Vx € [c, d] va I ——>"dt héi ty déu trin [c,
3

a

a
dj thi:
I'(x) = I iKix’—t)dt, vx c [e, d}.
a cx

Dai véi truong hyp tich phan suy rong:

5
I(x) = (K(x,t)dt vdi K(x, t) khong 1ién tuc (ai b.

a

Ta ciing ¢6 dinh 1y tudng ty vai dinh 1y trén (cAn thay tir : V£ > a bang
Vi a <t <b' v3i b’ <b), dinh ly duge ching minh tuang ty nhu dinh 1y ¢ §1.

Thi du:

1 Tinh I = I sizx dx (lich phan Dirichlet, ta da xét d phan tich phan
suv rong, Tap D
Xét:
J= [ et N g w0, k> 0)

0 X



T'a coi tich phan nay nhu tich phan phy thude tham so o

J = J(a), ¢6 thé chimg minh J(@) thod man cac diu kign cia dinh ly.

+0
Tacé: J'(a)= [e " cosaxdx = T
0 o+ k°

(da tinh 3 Tap [)

+o
(J(a) hoi 1y déu vt moi u, vi e ™ cosox| < ¢ ma _[e"’dx 14 hai ty).
a

dJ@)  k
da  al+k?’

Vay

Tich phan theo a ta ¢6: J(@) = cm:tg% +c.Choa=0,1a¢60=0+¢,
hay ¢ = 0. Vay J(a) = arctg% v3i k > 0. Khi a = const thi J 14 ham cla &,

liétn tue khi k2 = 0, theo phan (1) cua dinh )y.

Dat Jp= | By (@>0), thi Jy = lim J(@)
0 x k>0
hay: J. = i x> =T
3 Jq kl:)r’mo arctg p arctg(+=2) 5
Pachidta=1thid, =1
Vay I=.j smx , W
0 X 2
Chu y: TNY trén suy ra: J.)M Sinax dx = gsigna (a+0)
x
2) Tinh
4yt -bt
I=] %d{ (@ b>0)
0

Ta co: [e™dt = 1 (x >0) hoi ty déu Vx: x 2 x,> 0.
o X

L&Yy tich phan dang thie nay theo x tita dén b ta cé:

Ity



. ] e, at -be b .
jdtfedx = j—~—e i de b

dt =f—=In—-
0 a ) t a X a
Vay I:]ng
u
3) Tinh
I ( “© cosat gcosbt dt (a, b>0).
0 t”
' gin xt , .
Xét jS“:I dt=g, x > 0 (thi dy 1). Tich phan nay hdi tg déu
o

Vx:x>x,>0 Dodo

I”‘ﬁi_ = cosat - cosbt
o t

te .1
Is m;xtdx-j' 5 dt=5(b—a)21

o t

4) I = '(/c_’2 dx (tich phan Buler — Poisson)
{}

bat x=ut,u>0,tacé I=u] e'“%zdt
o

2
Nhan hai v& vai € " va lay tich phan ti O dén 4o

:4

I'=fe “zuduj e df == jdtj € "2“"2)udu-]—j t
0 0 0 o 2% 1

Do d6 1=

v | &

5) Tuong ty, nguoi ta cang tinh duge cac tich phan Laplace:

_ I coqu _n_e_a,, (@ b>0)
o a +x a
L= M g e o, b>0)
0 al +x? 2

Cac tich phan Fresnel:

= {amx dx= [max d.t-l x
0 n 2¥2



§3. HAM EULER

3.1. Ham Gamma I

Ham I hay tich phan Euler logi 2 la tich phan, '(x) = [+ 'e™'dt (D)
o

Nhu d3 biét, tich phan nay hai tu V x > 0 (phan tich phan xac dinh suy
rong) .

T1am I' 14 mot tich phan suy réng phy thude tham s6 x, né 13 mot ham
lién tue va c6 dao ham moi ¢&p khix > 0. Tt dinh nghia suy ra:

1 =1 (2)
INx+1) =x Nx) (3)
Itn+)=ni(neN) €)]
r(5)=sn ®)
T+ d)- B o ©)
2 2 nn!
Thye vay
) K1) = [ ‘dt =" =1
0 4]

(3): I'(x+1) = {#*e”'dt, tich phan timg phan: u = t* e*dt = dV, ta cé:
0

M(x+1)=-e ¢*

ey (et = 2T (x)

o 0

(4): trudng hgp dac bigt caa (3) I(2) = 2I'(1) = 2.1
FH=3.1@=3.21=3,.. Tn+1)=n!

®): x61 (1), dat ¢ = ? thi:

58



1(x) - .)l u’r e "2d11
B

LR R .=
2 N 2

{tich phan Poisson 1' c"odx=g)
{}

(6): Theo (3)

. 1 1. 1 1 3. 3 1_1
I (I? +§)=(n - 5)] (n - 5)* (n —'2—)(”—5)55-1—(—5)

theo (5) va rdt gon ta ¢6 (8).
Ch y: Ngudi ta da kéo dai I'(x) ra cac gia tr} Am cua x:

Zn+1y
Fen - Ly =y 220

2 @Zn+1)!

Ch;fmg han T'(- %) = —z\/E, (-~ %) = -43-\/;

3.2. Ham Beta B

Ham Béta B hay tich phan Euler loai 1, 14 tich phan suy réng phu

thude cac tham s6 p, g:

1
Bp, @)= Jt7 1 (1-1)% " dt M
0

Tich phan nay hdi ty ¥p, ¢ > 0 (phén tich phan xac dinb suy rong).
D3&i bign ¢t = 1- u trong (7) ta cé:
B(p, 9) =B(g, p) )

Ham B lién (ue va ¢d dao ham moi cap theo p, ¢ (trong mién p, q > 0).

154



3.3. Lién hée gita I'va B

IINC)

9
Fpra (9)

B(p,q) -

*Thyc vay, xétp, g e N
Tich phan timg phan (), dat w =1 O, dV = " 'dt, 1a ¢6:

P(1 - g t]! 11 , _
Bl ‘+q lIt“(l—M"‘Zahf=3—1B(p+1.q-1)
p

B(p.q)
|n P o

Tt ¢cong thitc nay suy ra:

_(g-1g-2).(g-(g-1)

B(p.q) B(p+gq-11
(p.q il pig-2 CFHe
. Y 1
= (q._1) (£P'9 °dy
plp+1). {p+g-2o
(g - D! {g-DUp-D!

- pp+D..(p+q-20p+q-1) B (p+g~1

Do d6 va theo (4) tacd

_1(p)I(g)

B(p.q) =
(p.q T(p+q)

Ngudi ta cing ching minh duge cong thie (9) van ding trong trudng
hgp p, ¢ khdng nguyén (> 0)

BPat B=Ti-;,t.a c6:
Bipg)- | —B
5= | — 10
t‘[(1+[3)p+q (10
Dac biét

qg=1-p, 0<p<1, ngudi(a da tinh duge:

164)



r@na—m=f

S -7
BP dB _ T

0 (1 +B)

sinnp

(131, 113]) (xem ching minh & cudi tap BTGS GT II, 11l cua tac gia)

3.4. Ap dung

1) Tinh I =

n

sin"xdx nx0

@ e

Dat sinx = \/f_, ta cé:

r—— >r<>1 T +-)
= s

2" 9

n%+n

Dac biét, n € N, ta duge két qua da bidt,

2) Tinh I= I
0 (1 +x)
_3
D3t x* =P, ta cé —lT—‘
o 401+p
Theo (11) ta ¢6 I= %r(l)l‘(%)
3) Tinh
1
1=
Oyl-x

Dat x = ¢, theo 5), (7), (9) ta ¢o:

1! -3 L
I=2(t 41— 7dt==
4% 4

-1 -
4

.

A
Aka

. T
Sin—

NN

(tich phén elliptique)

11
B(=,>)
i

161
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Theo (11): 1'(%)1'(% - . N0

sin —
4

2
Do dé -2 [r(l)]
4y2n 4

Theo bang (VII phu chuong)

1‘(% +1) = 0,9064

Do dé

rdy - arct +1)=3.6256
4 4

va

I=1.3110

BAI TAP

1. Tinh (@) néu:

1) () = f(x +o,x —a)dx
0

(f,, f.litntuc,u=x+a,v=x-a)
2) I(a) =+[m e_“dey (o >0)

*2. Cho f(z) lién tuc Vz € R va j Ilf (Z)J
Teltz

dz hdi ty, chung minh



Sflz)d - R
u(x,y)y = | ,Lf—(iz—) thoa man phuong trinh:
X+ (y-2)

29 a9
% + :-‘y—l: = 0 (Phudng trinh Laplace 2 chidu)

*3. Cho phudng trinh (phuong trinh Bessel)
2T (x) + xd (x) +(x" =nHY (x) =0
Ching minh:
J,(x)= lfcos(nt —xsint)dt (ham Bessel)
o

la mdt nghiém cuaa phueng trinh d6.

4. Chimg minh rang ham:

u(x,t)y = }E[f(x —at)+ f(x+at) + %x]dlt?(z)dz

thoa man phudng trinh:

a*u 5,8

—_— — (a >0)
o éx?
{phuong trinh dao dong cha day) va cac diéu kién ban dau
u(x, 0) = flx), %l(x,()) = F(x)
vdi gia thiét f(x) kha vi hai lan (6 77 (x)) va F(x) kha vi.
5.

D Ap dung cong thiie

1
j="'dz =1 (n>0)

Q n
! 1

tinh fx2" " Inade
1]
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2) Ap dyng cdng thac

ferdt=L @>0)
n b

40
tinh jt7e *'dt
0

Tinh cac tfch phan (1 bai 6 dén bai 14).

6.
%
fin LYacosx de 0o,
v l—acosx cosx
1.
Larctgx dx
| 9
nox 1-x
8.
1 2.2
J’de,“dl <1)
D ox?y1-x
9.
~< o arx —e bx
j ———sinmadx , (a, b >0)
0 x
10.
T %dx y{a>0)
0 x(14+x%)
11.
.j e %" cosoudx (@ >0)
0
12.
S —0.:2_ —sz
(% —dx @, p>0)
0 X
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13.

A sbx
| Mid_( @a>b>0)

X

14.

T 4} 3
!,hlll (Ildx (a>0)

0

Biéu dién qua cac ham T va B r6i tinh cac tich phan sau: (bai 15 dén
bai 20).

15.
_[xz a® -x¥dx (@>0)
Q
18.
+j¢ ‘U;
o (1+x)?
17.
1
| dx > 1)
0 n 1 _ YTI
18.
Tis 4
{sIin”xcos™ xdx
o
19.
+wo P-1
( Lﬂdx (0O<p<l)
v Ll+x
20.
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2
K-{—2

————— (tich phan elliptique loai 1)
i} 1 . 2
1’] - =S ¢
9 P
2 1.5 . - s .
K=j - Esm edyp (tich phan n elliptique loai 2)
o]

HUGNG DAN VA TRA LOI CAC BAI TAP

1.
1) I{a)=flo,- o)+ 2 [ £ dx
2y I'(x) = —.j er'“dey e
5.
1
N -—
n2
. 2 . i . [ y 1
2) —, dao ham hai lan fe Mdt =—
p 0 p
6.
n dx n

2
rarcsina, I'(a)=2] — =
0l-a®cos” x 1-g?

=dJ@) =nrarcsine + ¢, I(0)=0=¢=0(@<1)

%In(uﬁ)

166



diung eong thue:

8. n(v1- R

b a
9. arctg — - arctg — .
m m

10. g-ln(] +a),a>0

11.

“2 190
lﬁe_‘_". I'ay=-] xe ™" gin axdx
2 a 0

a?’ -
=A== =, 10)= [ dr=1 "o,
2a 0 2¥a

- I(cx)—lﬁc_%
2Ya

12,
B o 1
~—In— (x>0, B>0), I(a.)~—jxe dx=-—
2a
1 1
=3 I(u):—alna+c. I(B):O:c:EInB
13. L
2
+o +w b L
_l de L jsm(a—)xdx dang tich phin Dirichlet.
20 x 2 0 x
14.2, sin®ax = —3—sinu.t - lsin Sax
4 4 4
15.

4 21 L
T dat x=avt (t>0):1—?[i?(l—t)’a't

6 \



3 3
=B, 2= e
2 2 2I3) 16
16.
3...,0
. (T
B(i&): (4) (4): x
44 @ 22
17.
T 1
~ .dat x=¢» (¢ >0) ta dang (10)
nsin —
n
18.
3R .
m.dat smx=\ﬁ ¢ >0)
5 7
=l'(§)]'(5)_ 3
(6) 512
19.
7:2006p7r
e O0<pxl1,
sin” pn
d 2 xP! d
I(p)=— dx=—B(p,] -
p dp£]+x e (p.1-p)
20.
1 11
=—B<_)—)
W2 472
1 11 31
K=—1|B(=,~)+BZ, =
4J§[ (4 2 (4 2)]
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Chuong 11

TICH PHAN DUONG VA MAT

A. TICH PHAN DUGONG

Ta da dinh nghia tich phan xac djnh 1a tich phan 14y trén mot doan
thang nao d6 va ciing d4 suy rong: dinh nghia tich phan kép 1a tich phan 15y
trén mdt mién nao d6. Bay gid ta suy rong theo mdt hudng khac: dinh nghia
tich phan 14y theo mét dudng bat k¥ goi 12 tich phan dudng

§1. TICH PHAN DUONG LOAI MOT

1.1. Pinh nghia
Cho ham f(x, y) xdec dinh trén dudng C néi hai diém A, B:
C=AB(c R) (H.156).

Chia C ra lam n phén bét Ry (khéng ddm lén nhau) bdi cdc
diém

A=A, Ay A, diynB

Goi tén va d6 dai ctia phin dupe chia thir i la: AA,, = 4s, (i = I,
2,.un) ldy diém tuy y M(x,y)€ AA., (i =1, 2,.,n) va ldp téng
I, - i f(x;, y;)As; . Néu 1, » I khin — wsao cho max As; —» 0 (khéng

i=1

phu thuéc vao cdch chia duéng C va cdch chon cdac diém M) thi I goi

56}



la tich phan ditigng loai mét cua ham flx, y) ldy theo duong C hay
trén duong C.

Ky hiéu:

I=(flx,y)ds= [flxy)ds
C A‘B

Né&u C la duong khép kin (A =B) thi ky higu § f(x,y)ds.
c

Néu C 1a dudng trong khong gian th.i ta cliing dinh nghia tueng ty:

I=[f(x,yz2)ds

C
Dac biét néu £ =1 thi

T=flds= lim 3 s, =sladd daicia dudng C.

) max As, -0,
Y 4 B
I
» |
Al Alss '
] - [
! : [
A ! | |
| ! f
| . |
oo
L] } | —
o| 4 b X
Hinh 156

Tich phan dudng loai mét cing ¢6 tinh ch&t gidng nhu cac tinh chat
cCa tich phan don, trit tinh chat ddi can thi d6i véi tich phan dudng ddi
chidu dusng 14y tich phén, tich phan van khong thay ddi.

[fQxyds = [f(x, y)ds

AB BA
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vi A4 =44 =250
1.2. ¥ nghia cd hoe

Xét fix, ¥) > 0 va cot fx, ¥) 1A mat d6 khéi lugng (dai) cua dusng cong C
va djnh nghia khdi lugng m ciia duong cong 1a;

m= lim f: flx;, y,)s,

max As, 0 ;-3

thi theo dinh nghia tich phan duong loai mot ta c¢6: m = { f(x, y)ds
c

1.3. Cach tinh

Gia sit cAn tinh I={f(x,y)ds 1)
c

Ta xét:

1} Budng C cho theo phudng trinh y = y(x), a <x < b. Theo djnh nghia

I= lim 3 flx ),

max Az, -0 oy

Goi hinh chidu clia As; trén tryue Ox 13 Ay thi: As; = 1+y7%(x)0\r,
(Chuong &, phan 4, §1.3, Tap | vii Ax, kha bé).

Do d6: I= lim T FlCx,, y(x) W1+ y 2(x, JAx,
max As, -0 ; 5y

Day chinh )a tdng tich phan (don) cia ham f((x, y(x)],h +y2(x) trén
doan [a, bl. Vay
b
I=[f(x, y)ds = | fl(x, y0) NI+ y 2 (x)dx 2
c a
2) Cho duong C theo phudng trinh tham s x = x(f), y = y(t) (ax st <B)
1y ludn tuong ty nhu 1), ta ¢é ¢dng thac tinh:



B , .
1= f(x, ds = | flt=e), YOI« 2 D + y20dt (D
C a

3). Pudng C c R?, cho theo phuang trinh tham sd:

x=x0), y = y@®), z=2z() (a <t <P). Cing Iy luan tudng ty nhu 1), ta ¢6
cong thae tinh:

ﬂ ’ 2 »
I = [ f(x, % 2)ds = | f{(x(t), 0, zOJx2®) + y2®) + 22 Odt @)
C a

Tit cac cong thice (2), (8) ta suy ra
Dinh ly: (Tén tai cua tich phan dudng loai mot).

Néu ham f(x, y) la lién tuc trén dwong tron tiung phén C (chuong
7, §1.8) thi tich phan duong loai mét ctia ham do trén C la tén tgi.

Thyc vay, xét C 13 tron: y'(x) hay x’®), y'{¢) lién tye chung kha tich
Rieman trén [a, b) va trén (o, B), nghia 1& cac tich phan & v& phai cta (2),
{3) 14n tai. Do d6 tich phan (1) tdn tai.

Thi du:

HTmh  I={2d

c X »y
véi C la cung parabole
2
y = i;—n(ﬁ tit diém (0, 0) dén

12

1 —m s
A(l, =)y(H.W8D, 3 dayy =—,
( 5 ! Yy 9

N|~\
1
{
i
|
{
|

0<x<1, ds=yl+x’dx.

Theo (2) ta cé:

1 9,2
I=j4—yds=j2x \[~+x dx
0 X

c X
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=}\/l+x2d(l+12)
Q

< 11 €
“Zaaaty 2@ -
3 , 3

9) Tih I=]xyds véi C la % duing tron & + 32 = R (o y > 0).
c

YR

Phudng trinh tham s8 cia dudng trén x = Reost, y = Rsint vi 0 < ¢ <

ds = JRE sin? ¢+ R cos’ tdt = Rdt

Theo (3) ta c6:

5.3
sin?t[> R®

2 o 2

R®sintcostdt = R®

D

I=xyds=
¢

3 Tinh

I=((x*+y*+2ds,
c

C la phan dudng dinh 8¢ x = acost, y =asint, z = bt (0 <t < 2n).
Theo cong thice (4) ta co:

2
2x 2.3
I=ya? + b2 | (a® +b%%dt = Ja? + b¥(a’t + th)

o o

=Inyal+b2(a? +§ﬂ262)

§2. TICH PHAN DUONG LOAI HAI

2.1. Pinh nghia: Cho ham vecteur F ciia dél’i vé huang M(x, y):
F = F(M) = P(M)i +Q(M)j xdc dinh trén dudng C néi hai diém A, B:



C= AB.T =T (M) = cosa(M)i +sina(M); la vecteur ti€p tuyé&n véi C tai
M (a 1a gée gitta T va true Ox). Tich phin dudng loai mét ciia ham
f(x,y) = F.T=P(M)cosa(M) + Q(M)sina(M) trén dudng C:

I = [FT ds = [[P(M)cosa(M) + Q(M)sin a(M)]ds
C C

cung duge goi la tich phan duong loai hai ciia  ham F(M) hay
cta cdc ham P(M), Q(M) Ly trén duing C ti diém A dén B.

Theo dinh nghia tich phan dudng loai mét thi:

I= lm I = lm Z[P(M Yeos a(M,) + QM) sin a(M;)]As,

max ds, -0 max Ag, —~0 7y
Coi nhu As; nhu thang va goi hinh chidu ctia né trén céc truc Ox, Oy
1an lugr 1a Ax, Ay;, G = 1, 2....., ) thi theo djnh 19 hinh chidu:
cosa(M)As; = Ax,, sina(M)As;=Ay, 0= 1, 2,...., n)

va I = iP(M,)_\xi +Q(M)y;. I, cung goi la téng tich phan (dudng loai
=1
hai) thi n coa ham F(M), hay cua cdc ham P(M), QM) trén dudng

C= AB vatich phan dudng loai hai cfia cac ham d6 trén dudng € tit diém
A dén diém B ky higu la;
I= I IP(mdx+Q(wdy jP(x,y)dx+Q(x,y)dy
AB
Tich phan duong loai hai ciing goi 1a tfch phan dudng theo toa d. Néu

dudng C khép kin cing ky higw: §
C

Tuong ty, trong khong gian, ta cing dinh nghia tich phan dudng loai
hai clia ham vecteur F(M)=P(M) + QM)+ R(M)k , M(x, y, z) € R® hay
cua ba ham P(M), Q(M), R(M) trén dudng C c R*1a :

I= jP(:c, ¥ 2)dx +Q(x, y,2)dy + R(x, y,z)dz = I(Pcoea +QcosP + Reosy )ds
[ c



vii = ulx, y, 2), B =B, y, 2), Y = Y(x, y, 2) 12 géc gilta tiép tuyén T cha C
tai M(x, y, 2) v8i ba truc (oa dd Ox, Oy, Oz.
Tich phan dudng loai hai ¢6 cac tinh chat giéhg nhu cac tinh chat clia
tfch phan ddn (k& ¢4 tinh chat d6i chiéu dudng 16y tich phan: | =-| vi
AE  Ba
khi déi chidu dudng 14y tich phan thi Ag, Ay, d8i d&u).
2.2. Y nghia cd hoc: Coi P(x, y), Q(x, y) la hinh chidu trén cac truc O,

Oy ciia lyc F tac dung vio chdt diém M chuyén dong trén dudng cong C tit
diém A dén diém B (H.158).

Ta c6 : Yy
F= ﬁ"(xs y) = P(x, y)tT +Q(x, y)_;' .
Coi cung ﬂ,—,, nhu day cung

AA;, thi:

As; = Ax,i +.\y;] va coi trén

cung dé:

F=F(M)=P(M) +QM,)j

= P(x,, y)i +Q(x, %)) ;
M(x,y)e AA,, (=1,2,..n). Hinh 158
thi céng gin ding cia lye trén cung d6 1a:
F(M)s, = P(x;, y,)a%, +@Q(%,, 3,
va cong gan ding trén ca duong C la:
T, = éP(x.,y.-)M. +Q(x;, ¥,)4y,

Ngudi ta dinh nghiacong T cua lye trén dudng C 1a:
T= tlm T,

max ds, »{



Theo dinh nghia tich phan dudng loai haj ta cé:
T= fP(x,y)dx+Q(x,y)dy (@8]

C

Nhu vay vé cd hoc tich phan dudng loai hai 13 céng cia e trén dudng
cong C néu coi lyc la:

F(x,y) = P(x, y)i +Q(x,y)]
2.3. Cach tinh

Dua vao djnh nghia tich phan dudng loail bai va tich phéan don va ly
luan tuong 1 nhu ddi véi tich phan dudng loai mét ta ¢é:

1) N&u dudng C cho bdi phudng trinh y = y{x) véi @ < x < b thi cong thiic
tinh tich phan dudng loai hai 1a:

b
I=[P(x, y)dx+Q(x, )dy = [ {Plx, ¥(x)] +Q[x y(x)]y' }dx (1)
C a

2y N&u dudng C cho bdi phuodng trinh tham s6:

{x = x(¥)
y =1

vdi a<t<p
thi
B
1= [ P(x, y)dx +Q(x, y)dy = [ {P[x(), yO)]x' (1) + Q[x (D), y(1)]y' (W) }dt (2)
C a
3) CcR:x=x@),y=y@);z=20) (@st<P)
Ta cb cong thic tinh:

1=[P(xy2dx+Q(x, y,2dy + R(x, y, 2dz
C

8
= [{PIx(t), (1), 2()]x" @) + Qfx(D), y(t), 2()]y' (t) + R[x(¥), ¥(b), z(1)]z' (1) }dt

a
@
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T cac cong thie (1), (2) vai ly luadn tuong ty nhu déi vdi tich phan

duong loai mot, ta cé:

Pinh ly: (T4n tai ciia tich phan dudng loai hai)

Néu céc ham P(x, y), Q(x, y) lién tuc trén duong tron ting phén
C thi tich phan duong loai hai ctia cdec ham d6 trén C la t8n tgi.

Thi du:
1) Tinh I = jxydx+(y—r)dy
c

v81 G 1a dudng ndi didm (0, 0) dén didm (1, 1) va ¢é phucng trinh:

Ay=xby=akc)yY=xdy=0vax=10=<x<1) H.159)

Trong cac trudng hgp ta c6:
O0<sx<1,0sy<1. Theo (1):

a) Thay y = x, dy = dx vao
tich phéan ta c6:

b) Thay y = %, dy = 2xdx ta
co:

I= jl'[x3 +{x? - x)2x)dx =
0

3¢t o
{T‘T

¢) Thay x = v, dx = 2ydy ta ¢6:

1
I={ly*2y+(y-ybldy =
1)

Hinh 159

€

B3 L2
y _yr..r
5 38 2




N

1
{ =0, | ={(y-Ddy=-
0
1
Vay I=—§
2) Tinh I = | 2xydx + *dy
r

(C 1a duong nhu thi dy 1)

Theo ¢ong thie (1) ta co:

{

1 K]
a) I= (2 +xl)dx =25 =1
5 3
]
1 43.'41
b) I=f@x* +2%)de=—| =1
h 4 |

¢) I =1 (Tinh tuong ty)
d) I =1 (Tinh tudng ty)

3) Tinh 1 = f xdx+(x+y)dy
C

C 1a dudng tron x = Reost, y = Rsint; 0 <t < 2n (theo nguge chidu kim
déng hd).

Theo céng thie (2) ta cé:

2%
I=J[Rcost(—Rsint)+(Rcost+Rsint)Rcostldt
0

2
2("1+00th sin 2t) b - R'x
2 1]

o o 9 R?
=R*fcos"tdt =R dt:—z—(n
0

Pl

178



4) Tinh I=((x +yhHdx + 2aydy + 2°dz
c

C 13 phan duong dinh 8¢ x = acost, y =asint, z=bt, 0 <t < g

Theo cdng thie (3) ta cé:

I = [[(a®cos® t +a? sin? t)(—asint) +2a cost.asin t.a cost + b2 1d¢

[

= i(b%3 - 8a%)

§3. CONG THUC GREEN, SU DOC LAP CUA TiCH PHAN
DpOI VI PUONG LAY TiCH PHAN

3.1. Cong thie Green: Cho midn D gidi han bdi duosng cong C khép
kin. D& véi dudng khép kin thi trj sd cia tich phan dudng khéng phy thude
vao diém bat dau. Thuye vay theo hinh (I1 160

(f; B AB§CD - AJBC +C£A B CIJ)A " A£C B CD.{BC

Bay gid ta dua ra mdt
cdng thae lién hé gida tich
phan dudng va tich phan kép D C
goi 1a cdng thie Green cho bdi
dinh ly sau day:

Dinh ly: Néu cdc ham
86 P(x, y), Q(x, ) ciing véi A 8
cic dao ham riéng cua
chiing lién tuc trong mién

compact D gidgi han béi

Hinh 160



duong khiép kin, tron ting phédn C thi:

oQ oP
P(x, y)dx +Q(x, ydy = [ (22~ )dxd
(f; x, 3. Q(x, y)dy Il{ 5 ly

trong d6 tich phén duong 1dy theo chiéu duomg cda C (Chuong 7, §1.8 ).
Ching minh:

a) Trudng hgp D 1a mién
don lién va cic dudng thing ¥ !
i Ox, Oy khéng cat
song song véi Ox, Oy khéng ca 4,(x)

C qua hai diém, nghia la D 1a
mién don gian (H.161)

Gia s¥ dudng C gidi ban

mién D gdm hat phin AmB yf(_-[)

o - —
]

va AnB cé phuong trinh

y=y,(x),y = y)x) vBia<x<b,
¥1(x) € yo(x) (h.63). Xét:

aP b nlap
I, = || —dxdy = | dx —dy .
! jD1 ay ({ yl{:) ay H]nh 161

b -3 b
= [ PCe,f* (o dx = [ Plx, y,(x)Mdx— [ Pl, yy(x)kdx

Theo cong thite tinh tich phan dudng loai hai thi:

Il= IP(x)y)dx_ IP(I,_)')(B

AnB AmB

=- IP(I»y)dx— "P(I)y)dx
BrA AmB

=-§ P(, y)dx <1)
c
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Tudng 14 1a ¢o.

:Li%

L =ji

—dxdy = $Q(x, y)dy (2)
D 00X - c

=

Lay (2) (v (1) ta ¢6 cong thic

Green.

b) Truong hgp D da lién va co
bién pidi phac tap, Ta sé chia D
thanh cidc mién don lidn don gian,
chdng han D gidi han b3 hai
duimg C,, C, (11.162). Ta s& vé thém
hai dudng phu dé chia D thanh hai

mién don lién don gian, ap dung -
truong hgp a), ta phai 1av tich
phan hai 1dn trén nhimg dudng

phu Ay, nhung neguge chidu nhau,
nén tich phan wrén nhing dusng
Ay bang khong.
Hinh 162

Két qua la;

p =% +§% =l ,vacong thic Green van dung.
c ¢ ¢ D

Bay gio ta xét mot Ap dung tryc tidp cua céng thie Green 13 tinh tich
phan dudng bing cach chuyén sang tinh tich phan kép.

Thi du: Tinh I = §(1-x")ydx+(1+yH)xdy v6i C la dudng tron :
C

2? +y* = R? thee chiéu duong.
Theo cong thic Green, d day P = (1 - 2y, @ = (1 + y')x,
I3

cP ; ;
- o4y dodé:
oy [&a4

T 4(1-x"yde+ (1 +y)ady = [+ ¥ -1+ ydxdy

4 n
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. , A R' R*
=1l x4y dady - tdpir'rdr = Zn—l - R
b -

)

NEu tinh trge 68p tieh phan dudong nay thi phie tap hon nhicu,

3.2. Su déc liap cua tich phan @6i vdi dudng lay tich phan

Xét tich phan pP(x, yidv + Q(x, yxdy véi C 1a dudng néi hai didm A B

i

A rang tich phan nay phu thuoe vao digm dau va cudi A, B ctia dutig cong C.

O thidy 1 § 2 ta thav I con phu thude vao didng 14y tich phan, nhumg
o thi du 2) thi 7 lai khong phu thude vao dudng 1av tich phan,

Vav trong (rudng hop tong quat, vdi didu kién nao thi I doc 1ap doi vii
dudng 18y tich phan va chi phu thuée vao didm dau va didm cudi cta duting.

V& ¢d hoe. ta bidt T 1d cong cla lye F=Pi +Q trén duong C. Néu !
khong phy (hude duong 1Ay 1ich phan nde 1a cong khong phy thuge vao
duang di.

a) Dinh ly: Néu cdec ham P(x, y), @(x, y) va cdic dgo ham riéng
cap mét cua ching lién tue trong mién don lién D, thi bén ménh dé
sau day la tuong duong.

P Q

- .

gy ¢x

1) V(x, y) € D.

2) §de +Qdy=0 VL < D (L: hhép kin)
L

3) dex+Qdy khéng phu thuée duong néi cdc diém .
AB

A BeD.

4) Pdx + Qdy la mét vi phéan tean phan cita mét ham u(x, y) nao
dé trong mién D (du = Pdx + Qdy).

Ching minh: Ta 56 chung minh dinh 19 theo s6 dé: 1) = 2V > 4y = b

-> I
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= 2y, Xét mot duong Khép kin bar kv Lo DO L 1a bnén cus micn

D, cD.Ap dunig cong thue Creen cho I .

Tact: PP +Qdy = f_[(%Q-—— (-;D—)d_ul_y . theo 1) thi:
L Xy
02 eay -

D, X

do d6 pPdy+Qdy =t véi moi dusng khép kimL < D
7

2y = 3). Xét duing khép kin L = D, L gém hai phan AmB vh AnB
IR RRY
Theo 2y

pPAx+Qdy =0 hay | Pdi+Qdy+ [ Pdv+Qdy=0
. AmH BaA

Do d6: [ Pdy+Qdy= [Pdy +Qdy
AnH B

nghia Ja tich phan § Pdx + Qdy khong phu thude duong néi cac diém A, B,

3
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3 = 1), Xét Alx,, yg) =const € D. M(x, y) € D.

Theo 3) tich phan  §Pdx+Qdy khing phy thuge dusng ndi A, M,

nghia Id  § Pdx +Qdy = u(x.y) trong D. T chyn dutng ndi A, M la ciac doan
o,
AN, NM (1.164).
Ta co: Trén ANy =y, dy = 0.

Trén NM: x = const, dx = 0.
do dé:

x Y
w(x,y) = [P(x,yy)dx+ [ Qx, y)dy+C (h

L0 Yu

N&u chon dugng ndi AM 1a cac doan AK va KM thi ly luan tudng tuy ta

Y x
u(x.y)= [Q(xg, y)dy + [Plx,y)dx +C (2)
Yo R

Ta (1) va (2) suy ra

ou

— = Q(x,y), ?—u=P(x.y)
oy ox
Vay
du =" dv+ 2L dy = Plx. y)de + Q(x, y)d @
2y p a4 Jya W yiay v

Céng thite (3) ching (6 Pdx + @dy 13 vi phan toan phan ca ham w(x. y)
<ac dinh bdi (1) hoac (2).

R .
4) = 1), Theo (4) P==, Q=22
ox &y
cP 0Q

—, — Lién e trong D nén:

Gy (X

Theo gia thist
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h -2 ~7 A
P 3w _Cu :ﬁ Y(x, y) € D.

~

&y axdy B @T ox
Chuy:
1) N&u D la mién da lidn thi dinh 1y tyén khdng cdn ding nua.
Chang han xét
. xdy ~ ydx

I=¢—
P aleyt

C la dudng tron 2% + y2 = R’ gidi han mién D 1 hinh tron x” +y? < R?
it ge 0. O dav

P -y x 0P 2Q y2—x2
=", Q=75 =~ 2. 5.0

Xt+y +y & fx (2 +y")
024y =0).

Nhumg tinh 1vye tiép, ta cé phudng trinh tham sé eua C 1a: x = Reost,
y = Rsint, (0 <t < 2n).

Vay

"Recost.Rcost - Rsint(—R sin #) o8
I= o PRl = [ dt =2m 2 0
o R cos"t+R sin’ t iy

K&t qua nay do hinh tron 27 + y2 < R?, b6 di diém O 1a mdt mién da
lién.
b} Tinh tich phan dudng bang nguyén ham
Theo dinh 1y néu du = Pdx +Qdy ((x,y) € D don lién) thi ta tim duge
ham wufx, y) xac dinh bdi cée edng thie (1) hoac (2).
Bay gid xét I = § Pdv+Qdy . Alxg, o), Blxy) e D
i

Trong dé € 1a mdt dudng bat kv néi 4, B gia st phudng (vinh cia C A



LUy sy bos s b C T Dvaad,) T oy () T v, v T,

M) =y Vi (‘” - P -‘_’-I - @ non theo cach (inh tich phan dusiyr ta oo
. o
‘, N
X , N : \
1- [Pdv+Qy - j‘_“.d ‘_’i dy = !‘”' AR INpPCCI EICATRICR] BT o
AB / f ! (A% oy
d.

= d_ wl(x(t), ) dr = ulx(t), yu)]]

=ule Lyl ulatt), y(tol = uix, y) - uiyg, yo)

Do dé ngweti ta cing gor z 1a mdt nguvén ham caa Pdx + Qdy va cling

ky héu:
(B) (xyv4)
I= }Pd.\‘ +Qdy = _[de 1 Qdv = dex +Qdy =
o 4 (Xg.¥o )
/\, ll) ‘ )
= jdu _u(\,y)l_\"v‘) =u(x;,y;) —ulxy, yy) (H
(A Vo) ’
Thi du:
o

Tinh 1= ¢ 1Ly =3y + 0 + 3ty —Gay - Ddy

. GP o oy . e ya . A a A
Tacs: — = —9— =12x'y” - Gy , vay bicu thie dudi dau tich phan 1A mat

Ey cx
vi phan toan phan

Theo edng thite (1), ta ¢6 mdt nguyén ham ¢da bidu thie dé vdi x, =y, = 0

u(x,y) = [ddx +{(3x'y” -6xy- hdy +C =dx+a'y' =32y’ - 1y +C.

)
Theo cong thie (B ta ¢6:

F b O X G RO =-1
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¢) Tich phan khéng phu thude dudng lay tieh phian trong khong
gian R*
D31 vai tich phan dudng nung khong gian
I'= [Py z)de+ G vy 2)dy + R(x, y. 2)dz
o w
Ta ¢6 thd ching minh mot dinh v tugng 1y nhu dinh v da xé1 6 a),
Dac higt ta ¢o thd phat bidu: Néu cac ham P, @. R va cace dav ham rieng
cAp mdt cha chung lidn tye trong mién don Bén Vbl didu kicn ¢dn va da
di tich phan (1 khéng phu thude dudng 18y tich phan C= AB = U hav
Pdx + Qdy + Rd:z 1A vi phan toan phan cia mot ham u(x, y, 2) (roug V [a:

P QR @ P_R ot

N & 0y Cz fz x

hay viét dudi dang hinh (hue:

Xy

i _) k

G a G A 3 . & ] (¢ AR

© L SRR R-Z T Rlio
Cy cz| Lz vy Lx (2)) Ly

P Q R
Trong trusng hap nay ta cing o6 cong thie dit 1im v tuong 1y vhir cang
thue (1) ¢ &)

u(x.y, z) = | P(x, v, 2,)dx + [ R(x, y.z,)dy + ]‘R(,r. y.2)dz+C (3)

\ <o

VAL A(xy, Yo 20 =const e V.M, y.2) e V
Thi du: Chang (6 rang bidu thae:

1 ) z (1 1
2[1— - \d;\ +—5—dy+ L—Z——z - T-]dz

:2_v a2 422 J Xy

Ia vi phan 1oan phan cia mat ham w/v, y. 2) nao do (rong micn har kv

V khamg rAt cde mat phang v = O, v~ O i tim ham v v, 21, (a4 o,



P _Q_ 2z Q@ ¢R_1 P _R_ 1 2-a
&y x 2yt d&e xy' ér éx xly (4%

Vay bidu (hie trén 1a vi phan toan phan cla mat ham wix, y. 2) € V.
Theo eong Lhie (3) ta ¢d vdi 2z, =0, x4, y, 2 0

z
u.(xky.z):j[ 2x - ljdz+C=arcfgi—i+C
x

olx? +22 wy Xy

§4. AP DUNG CUA TICH PHAN PUONG

4.1. Moment tinh, toa d¢ trong tam, moment quan tinh cua
dudng cong

Trong bal tich phan xéc dinh, (A da (inh cac moment tinh M,, M,, cac
moment quan tinh I, I,, I, 48} vdi cac truc Ox, Oy va diém gdc, toa do trong
1Am xg, ¥o cla dudng cong ddng chat (cé6 mat dé khoi lugng (dai) y = 1).
Trong trigng hop 1dng quit, dudng cong C khéng déng chat c6 mat do khai

Iugng (dad y = H(x, y) thi ap dyng tich phan duong loai mdt va lam tudng ty
ta cd:

M, = [yy(x.yds; M, = [xy(x y)ds
(A &

fay(x, y)ds [ yy(x, y)ds

iy C

IO =

[v(x,y)ds = [1(x,y)ds
C (&

I, = jyzy(x,_v)ds: I, = I_xz';.'(x.y)a's; I, = _f(x2 + yz)‘/(x,y)ds
C T c
4.2. Cong cua mét luc
Ta bidt vé ed hoe tich phan dudng | P(x, y)dx +Q(x, y)dy 1a cong T cua
c

Tuc:

F=Pii Q) trén duong cong C: T = [Pdx+Qdy.
¢
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/o~ -~ N
VI . N ” e a P 3 N
Néu | khéng phu thude dusng C wéi hal digm A, B (—zﬁj thi
e LG cx

cong kKhong phu thuge dusng di.

Thi du: Tim cong caa

. . 0 c a
trong lue khi di tu diém T JI X
Aa, &) déhy diém Be, d). Goi |
blm—— - ===

m 4 khai lugng cha dong tu,
thi 12 bi&t trong lyec F ¢6 do
I6n 1a mg va hudng xuéng di---
dudi. Do dé néu lay hé
toa dd nhu hinh vé thi Yy
F=mgj (hinh 765).

Hinh 165
O day P =0, @ = mg,

CP O . .
< - i—Q =0 nén cong T khong phy thude duong di va:
& ix
8 (ed
T= {mgdy= mg;yl(”J =mg(d -b)
(A *

4.3. Tinh dién tich

Ta da ap dung tich phan dan, kép dé tinh dién tich. Tu cdng thae
Green:

o oP
([c_-— xdy = § Pdx + Qdy
Lay P = -y, @ = x thi {{2dS = pady - ydx nhitng {[dS =5 la dién tich
D ¢ D

mién D. Do d6 ta ¢6 cong thic tnh dién tich 8 = %}xdy-ydx .
“
Tudng W 1ay @ =x, P=01thi S = pxdy
C

Q=0,P=-yihi S=—fydx
C
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Thi du:

Tinh Aion tieh eia elhipse a € aenst. y - bsme, Ap dung eong thde dan s

L . . . ab’r
S vdy - vdv = 5 | tacosthrost v bsintashihdt = — [dr = nab
Z - .

< 0

4.4. Tim ham u biér du = Pdx + Qdy

N Py + Qdy 13 mot vi phan toan phan eda v thi du = Pdx + Qdy, vi

(v, y) = [Plx.yde+ [Q(x.y)dy +C

Ly v

hav

A 19
u= |PLyided [ Qe y)dy+ C, (x,. vy) € Dt mién don lien lien tae

ctia P.Q va lﬁ ﬁ
oy [N
Thi du:

Timu, bidtdu= (2 y+ Dda 4+ (Zy &+ Hdy

PA
OdavP=2v yt1.@=2y x+I, £:£=‘
&y &x
Vav:
u= J'(B.L‘— 0+1 Jd_\'+:|_(2y —x+dy+C (1ay x, =y, =0)
hay- vty ay+y+C
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B. TICH PHAN MAT

Tada md vong divdonghia teh phan kép 1A tich phan cda ham hai bicn
Fr, vi 1Ay trong o micn D nao do d8 dinh nghia tich phan boi ba 1a 1ich
Phan s ham ba Hion pox, y, 22 13y trong mot midn Vonao dé, bay gid ta md
rong dynh nghia tich phan kép theo mot hudng khaco dinh nghia tich phan

¢Ga ham ba bicn £y, y, 2 JAY trén mot mat S nao dé goi 13 tich phan mat,

§1. TICH PHAN MAT LOAI MOT

1.1. Dinh nghia ey

Cho ham sé f(M) vdi 7
M(x, y, 2) xdc dinh trin
mét mat S nao dé (H.1545).

- Chia mat § ra lam

n phan bat ky hRhong OL

dam lén nhau goi tén va Q) Y

dién tich cua ching lan

lugt la: AS, AS,.., A4 X

Sy, AS,
- Léy mot diém tuy y Hinh 166
R M
Mix, y, z) c 45, (i=1,2,..,n)valap tong: I, =% f(M;)AS;
1)

- Dt d = maxd, d, la duong kinh ciua 4S8, (i = 1, 2,...., n}. Néu

I, — I xdc dinh khi n — ©sao cho d — 0 thi I goi la tich phan mégt
logi mét cua ham s6 f(M) ldy trén mat S. Ky hicu:
1-{[fMdS hay 1- [ fix, o 22dS

s s

[41]



Néu mat S kin thi ky hiéu 1= ﬁf(M)dS. Péc biét fIM) = 1 thi
S

([dS =8 la di¢n tich mat S. Cdc tinh chél cia tich phén mdt logi
)

mét déu giéng cdc tinh chét ciia tich phan duing logi mét.

1.2.Y nghia co hoe

Coi ffM) 1a mat do khéi lugng (mat) ctia mat S (M) >0) va dinh nghla

khai htgng m cia mar S 1a:
m = lim ’Z f(M)HAS,
40,0
thi theo dinh nghia tich phan mat loai mot, ta ¢6: m = {j f(M)dS.
S

1.3, Cach tinh

Gia s mat 8§ ¢6 phuong trinh 2 = 2(x, y), hinh chidu caa S trén mat
phing 20y 14 mién D. Dya vao djribh nghia tich phan mat loai mot va tich

phan kép véi Iy luan tugng ty nhi khi tinh tich phan dudng loai mot, bang

cach chuyén vé tinh tich phan kép, ta co:

I = {[ e, 3, 2)dS = [[ flx, 3,26 DT + 22 + 22 dxdy
S

D

Tit eong thue (1) 19 luan (uong td nhu dé1 vdi tich phan dudng loai mot,
ta suy ra:

Dinh ly 4. (Ton tai cia tich phan mat loai mot)

Néu ham f(x, y, z) lién tuc trén mdt tron hay tron titng phéan S
(Chuong 8, phdn C ; Chd y) thi tich phdn mdt loai mét ciia ham d6 trén S la
N
ton tai.

Thi du: Tinh I = [ (% +y*)dS ,

S
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S 12 mat ban cdu z = yR? - x* - y*

Ta ¢6:
I= ([ +y?)dS = ([ + 5% J1 422 + 27 dedy
s 7
@ day D 1» hinh tron «* + y” < R? cdn yl+tz +2) = B %

R2 _ 3:2 _ y2
dé:

2 ?
=R 3Y VESY e

| = dxdy .
D R2_12_y2

Chuyén sang toa d6 doc cye ta cé:

2 R 2 R 2 R
I=Rjd<pjlrz=2nR(j Rdr_ 1R -7an
0 4] 1)

oyR%-r VR? - r?
R r 9 9 R2 . r
- EJR -r +7arcsmﬁ

7l R
=2zR [RQ arcsin %

g

:ZKR[R2£—R2 n]_ 7R3
2

2 2) 2

1.4. Ap dung: Moment tinh toa dé trong tAm, moment quan tinh cta
mdt mat.

Tuong tg¢ nhu da tinh dai vdi cac tich phan trude ta ¢6 cdng thic tinh
moment tinh M,,, M,,, M, caa mat S, d6i vdi cic mat phing toa do Oxy,
Oyz, Ozx:

M, = ¥(x, y,2)2dS; M, = ﬁ Wx,y,2)xdS; M, = fj y(x,y,2)ydS
s

8 )

trong 46 ¥ x, y. 2) 1a mat d¢ khai lugng (méat) cia S.

1



Toa dé trong tAm xy, ¥,, 2, cia mat S dude xac dinh bdi cac cong thic:

M M
x‘):—y’;_)’o—M_‘x;ZO: =

m m m

trong d6 m = {[y(x, y,2)dS 12 kha1 Jugng clla mat S.
s

Cac moment quan tinh Iy, I,, I,, I, ca mat 8 d6i véi cac mat phing
toa doé Oxy, Oyz, Ozx va goc O duge xac dinh bdi cac céng thite:

= {iv(x,y,2)2%dS; 1, = [[v(x,y,2)x’dS
5 5§

=[[¥(x. 3. 29%dS; I = [[(x,y,2)(=* + 5" +2°)ydS
S S

Thi du: Tim cac moment tinh My, M,,, M,, va toa do trong 14m cta
mét ban ciu trén:

z=1}R2 —~x2 - y? voi mat 4o ‘{:{.7:2+y2

T y=yx* +y? suy ra mat d5 khéi lugng phan b déi xing vdi tryc
Oz, do d6 trong tdm cia ban ciu phai d trén tryue Oz; nghia la x, = y, = 0.
Theo céng thic toa dé trong tdm suy ra M,, = M, = 0. V4ay ta chi cin tinh
M. vaz,..

Ta cb:
= [ 24/ - —y? 7 Rdxdy
_j's x+y = JRE - x? Jx +y Rﬂ_x2_y2
2xn R2 2
=R[d(pjrd‘=—1LR‘
o 0 3
3
- tas - EF
8
ZO_M,, 2mR* 2 4R

“m 3 11:’}28 s
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§2. TICH PHAN MAT LOAI HAI

2.1. Mat dinh huéng
Xét mdt tran S gidi hgn bdi mét dudang tron ting phén C (H.167).

L&y M, € S va dung phap tuyén N cia S tai My, néu xuat phdt
tie M, &i theo mét duong khép kin bét ky L trén S khéng cdt bién gigi
C cua S, trd lai vi tri xudt phdt M, ma hudng ctia phdp tuyén tai M,
khong thay déi thi mdt S goi la mdt hai phia, nguoc lai néu huing
cia phdp tuyén déi nguge lai thi S goi la mdat mét phia. Ta chi xét
mat hai phia.

Chéng han:

- Mat tron S bat ky c¢é phuong trinh z = f(x, ¥) 14 m6t mat hai phia.
Phia ma tai moi diém cha né, hudng ciia phap tuyén lam véi Oz mdt géc
nhon 1a phia trén cia S, phia kia thi ngugc lai goi 12 phia dudi ciia S.

- M6t mat kin bat ky khong ty cdt S la mot mat hai phia (mat cau,
mat ellipsoide...) phia c6 phap tuy&n hudng vao bén trong cia mién gidi han
bdi mét S goi 12 phia trong cua S, ngude lai, phia kia goi 14 phia ngoai
cua S.

Mot mat haj phia cling goi 12 méat dinh hudng duge con miat mét phia
dudc goi 1a mat khong dijnh hudng duge.

Trong thyc 18 ¢ciing ¢ nhing mat mdt phia chang han bang Mébius (11.168).

—-

=

Hinh 167 Hinh 168
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Msét mat S goi la dinh hudng

duoc tizng phén (mdnh) néu né la

=y

lién tuc va duge chia thanh mét sé6

hizu hgn phén dinh huong duoe bagi

cdc duong tron titng phan. Cho mét

mdt dinh hudéng S gidgi hen bdi

duong cong C. Ta goi huéng duang

trén C ung voi mot phia da chon

cua mdt S la hudéng tit chan dén €
ddu ctia mét quan sdt vién nim
theo C nhin thay phia da chon cua
mat S & bén trdi (H. 169).

Hinh 16Y

2.2. Dinh nghia tich phan mit loai hai
Cho ham vecteur F, déi vé huong M(x, y, z):
F = F(M) = P(M)i +Q(M)j + ROM)k

xdc dinh trén mgt hai phia 8. Chon mét phia ctia 8 ung vdi phdap

tuyén
N= _N.(M = cosa(M)i + cosB(}ll)f +cos‘y(bl)l;

cosa, coafl, cosy la cdc cosin chi hudng cua N tai M c 8). Ta goi tich

phéan miit loai mét cia ham: FN = Pcosa + Qcosf + Recosy trén mdat S:

I=([FNdS = [[(Pcosa +Qcosf+ Reosy)dS
) S

la tich phdan mdt loai hai cua ham F(M) hay cua edc ham, P, @, R

l&y trén phia da chon ciza mdt S. Theo dinh nghia:

1< lim 3" [P(M, Jcosa(M, )+ Q(M, JeosB(M; ) + R(M, jeosy (M; JAS;
=1



Coi AS, nhu phang va goi hinh chiéu cha né 1vén mat phang Oyz, Ozx,
Oxy lan ugt 1a:

ASPVLASE L ASP (=1, 2, .,
Theo dinh nghia hinh chiéu ta cé:
cosa(M)AS, = AST, cosB(M,)AS, = AST", cosy(M;)AS, = AS™
Khi dé:

I=lim TIP(M)AS®D + QM )AS™ + R(M,)AS®]
*a=1 ! : t

Do d6 ta ciing ky higu tich phdn mac loai hai la:
I = [{ Pdydz + Qdzdx + Rdxdy =[[ (Pcosa+QcosP + Rcosy)dS (1)
S s

Né&u mat S 1a kin ta cang ky hiéu: 7 =§
S

Cac tinh chat cua tich phan mat loai hai d&u gidng céc tinh chat coa
tich phan dudug loai hai (k& ca tinh chat d4) hudng mat 14y tich phan).

23.Y nghia co hoc

Xét mat S dat trong mét chat long
nao dé
F(M)=P(M)i +Q(M)j+ROME la -
s . . F(M)
vectew toe dg tar diem M cua chat
Iong 46 Trong phan AS, (11.170) c¢ha
S coi F=F(M)(M, la mbt diém

N (M)
tuy v trong phan dé) thi luu lugng AS;

gidn ding cta chat long dé (trong

mét don vj thdi gian) qua  AS; Ia:

F(M)N(M)AS, Hinh 170

tuy



trong dé N wosaw. cosPB. cosys 13 veeleur phap (uydn cua phia da chon coa S va

S F(MONM NS,

11

La fun lugug gin ding qua mat S, Ngudi ta dinh nghia b hegng & eta chat
Iong qua S 1A

® = lim N F(M)N(M,)\S,
d-»0, 1

= Lim) ‘i [P(M,)cosolM,)~Q(M ycos (M, )+ R(M,)cos «(M)]AS, .
0y

Theo dinh nghia tich phan mac loai hai:

d = [[[P(M)cosa +Q(M)eosp + R(M) cosv1dS
K]

= [ P(M))dydz + Q(M)dzdx + R(M)dxdy

2.4. Cach tinh

Gia st didu Kién 16n (ai clia tich phan (1) thoa man. Ta chi tinh

I{ = I[ R(x, y, 2)dxdy (a)
S

con cac tich phan_ ([ P(M)dydz, [|Q(M)dzdx s& duge tinh tuong ty. Gia su
S s

mat S cho bdi phudng trinh z = z(x, y} va hinh chidu clia né én mat phang
xOy 12 mién D. Difa vao dinh nghia tich phan mat loai hai va tich phan kép
ta di dén:

- N&u 1ich phan 18y theo phia trén ca mat S thi ta ¢6 ¢ong thie b
(a) bang cach chuyén vé tinh tich phan kép:

1) = ([ R(x, y, 2)dxdy = [ R[x, y, 2(x, y)]dxdy (1
S D

- Nou tich phan 4y theo phia dwdi ¢ia S the,

IJ= ” R(x, y, 2)dxdy = —ﬂ Rix~, 3, 2(x, 3)]dxdy &)
S n
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Thuc vay, xét tich phan 14y theo phia trén ¢ia S. Theo dinh nghia:

Il = L]n(l) i R(I‘. yu 2A> COS‘Y(IU yl’ ?I)ASA
—U,=1

=lim i Rlx,,y,, z(x‘_y‘)]LySfixx ) cosy(x;, ¥, Z)AS, =+ .-\Sfa)

20,7
2

vi phap tuyén N cua phia trén cla

S lam vai Oz géc nhon y. Day chinh
12 téng tich phan kép cia ham ,

Rix, y, z(x, y)] trén mién D, theo 5
dinh nghia tich phan kép ta ¢6 cong 0

thde (1). R rang, néu 14y tich phan /-D— . Y
theo phia dudi cla S ta ¢6

cong thie (2) vi khi dé y 1a gée tu T

Hinh 171
(cosy < 0). .

Bay gid xét truong hgp mat S kin.

Gia st hinh ¢chidu cia S trén mat phing Oxy 12 mién D va dudng trén
S ¢6 hinh chi€u 12 bién cua D chia S ra lam hai phdn, phan dvdi gia sé c6
phuong trinh z = z,(x, y) va phan trén gia sit ¢6 phuong trinh z = zy(x, y).
(1. 171y, Néu 1ay theo phia ngoai ciia S thi theo trén ta cé:

I = [{R(x, y,2dxdy = [[{Rx, 3, 23(% y)]dxdy - R[x, y, z;(x, y)]}dxdy
S D

Né&u tich phan 14y theo phia trong clia S thi nguge lai. Tudng t@ nht cac tich
phan duong va mat loai mdt, tix cic cdng thic (1), (2) hoac (3) suy ra:

DPinh ly: (Tn tai ¢ia tich phan méat loai hai)

Néu edc ham P, @, R lién tuc trén moét mdt dinh huong timg
phdn S thi tich phén mat logi hai ciza cde ham dé ldy theo mot phia

" ciia Sl tén tgi.
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Thi du:

1Y Tinh I - [ixdydz + dzdx + x22dxdy

R , o] , PO Lx -
S 14 phia ngoai cua 3 thit nhat cua mat cdu 22 + y2 + 22 = 1. Dai vdi

cAc mat phang toa dd Oxv, Ovz, Ozx
thi S ¢6 phuong trinh: (H.172;

z:,ﬂ—.tj—y9.
x:‘/]—y?—zy. P 02
y=vl-x?-2° 3

Do dé, goi Dy, D,, D, 12 hinh - 1)

chifu cta S trén céc mat phing toa

2]

dd do6 thi 4p dung cong thic (1) va

chuyén sang toa &6 déc cue, ta c6: x
2 g Hinh 172
I = (jxz'dxdy = [[x(1 - x? - y%)dxdy
S D,
? 1) ) 2
= {cos gl (1~ rdr - 2
0 0 15
s 3 1
12 =H1'dydz: H l—y2—22dyd2 - jd(P r 1—r2dr=£_
S Dy 0 0 6
I, = [[dxdz = |[dzdz =X
s Dy 4
DOdéZI:I, +I?+IR: l+5_7!
15 12

2) Tinh I = [{ zdxdy , S 1a phia ngoai c(ia mat cau
s

2+yi+2i=1
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Ta co: z =241~ -y’ , d&u + va - Ung véi nlta trén va nita dudi cia

mat cau. Do d6 theo cong (3) ta ¢é:

I={fzdedy = [fly1-x2—y2)—(-{1-x% - y?)ldxdy
S Dy

2n 1
=2[Dj yl-x° -y’ dxdy = 2£dcp£v1—r2rdr=%n. D:22+y2 <))

3) Tinh 1 = {j x*dydz
5

S 14 phfa trén cua nlta trén ciia mat ellipsoide:

x2 2

“—+

) +

%<

Q
[y

Phudng trinh cia nita trén cla ellipsoide d6i véi mat phang Oyz la:

2 2
x=taf1-L -2
b2 2

o . . . 3 1 N N .
va hinh chiéu D, cua nd trén mat phang Oyz la > cua hinh ellipse

2

N
N

+

7<1,220 Theo cong thite (3) ta cd:
¢

)

9 2 \2
1=2a%f{|1-% - Z_| dyd:
fligi o

Chuyén sang toa do cyc suy réng y =brcosy, z = crsing:

n i .
I-= 2a3_[ (0 -r’Yberdr = é e b
0 o

O

i



§3. CONG THUC STOKES VA OSTROGRADSKI

3.1. Cong thic Stokes

Ta da c6 céng thue Green lién hé gita tich phan dudng va tich phan
kép. Bay pio ta sé xét mdt cong rhie khac 1ién hé gitra tich phan duong va
tich phan mart goi 14 cdng thiic Stokes.

Pinh ly: Néu cdc ham P(x, y, z), Q(x, y, 2), R(x, y, z) cing cdc dao
ham riéng cdp mét cua chung lién tue trén mét mdt dinh hudéng titng

phén S gidi han bdi duong tron titng phdn C thi ta cé céng thizc:
jj[ B R0 a+( ———)c B+(—- ——P)cosv S
S =z ox dy
= f(PcasCl'+QcosB'+RcosY ‘)ds
P

trong dé tich phdn mdt ldy theo phia dd chon véi phdp tuyén
N (cosa, cospf, cosy) va tich phan duaong lay theo chiéu duong véi tiép

tuyén 1 (cosd’, cosfl) cosy’) ing voi phia dd chon cua S.
Cong thic Stokes ¢6 thé vidt dudi dang khae:

(_E_ﬁ ﬁ_ﬂ G_Q_E
jj( o vz (- ded s (G2 - ) dudy

= §{ Pdx +Qdy+ Rdz
.

Chu y rang trong mat phing, c¢ong thic Stokes trd thanh céng thie
Green da bidt.
D& dé nhé cong thae Stokes, ta dung ky hiéu hinh thuc:
cosq cosPB  cosy
H 9. — — |= $#(Pcosa’+ QcosB'+Rcosy')d S
S Ox ay oz o
P Q@ R

zi



hay

dydz dzdx dxdy

A D_

. . Rd
J:;F P e pw (f;‘de+Qdy+ z
P Q R
Z)
S
| ¢ |
! |
{ |
) J | _
oo y
w
L
X
Hinh 173

*Chitng minh: Ta chi xét mat S ¢6 phudng trinh z = z(x, y), hinh chiéu
ctia 8 trén mat phiang Oxy 1a mién D, va dudng C ¢6 hinh chiéu la L, bién
cua D (H 173

Xét I=§Pdx viz=2z(x,y)nén §P(x,y,2)dx = § Plx,y, 2(x, y)ldx .
c ¢ L

Ap dung cong thie Green vdi P = Plx, y, 2(x, y)]1, @ = 0 ta ¢6:

§PLx.y.2(z.y))dx = - g(% + %z; )dxdy
L Y%
. oP P - &P aP -
—jl_){ gdxdy - ng—zydxdy = —Jsj By— cos WS - g . z, cos ydS

Ta bi€t phap tuyén cia mit S ¢6 thanh phén 1a z,, =z,

ys

I

-1 nén



z -1

(:()su=7": cosp = — CO8Y = —————
’H+z +z J1+2 +z 1’l+sz+zy2

suy ra z, cosy = - cosp. Do dé:

$ Pdx = H—-AB oqde+{| iPicm[&ds
c s &y oz

. _ o8

Muong ty  $Qdy = J'j—-m;adsﬂj—(o\yd?
c s 0z
$ Rdz = -[| ok cosPdS + ] %R— cosadS
¢ 5 Ox s oy

(*ong cac cong thie nay vé vdi vi ta duge cong (hde Stokes.
Thi du: Ap dyung cong thitc Stokes tinh:

) I=jpydec+zdy+xdz
C
v3i C la dudng 1ron: 2” +y? + z° = a% v + 2z = a (H.174) chay nguge chiéu
kim ddng hé néu nhin tit phia dudng ciia Ox. D (inh { ta ding céng thie
Stokes chuyén tich phan trén dudng C vé tich phan trén mat S 13 mat tron
¢6 bién gidi la C.

Hinh 174

L]



5} dayP=y,Q =2 R =x,
Do do6:

I — ¢ydx +zdy +xdz= . = -{{dydz 4 dzdx + dxdy
C g

= (fidydz + [[dzdx + {jdxdy)
n D, D,

D,, D,, D; la hinh chidu cla mat tron trén cac mat phfmg toa dd Oyz, O,
a2
9

<

Oxy taco D, =0; D, =D, Vi mat tron S ¢6 ban kinh la

va hgp vai
- 2 N . T . . v . on . 5 N
mat phang Oxy mdl goc A nén theo 19 thuyet hinh chicu dién tich caa D, 1a:

. ? [
n(a_{:y os X mal

COSs—
-4
PN
vé.v ] 2 — EL_J_Z
2
2) I=§( -2)dx+(z -x)dy+(x-y)dz
bA

trong dé C la duong 1/ + y” = 4%, LA % =1 (@ > 0, h > 0) chay nguge chién
a

kim déng hé néu nhia tir phia duong cia true Oxcli.1751. Theo ¢dng thite
Stokes ta ca:

I = 2{{dyd.r + dzdx + dxdy = -2({(cosa + cosf + cos 7)dS
s S
S 1a hinh phang bién @d 13 duang C: cosa, cosP, cosy la cac cosin chi hudng
cla phap tuyén N cda phia trén cha S (dav +).
Chuyén vé tichi phan kép, chi y
. } .
dScosa = - z dxdy = & dxdy, dScosp = - z_ dxdy =0;
a

dScosy = dxdy va lainh chidu clia S trén mat phing Oxy 1a hinh tron D:
2 +y*<a® tacs:



. h h
F=-2n v —dvedy = =21 + —yma” = - Inala +h)
' o o

Hinh 173

Chtt y: T ¢ong thize Stokes, <o thé chung minh didu kién cAn va do dé
tich phan dudng trong khdug glan { Pdx « Qdy + Rdz khang phu thude dudng
2

1AV tich phan, hav

$ Pdx+Qdy+Rdz=0 hoac Pdx +Qdy + Rdz
b

Ja mot vi phan twan phan cda mot ham s6 » nao dé 1a P, Q, R ¢6 cac dao
ham riéng cAp mot Hén (ue (rong mdt mién don lién chia C va:
R 8Q P R éQ ¢cP

&y ¢z Gz Gx &x &y

va (a cling ¢6 eong (hde tim ham w(x, y, 2) tugng ty nhit trudng hop ham hai
hid,

Thi du: Chang minh:

I = § yadx + xzdy + xydz = 0 (v8i moi dudng khép kin C).
s
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e} day P =yz, Q =1z, R = xy, theo ¢ong rthuce Stokes:
I=fyzdx+xzdy+xydz=[{0dS=0
c S

3.2. Cong thic Ostrogradski (lién hé giva tich phidn mat va tich
phan bdi ba)

Dinh ly: Néu cdc ham P(x, y, 2); Q(x, ¥, 2); R(x, y, 2} cung cdc dao
ham riéng cép mét cua chiing lién tuc trong mién compact V gioi
han boi mdt kin tron titng phdn S thi ta c6 cong thie:

ﬂj(ap ‘ZS ——)dV = ﬁpdydz+dedx+Rdxdy

trong do tich phan mdt lay theo phia ngoai cua S.
Céng thue nay goi la céng thiic Ostrogradski.

Chitng minh: Ta chl ¢chimg minh truong hgp ma cac dudng thang
song song véi Oz, khong cdt S qua hai didm, trudng hgp tong quat c6 thé
dua v& trudng hgp niy.

Gia st mat S gdm hai phan, phan dudi ¢6 phucng trinh z = z,(z, y) va
phan trén ¢6 phudng trinh 2z = z,(x, y) ¢ling ¢6 hinh chidu trén mat phing
Oxy la mién D.

(1 Lav - fasay” " R

\'% (. y) dz

= ([{Rlx, y, zo(x, y)1 - Rlx, y, z,(x, y)}dxdy .
D

Theo cong thde tinh tich phan mat trong trudng hygp mat kin thi:

[H gadV §R(x y.2)dxdy (tich phén 14y thco phia ngoai cua S).

Tuong ty:

i} ?QdV = Q(x, y, 2)dzdx ; [ff Q}EdV = {} R(x,y, 2)dydz
v oy 8 v ox 3

Cong v& vdi v& cac cong thic ndy ta cb cdng thic Ostrogradski



Thi du: ap dyung cong (hie Ostrogradski (inh

I =@ x'dydz+ y'dzdx + 2°dady , S 14 phia ngoai cia mat caw:
S

" +y +2° =R

Ta s¢ (inh I bang cach ap dung cdng thae Ostrogradski. chuvén vé tinh
tich phan boi ba. O day:

P=x3,Q=y3,R=z3,£=3x2, D-Q=3y9 fjﬁ:Rzg
ox 0z
do do:

I = §2’dydz + y*dzdx + 2°dxdy = 3[[{ (27 + y? +2°)dV =
s v

21 L R ¢
=3 [defsin0d0[p'dp = 14n
0

0 ¢]

= R5
]
Chn y: 1) T ¢dng thie Ostrogradski ¢6 thé chimg minh didu kiégn cdn
va dit dé tich phan mat:
” Pdydz + Qdzdx + Rdxdy .,
S
khéng phu thude mat 18y tich phan (chi phy thudc digng gidi han mat) hay
tich phan 18y theo mat kin bang khéng la;
oP 0@ R _
x oy oz

0

2) Trong cong thic Ostrogradski, dat P =x, Q =y, R = 2 ta ¢6 cong
thic tinh thé tich cia mién V bang tich phan theo phia ngoai clia mat gidi
han mién V:

V= .]Sﬁrdydz + ydzdx + zdxdy
S

N

4 2 2
z

+2 =1
02

Thi du: Tinh thé tich cia hinh ellipsoide x_2 +
a

%

BN



Theo cong thie trén; V =% fxdydz+ ydedx + zdxdy (S 1a mat
LR
clipsoide, phia ngoal)

Tinh toan ta cé: V= g—nabc

§4. CAC YEU TO CUA GIAI TfCH VECTEUR
(Ly thuyé&t vé trudng)
4.1. Trudng voé huémg
a) Dinh nghia: Trong vat 1y ta biét réng:

- Khi xét nhiét d6 T phan bd trong mdt phan khong gian V nio d6 ta
théy tai mdi diédm M(x, y, z) ctia V ¢6 nh@ng nhiét d6 khac nhau nghia 1a
trong V nhiét d6 T'1a ham s& clia didm M.

T = T(M) =T(x, y, z). Ngudi ta néi ring trong phan khéng gian V ¢6 xéc
dinh mdt trudng nhiét do, dac trung bdi ham nhiét 46 T = T(x, y, 2).

Khi dat mat dign tich ¢ tai goc toa do O thi cac diém M(x, y, z) chung
quanh O c¢6 nhimg dién thé u khac nhau xac djnh bdi céng thie:

v=9 trong d6 r =|OM |= yx2 £ y? +2
r
Nhu vay u 1A ham s6 cua diém M(x, y, 2)

_ _ q
u=uM) =u(x,y, 2) = ———
’xﬂ +y2 +ZQ
Ta néi phan khdng gian chung quanh O cé xac dinh mét trudng dién
th& dac trimg bdi ham thé: u= —2 W nhiét dd hay dién th& chi

‘/12 +y? + 22

bidu dién thudn tuy bang mot s8 nén chung la nhing dai lugng vé hudng va



trudng nhidt d¢ hay dién (hé goi 1& nhitng rrudng vé hudng. M6t cach téng
quét ta c¢6 dinh nghia:

Truong vé huong la phdn khéng gian ma tai méi diém M(x, y, 2)
cua no c6 xdc dinh mét dai luong vé hudng u, u = u(M) = ulx, y, 2),
goi la ham vé huong cua né. Do d6 dé nghién cttu cac ddc trung cia
trudng, ta chi nghién cou ham u.

Néu ham vé hudng 1 khéng phy thube z: u = u(z, y) thl trudng xac dinh
bai u goi 14 trudng phing.

N&u u khéng phu thude thdi gian thi trudng goi 1 trudng dimg, trai lai
thi goi 13 trugng khéong dimg. Ta chi nghién ctru trudng démg (thyc t& it khi
¢6 truang dimg, nhung chi xét mot khoang thai gian khé nhé va coi trudng
1a trugng ding).

Quy tich cdc diém M(x, y, z) ctia truong ma u 18y cing mot tri s6

goi la mdt dong mizc hay mit ding tri clia truong.

Nhu vy phuong trinh cha méat déng mic 1a u = u(x, y, z2) = C vi C ¢6
thé 18y nhidu tr; s& khac nhau ndn trong trudng c6 nhiéu mit déng muc
khac nhau, khéng giao nhau.

Thi du: Déi vai trugng dién thé xét § trén thi mat dong mie ¢6 phudng
trinh:

q 2

u=- =C hay 12+y2+15=——q
2
;é:2+y2+22 C

D6 14 nhitng mat cidu dong t&m O, ban kinh % Trong trudng hgp

trudng phang u = u(x, y) thi quy tich cac diém u(x, y) = C goi la dudng déng
muc. Bay gid 1a chuy8n sang xét céc déc trung quan trong cta 1rudng 1a: toc
do bign thién cia trudng theo mot hudng bat ky va hudng ma t8e d6 bién
thién 12 1dn nhat.



by Dao ham theo huéng: Ta d& xét cac dao ham riéng Fl 95 ou

: o' dy o2

cua hidm 60 u = ulx, y, 2), vé ¢d hoc céc dao ham nay bidu thy 16¢ dd bién

thién cua ham s6 dai vdi x, y, z hay cling (1hé& theo cac hudng cua cac true Ox,
Oy, Oz.

Dé xé1 16¢ do bién rhién ctaa b4
1rudng nghia 12 cua ham u(x, y, 2)
theo mét hudng bal ky ta di dén €
khai niém dao ham theo mot /

hudng bat ky.

Dinh nghia:

Cho mdt hudng dac trung
bang veeteur ddn vi e (cosa, cosp,

cosy) va ham u = u(M) = u(x, y, 2). X

Xét cac difm M, y, 2), Hinh 176
M (x,, 3, z)) sao cho MM, song
MM,

song vdi ¢ (J1176). Dat =p,x;, =1\,

Y: ¥ =1y, z — 2= Az thi Ax = pcosa, .\y = pcosfl, Az = pcosy va
X, =x +pcosa, y, =y + cospP, 2, =z + pcosy. Néu:

lim Au —lim u(M;)-u(M) lim u(x +p cosa, y+p cosf3, z +p cosy ) - u(x, y, 2)
PP p0 p p »0 p

tén tai, thi giéi han nay goi la dgo ham cua ham sé u tai diém M
theo

huéng e .

R . A
Ky hieu: —Zii = lim -2
ce p-0 P

Dac bidt ;// Ox thi cosa = 1, cosp = cosy = 0, p = Ax vA



lim u(x +.\x,y,2) - u(x,y.2) éﬂu
Ax 30 Ax ox

Tudng €U e ||Oy thi i; = -—-, e oz thi == nghia 1a cac dao ham
0oe ;
riéng a_u a_u a—u 14 cac dao ham theo cac hudng dac biét song song vdi
éx Oy Oz

Ox, Oy, Oz, Vi tai mot diém c6 rat nhiu hudng di, nén tai mot diém cling o
rat nhiéu dao ham theo hudng. D& tinh cac dao ham theo hudng ta c6 djnh
ly:

Dinh 19: Néu ham s6 u = u(x, y, z} khd vi tai M(x, y, z) thi dgo
ham theo huong ¢ (cosa, cosf, cosy) tal M(x, y, 2) ton tai va duwgc tinh
theo cong thie

du 6u ou Ou
0s@+— cosf+— cosy
e (‘x dy 8z

Chdng minb: Theo gia thiét z kha vi tai M nén ta c6:

N
au =P+ & sy + g L 0
ox %y oz

O(p) 1a v cling bé bhe cao han p = yAx? +4y” + 32% | mat khac Ax = peoso;
Ay = pcosPp; Az = peosy do d6:
du ou Su
Au=—prosa + —pcosP + — +0
u=—-p aypc B 5, P oSt (P)
va

Au
— =Jlim—=Ilim a—coscz-f-éu—cosﬁwa cosy+o(p)
Oe =0 p ol Ox oy oz p

ou Ju ou
= —cosa + —cosf + —cosy
o dy oz

vi lim =~ O(P) =0 do O(p) 12 v6 ciing bé bac cao hon p = yAx® +4y* +Az%

p—0

S
—
N



Hé qua:
1) N&u cho &' (cosa’, cosP’, cosy’) ngide vii hudng cia e (cosa, cosp, cos

1) thi % =—% wiltcdd o’ =m+a, f'=T+p,y=r+7nbén cic cos ddi dau.

2) Néu trudng phing u = (, y)

. Ou oJu ou . R
tht —=—cosa+——sina, vi
de Oz &y

licdé =2 -a.
f 5~

Thi du: Tim dao ham cha
ham 6 u =xyz tai didém MG, 1,

2) theo hudng ¢ nGi tit M dén 7
M7, -1, 3). -
Ta ¢b é
@‘ = ¥z a—u = 2ZX a—u =X
o Y Oy T e Y
Do dé tai M(5, 1, 2) Hinh 177
thi
M _g gy g
ox oy 0z
mat khac MM, ={7-5,-1-1,3 2} ={2,-2.,1}
R 2 2 2 . Y
nén cosa= ————==_ cosP=-=; cosy=1.Vay theo cing thie tinh
vaiee? 41 3 8
dao ham theo hudng ta ¢é:
a—u=22+10£+51=-ll
ox : 3 3 3

dav (-} ching 16 ham s6 z 12 giam theo hudng ¢ .

¢) Gradient: Bay gid ta xét van dé: Téc d6 bién thién cia truong theo
hudng nao 1a 16n nh4t ? Nghia 14 dao ham cia ham u(x, y, 2) theo hudng nao
1a 14n nhét ?

€



ou Cu ou e = »
— = — o8t + —¢osP + —cos7. Ta biét e (cosa, cosP, cosy) néu dua
de 0 ( 0oz

vao vecteur g

- (ou (?-1{ Su
£ & &y &z

b - = o —
th  =ge=lglielcosp=iglcose
oe

¢ 12 goc gitta F va . Ta thy %“i 1én nhat khi [cospl =1 tdc 12 khi
D_u
Oe

Nhu vay vecteur g ¢6 tinh chat la trj sé tuyét ddi cia dao ham theo
hudng cla né 1a 16n nhat, ngudi ta goi g 1a vecteur gradient cia truong

ou

phuong ciia e trung vdi phuong ciia g . Ky hiéu 16n nhat 14 max

du

-

thi max =18}

vé huong u va ky hiéu g = gradu.

Nhu vay

fur; fuz Ouy ¢ = T .. . LA
gradu =—lil+—u_] +—Fk; i, Jj, k lacdecvecteur don vitrén 3 truc.

ox oy Oz

ou

o =| gradu |= [a—u]2+ 5_u2+[8_u]2
x| & o) \av) oz

[

max

va 6a_u = | gradu |cos@ = proj; gradu(H.177). T céng thite nay ta cé:
e

Pinh ly 1: Pao ham cia u theo huing ¢ bing hinh chiéu ctia
vecteur gradient cia truong u irén ¢ . Pé la su lién hé giva dao ham

theo hudng va gradient.



Thi du: Xac dinh gradient c¢ta trudng dign (hé u = 9=
r

va tde do bicn thién 1én nhat cla truong.

Ta oé: ou —-qx -qx  ou - ou  -qz
e T T s e v T T oo :
O (Yt ayPaz’y AR A B
—qlxi +yj+zk) —qr
Dods:  gradu= LNtk g

r r
Toc 46 bién thién 1én nhat cda trudng 1.

ou
‘/max = max |——

— _ q
—Igradul—;Q—

Ta biét mat déng mic cita rrudng 1a nhitng mat cdu déng tam O, do do
- - F N 3 ’4 ’ - . ~
vecteur gradu = L} |4 thang géc véi cac mat ddng mue. Trong trudng hgp
-
tong quar , z 1A mot trudng bat kv, didu dé van diing, ta cé:

Pinh ly 2: Gradient cta truong vé hudng u = u(x, y, z) tai mét
dié¢m la déng phwong voi phdp tuyén cta mdt déng mite cua truong
di qua diém dy.

Thuye vay, xét mat dong mic w(x, y, 2) = C, cia trudng, ta ¢é u(x, y, 2)
C, = 0. Ta lai biét phap tuyén cua mat déng mue tai M{x, y, 2) cia né ¢é

ou ou du

thanh phan la: —. —. —=. Day cling chinh )a céc thanh phdn cla
' by e

pradient cua trudng tai M.
Tu dinh ly nay ta suy ra:

o " . . ‘u p sy s - .
Hé qua: Pao ham theo huong — tgi M triét tiéu frén moi
e

hudng tiép xtic véi mdt déng mic qua diém M.

Tt dinh nghia dé dang suy ra:



Tinh chat:

1) grad (u, + uy) = gradu, + gradu,

2) grad (Cuw) = C gradu (C = const)

3) grad (usuy) = u, graduy + u, gradu,
4} grad f(w) = f(u) gradu

Thue vay, chfing han xét 3). Ta cé:

6(11.111.2) 5(u1uz) 8(u1u.2) i
ox oy oz

grad (uyu,) =

Ju. du u.
-(—u +u 2L+ Uy +U 12 +——u.+ 2k
& 2T —) (Oy g+l —2)j +( 9 iy —=)

Sy éz

N e e R 3 TN 1 T B N
ox oy oz é‘x oy oz

= u, gradu, + u, gradu,
4.2, Trudng vecteur

Ta da nghién citu (rudng vo hudng 14 phan khong gian ma tai méi diém
cua né ¢é xac dinh mot dat tugng vé hudng. Bay gid ap dung 1y thuydt tich
phéan mat ta sé nghién ctu trudng vecteur.

a) Dinh nghia: Truong vecteur la phdn khéng gian ma tai méi

diém M(x, y, z) ctia né cé xde dinh mét vecteur F suy ra F la ham
vecteur déi vé huding M(x, v, z).

—

=FM=F(,y,z2)
Thi du:

1) Xét mot chat 1ong tai mdi diém cda né ¢ mot tde 4o bidu didn bai
veeteur V, thi trong chat 1ong ta ¢6 mot trudng vecteur téc dd V.
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2y Xét dién tich ¢ dat tai goc toa 4o O thi tai mdi didm M(x, y, 2) thude
phan khéng gian xung quanh O, theo dh luAt Coulomb, ¢6 xac dinh mdt
vecteur dién

- qr <> * =~ =
E=q—vd1r=xz+yj+zlz

73
Nhu vay phin khéng gian xung quanh O xac dinh mot trudng vectcur
E goi 1a ién trudng va E goi 1a vecteur dién trudng. Tusng ty nhu trudng
vd hudng ta chi xét nhing trudng vecteur khéng phu thude thdi gian goi 1a
trudng dimeg.

b) Pudng dong: Xét trudng vecteur

F = F My = P(My +Q(M)y] + ROM)E .

Ta goi duong dong cua truong la moi duong C ma tiép tuyén tai
méi diém cia né la déng phuong véi veteur cia truong di qua diém
&y. Ro rang tai mdi didm ctia trudng chi c6 mot dudng dong duy nhat di qua
va cic dudng dong ciia trudng khong cdt nhav. DE tim phuong trinh cia
dusng ddng C cua trudng vecteur ? ta gia s phudng trinh cla né 1a x =
x(t), y = y(£), z = 2(t) thi ti€p tuyén cla C tai M(x, y, z) ¢6 hé s3 chi phudng 1a
'), y' (), 2'(t). Theo dinh nghia thi:

@) _ ¥y _Z®
P @ R

hay

dx
7 ey

dy
Q
H1é (1) goi 1a hé phudng trinh vi phan cla cac dudng dong cia trudng.
Gizt\' hé d6, ta s¢ tim duge phuong trinh cia cdc dudng dong ciia trudng.
Thi du: Tim cac dudng dong cda dién trudng

-

>_ar qx qy qz
E=—,tacé6 P=—, Q==, R="
ra ra r3 ra

Theo (1), h¢ phuong trinh vi phan cha céc dudng ddng cda dién trudng

trén la;

i~
-



dx dy dz dx d_y _dz
qx D az x Y z
r r ri

T hé nay tich phan (bat dinh) ta cb:

x Yy z 1 . .
INCix=InCyy=InC,z hay —==—=— k, =—=const;i=1,2,3.
1 2y 3 "k h, ks C,
Pay 1a phuong trinh coa mot ho dudng thﬁng qua O. Vay cac duong
dong cia dién trudng 1a mdt ho duong thing qua diém dit dién tich ¢ cang

goi 1a ho cac duang suc cla dién trudng.

¢) Théng Iugng va divergence: V& cd hoc, ta biét huu lugng @ caa
chat 1dng (itong mdt don vi thoi gian) ¢ 1oc dd V=Pi+Qj+ Rk qua mat S
dit trong chal léng 1a

= [ (Pcoso + QcosP + Rcosy)dS = (| Pdydz + Qdzdx + Rdxdy .
s s

Trong d6 N(cosa,cosﬁ. cosy) 1a phap tuyén cia mét phia cua mat S.

Mot cach téng quat, ta dinh nghia: Théng luong @ ciia truong vecteur
F = PE +Q} +RE qua mat S dat trong truong la:

©= [[FNdS = || (Pcosa + Qcosp + Reosy )dS
S

13
= |[ Pdydz + Qdzdx + Rdxdy %))
S
Thi du: Tim théng lugng cia dign trudng E-= % (goi la dién théng)

qua mat cau tam O, ban kinh R. Theo ¢éng thue (1) 1a:

—-—— q ;
=jquNdS s{r_dqrnds i E| M= ﬁdS ?4mR’=4nq

vi trén mat cadur=R.
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Bay gid xét mat S kin trdn ting phin bao mién V, poi thé tich ciia noé

cting 14 V. X6t didm ¢ dinh Mrx, y, 2) € V. Néu_ Jim % 0 (a1 (V o M: hé

tich V co lai diém M) thi gidi han nay goi la divergence (dé phan ky) cua
truong vecteur F- F(M) tai M trong truong. Ky hiéu:

dicF(M) = lim [ FNdS (2)
VoM S

Theo cong thuc Ostrogradski ta cé:

PN Q)
= [{FNdS =|{[Pcosa+ +R 1dS = i N \%
jb! j[[ Qcosp+Rcosy | [(x ™ az]
Theo dinh ¥ trung binb (d81 véi tich phan bdi bal ta cé:

{iFNdS = [a‘p (M,)  9(M,) aRM, )j v
s Ox

By &2
M, }a mat diém nao d6 trong thé tich V.

Theo dinh nghia caa divergence (2) ta suy ra:

divF(M) = 3P;IM ), QM) OR(M) "

d o2

Vay cong thie Ostrograndski viét duge dudi dang vecteur:

[{FNAS = [j[ divFdV )
S \4

Gia sit divF 13 mot ham lién tuc tei M € V va div F (M) > 0 theo tih
chdt ctia ham lién tuc thi tdn tai mot 1an can caa M trong dé divF >0 Néu
V12 mot mién gidi han bdi mat kin S trong 1an can do thi theo cdng thitc
(4) théng Iugng ® qua mat 8’ t¥ trong ra ngoai 13 mot s6 duong hay chinh
xac hon: Théng lugng vao mat S’ it hon thong lugng ra khoi mat dé, khi do
ta goi M 13 mot diém ngudn cla trudng F. Ngutge lai néu divF <0 thi M
gol ia diém 1d clia trugng Ta ciing goi div f(M) 12 mat dd cua théng hugng
cha trugng F Pac bigt néu divF =0 tai YM trong truong, nghia 12 trony
truong khong o6 nhimg dicm nwgudn va didm o (hay chinh xac hon thong
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lugng do cac didm ngudn phat ra bang thong lugng do cac diém rd vl mat)
thi théng lugng qua moi mat kin dat trong trudng déu bang khéng.

Thi du:

1) Tinh théng lugng ¢ia trudng F= x;+_y3 +z.I; qua mat xung quanh
v3 mat toan phdn cia hinhtmp x> +y’ <a’, 0z < h

Taco Flx,y,2)=ax*+y* -a?=0, F,=2x, F, =2y, F,=0. Do dé, theo

(1) théng lugng @, qua mét xung quanh S, cua hinh try Ja:

[ 9

®, = [f| = x+ 2=y S, hay ® = [jadS, - 2ra’h
3, \/x2+_y2 vx°+y S

— = 3. Theo (4) thong lugng qua mat
(674

—_ A
Theo (3), ta c6: divF =—:’—t+g+ oz
pAY
toan phan cia hinh try 1a: & = ([(3dV = 3na*h
v
2) Xét dién trudng E = ‘i_f = :'—3 (xi+yj+zk)

Goi hinh chidu ciia E trén ba truc Ox, Oy, Oz 1a P, @, R thi:

9 a2\ A L
Tuong tg: 2 = q[i] °R _ q[i]

& & r

— 5 Y A J_ 2, .2, .2
o do. JivE_ 0P . 0@ R _ {M} o



vdi r = 0 suy ra théng lugng: d qua moi mat kin gidi han mién Vkhony chia
goc toa ' d&u bang khong. Bay gid xét matl S gdm 2 mar. mat cdu S, (Am
O va mot mat S, bat ky bao quanh O (11178,

Theo trén:

[l =f +]1 =0 nhumg {j =-1mg (thi duphdnec)suvra [| =4ng
s s s, s, s,

2

(vi hudng cta phap tuyén N cia S, S, 12 nguge nhaw). Vay: trong dién

trudng, dién théng qua moi mat kin bao quanh goc toa do déu bing inq
(dinh luat Gauss).

Ti dinh nghia d& dang suy ra cac 1inh chat cta divergence:-
1) div(F, +Fy) = divF, + divFy
2) div(CF) = C.divf; C = canst

3) div(uE):E.gradu; C =const

4) div(u?’) = _I;:‘.gradu +udioF

Thuyc vAy, chang han 4) gid su 5,
F= P;+Q3’ + Rk . Theo dinh nghia (3) 5,
= 0 0 15
div(uF)= —(uP)+— —(uR
i(uF) ax(u +&y(uQ)+az(u ) |
Hinh 178
2 3 du Q R =
- (P& LRk F gradu +udivF
( ﬁx+Q0y 433) (6x+c ) gradu + udiv

d) Luu 88 (Hoan luu) va rotation: Vé ¢d hoc, ta biét cong T cta lyc
F="Pi +Q_7 + Rk doc theo dudng cong C la tich phan dudng:

T = { Pdx+Qdy+ Rdz = [ (P cosa'+Q cosf'+R cos Y )ds
c C

Trong dé 7 (cosed’, cosP. cosy) 1a vecteur tidp tuyén don vi cia dudng C
theo hidng di tvén C

N
S\



Theo ¢ong thie tich vé hudng ciia 2 vecteur theo toa do ta ¢ thé viét:
T=[FTds

&

Mét cdch téng quadt, ta dinh nghia: Luu 86 C cua truong
F=Pi+ Q) +RE doc duang C trong truong la C = Iﬁ;ds
c

Bay gid trong trudng xét mdt dudng khép kin, trdn timg phén C gidi
han mat tron ting phan S ma ta goi dién tich cia né cing 1a S, gia st x6t
chidu duong trén C ing véi phia cé phap tuyén N (cosa, cosp, cosy) cha S.

§i':.:ds

Xét 8 kha bé va lim Cov (1)

SoM S
(8 - M: chi dign tich S thu tai diém M).

Ta sé& chimg minh réng gidi han nay chi phy thuéc diém M da chon
trong truong. Thyc vay, theo cdng thic Stokes ta ¢6:

f;’..'—r‘dx = ”Hﬁ—ﬁ]cosa+[£—ﬁ]cos|3+[§g—£]cosy:|ds
h G\ ox 8z ox ox Oy

one (5[ ) (0 or
y o 6z o o By

thi cang thie nay viét duge dudi dang:

§Fds =[f XNdS = [[ proj; X(M)dS
[ S S

ap dung dinh 1y trung binh d5i véi tich phan mat ta cé:

fFids=SprojsX(M,) M.eS
C

Cho S - M thi M. > M, va:

pro')?}(M) = Jm}b }F;ds
v BRI C

v —



Vay gidi han (1) ¢hi phu thuse diém M trong 1rudng. Ngwoi ta goi
vecteur X la vecteur rotation hay vecteur xody tai M trong trudng,
Iy hiéu: X(M)=rotF(M) védy

rot F(M) = [95 - aQ}’ +[Q —@j} +(ﬁ - fﬂ)ﬁ @)
dy Oz dz ox ox Oy

va cong thic Stokes vidt duge dudi dang vecteur:

§Frds = [[rot FNdS &)
C s

Céng thitc nay cho ta thay ring: Luu s6 cla truang vecteur F theo
mét dudng cong khép kin C dat trong trudng bang théng lugng cha vecteur
rol F qua mat S gidi han bdi dudng C. D& hidu rd ¢ nghia thye 18 cla rot F

ta xét mot dong chat 1ong chay trong mién nao dé. Tich phan §Frds bicu
c

thj ¢éng T sinh ra khi di theo C trong chat 1dng. Néu rot}?’(M) =0,vaCla
mdt dudng cong Khép kin bao quanh mat S kha bé chita M, thi theo (3) céng
7 khi di trén C bing khang, didu nav chimg to cdng san ra khi di theo phan
thuan chidu véi dong chay bang ¢dng san ra khi di theo phan ngide chidu
vdi déng chay, ta goi diém M 1a mot didm binh thudng. Néu rot F (M) # 0 1y
luan tudng ty ta thay hai loai cong d6 1a khac nhau, khi dé diém M 1a khong
binh thudng, ta goi didm M 1A mot diém xoay. Vi 1y do dé ta co vecteur rot;
hay vecteur xoay.

-

Thi du: Tim vecteur rot E cta dién truong E = % .
r
Ta c6: P:%, Q=2 Rzg
re r r
. % 3 3gxy .y
linh: — =—qx—r, =—= (r, =}
{\y q r4 y 5 ( y
oR 3 -3qx Co
uali A el S U (2), (ry =—)
[&AY r r r
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&

&R
Vay =X, YM(x, yv. 0
ay - (x, y. 2)#

6P R BR Q

% o & oz

Tudng ty, ta thay:

Vay tai YM = 0 ta cb rot E = 0, nghia 14 moi didm cla trudng tri diém
dat dign tich g déu la diém binh thudng. Theo cing thitc (3) luu s§ doc theo
moi dudng khép kin trong dién trudng déu bang khéng.

Tir dinh nghia coa rot, ta suy ra cac tinh chat:
1) rot(E+F2') = rotnF_;+th2

2) rot(CF) = Crot;f:; C = const

3) rot(ua) = grad u - E; E = const
4) rot(u;) = uroti+ 3"7;‘ A_F.‘
Thyec vay, chang han xét 3) ta c6 C-= C,; + Cy} + c,i.
C,,C,, C, =const (toa dj cia ¢ trén ba trye)

Khi d6 uC = uCj+uC,j +uC,k

¢ ouC, \; - (ouC _
%y oz 152 Ox o dy
hay
R P P P
&y 7oz & o & £y
i ] &
du éu -~

du
= —|=gradu »nC
1 oz £
C,

S
S
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Ch1 y: Ta ¢6 thé dang ky higu hinh thac:

J k
= | & @& OR )= &R |- P\~
- O N I i+(£_f’_ i+[28_P
ox oy 0oz oy oz oz Ox ox Oy
Q@ R

4.3. Cac toan t vi phan: D) véi trudng vo hudng u = u(x, y, z) ta da
dinh nghia:

grodu =201+ 2 j. 2t

oz
va ddal vdi trudng vecteur F = Pi+Qj+ Rk ta da dinh nghia

aivF - 0P 2@  OF

, rat}‘: =
ox &y ¢C=z

‘U%"C})"t
DY | v
xﬁ’|<»:e-|

Ngudi ta goi grad, div, rot la cac toan tit vi phan, Bay gid ta dinh
nghia:

a? o &?
+ Todn tlz Laplace: A= h2+"'—2+'—§ ld toan tw ma:
éx o< 0

%u %u %u
Au = —T + —T + ——2
ox oy© oz
+ Todn tu Nabla hay todn ti Hamiton la vecteur tugng trung
=20+ 25 %%
ox ay oz
Ap dung mot cach hinh thite cac phép toan nhu déi véi vectenr ta cb:
. Ayr ~ - - - 2
vu= K +a—”j+§5k; vp-P R K
x Y o & &
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=1
S

k
VML
x By oz

P @ R

Theo dinh nghia cua grad, div, rot ta cé:

~VTu:g'radu, @F=divi, @AF:rotF

do d6 ngudi ta thudng k¥ hidu gradu, divF, rot F Ja Vi,
dinh nghia ta suy ra cac tinh chat:
D) div(grads) =VVu=Au,dod6 TF=V2=A.
2) rot (gradu) = VAVu=0 (tich ¢6 hudng ciia hai vecteur bang nhau).
3) div(rot F )= V(VAF) =0 (tich hn hop ciia ba vecteur trong d6 c6
hai vecteur bang nhau).
4.4. Trudng 6ng va triong thé: Ta da xét trudng F mét cach tong
quat. Bay gid ta xét vai trudng dac biét trong thuc t&.
Néu tai moi diém cda truong F ta cé div;: = O thi truong F goi

la mét truong éng (hay F la truong 6ng néu trong truong khéng cé

nguén).

Thi dw: Dién trudng E = 5 1a truiig dng (trit goc O); div E = 0, YM #0.
r

Néu tai moi diém cua truong F marotF =0thi F goi la mét
truong thé (hay F la mét truong thé néu trong truong hhéng co

nhitng diém xody).

-

Thi du: Dién truong ﬁ:% la trudng thé& (trd géc O); Yot E = 0,
r
vM =+ 0.
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Néu truong F vica la truong éng vita 1a truong thé'thi F goi la
mét trudgng diéu hoa.
Thi du: Dién trugng trén 13 mot trudng didu hoa (trit goc O),
Vi F 1a trudng thé nén rot F = 0 suy ra $Pdx+Qdy+Rdz=0 (lich
C

phan khéng phy thudc dudng 14y tich phan) hay Pdx + Qdy + Rdz i vi

phin toan phin cha mdét hdm 83 u naoc d6, nghia la

u_p , a:—u:R.Dodé F = gradu.
o % 0z

Mat khac F lai la trudng 6ng nén div B = 0 hay
div( gradu.) = 0. Nhung div( gradu.) = Au . Do d6:

&u u &u

Ay tE cu o
(}Iz 6_)’2 522

=0
u goi 14 thé vé hudng cua trudng F va phudng trinh nay goi 14 phuong trinh

Laplace. Nht vay F 14 trudng diéu hoa thi thé vé hudng u cia truong thoa
mén phuong trinh Laplace. Thé v6 hudng u cling goi 13 mdt ham diéu hoa.

BAI TAP

1. Tinh céc tich phan duong loai mot:

1) I =[xyds,Clachuvicha [x| + |y} =a(@>0).
c

2)I=f ds

C‘/x?‘ +y2 +4

3) I =fyds, Clacung: {
c

, C la doan ndi O(0, 0) dén A(1, 2).

x=a(t-sint)
y =a(l-cost)

0<t<2mn
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. . = st+tsint
4) I=]\x2+9y%ds, Clacong {* a(c?q S <o
c y = a(sint —tcost)

5 I={(x+y)ds, Clacung r’ = a’coslg; —35 @<
[54

-~ A

S
LN

4 4 2
6) I=4$(x>+y%)ds, Claduong x* +y* =a
[

7) I=[zds, Clacungx=tcost,y —tsint,z=1; 0<t<t,
c

8 I=(zds, Clacung ! +y* = 2°, y* = ax tit diém (0, 0, 0) dén

c

(a, a, a&-).

9)  TI=¢y2y?+2%ds, Claduingtrdnx® +y* + 22 =al x=y.

C
2.
1*) Tinh dién tich phdn mat try y = %xQ gidi han bdi cac mat phang

z=0,x=0,2=x,y=6.

2) Tinh 35 dai ciia cung x = ae'cost, y = ae'sint, z = ae’ tir diém (0, O,
0) dén (a, 0, a).

3) Tinh khéi lugng cua dudng x = acost, y = bsint; 0 < ¢ < 2x, néu mat
dd kha) lugng (dai) cta dudng 1a y(x, y) = | y!.

4) Tim toa dd trong tdm cua:
a) Cung dongchat: y=1) x=a(t - siﬁt); y=a(l cost);0<t<x
b) Chu vi cla tam gidc cdu dong chat: (y = D2+y+2=a,x20,y20,2>0
5) Tinh moment quén tinh d&i véi cac tryc toa db clia cung déng chat :

. ht
{(y = 1) x = acost, y = bsint, z:O—,L)StSQn.
T
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3. Tinh cac tich phan duang loai hai:

< « A D /v ar
HWil= j(xz —2xy)dx+(2xy+yz)dy; AB: y=x'néi A(l, 1) dén B(2, 1).
A
iB

x=alt—sint)

O<t<?2r.
y=a(l ~cost)

D) I=[(2a-y)de+xdy, Clacung: {
-

3) I= y(“y)‘i" (" VY o424 % = of nevge chidu kim dong hé.

22+ yl
* = §M C: phéan bén phai cia r# = a’cos2¢, nguge chidu
c x"+y
kim déng hé.

By 1=[F5D € chu vi hinh vuéng: A(l, 0); B(O, 1); C(-1, O)
clxl+yl

D(0, -1).
8) I =]ydx+zdy+xdz, C:x=acost,y —asint,z=5b¢, 0<t<2r (theo
c
chiéu ting cua tham sé).
T I={(y-2)dx+(z-x)dy+(x-y)de, C:x* +y’ + 2" = a® | y = xtga,
C
nguge chiéu kim déng hé néu nhin tit phia x dudng.
8) I=[(y-2")dx+(2* - x*)dy +(x* - y*)dz, C: ]a chu vi clia tam giac
-
cAu:x?+y2+22=1,x220,y 20, 2 2 0 theo chiéu sao cho phia ngodi clia tam
gidc ludn 3 bén trai,
4. Tinh cac tich phan duong:
1) I=§2a° +y*)dx+(x +y)’dy, C: chu vi clia tam giac A(1, 2): B(2, 2);
C
C(1, 3) theo chiéu duang.

2) I = §-x"ydx+ay*dy. C:a’ +y? = R’ nguqc chidu kim ddng hd.
S
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3) I=[(e"siny - my)dx +(e* cos y ~ m)dy,
S

C:nila trén clha 22 + y2 = ax 10 Ade, O) dén O(0, 0).
. dx —dy

al=
ey

. C: chu vi cua: A(1, 0): B, 1); C(-1, 0);: D0, -1) ngugc

chiéu kim déng hé.

3.0)
5 I'= | (x*+4xy’)dx+(6x’y’-5y*)dy
(-2, 1

B (x4 2y)dx + ydy
a,n (x+y)2

an .

NI= | |———+yldx+ —  aaxldy
(0.0){\/x9+y2 } [Jx2+y9

B (’2‘?"’ ‘xdx + ydy + zdz

8) I=
(zp 91201 ‘ij +y2 + 22

Véi (x,, ¥y, 2,) € miat cAu 22 +y? + 27 =a?

6) 1 , C khong cat dudngy = - x.

(%, Yo, 25) € Mat cdu 22 +y? + 22 =b% (a, b >0)

9) I= [xydx+yzdy+zxdz, AB 1a cung x* +y* + 2° = 2Rx, z = 1,

AB
y>0,R>0.
*10) 6 = §$22 M 45 (Tieh phan Gauss)
c r

re=Jx=0! +(y-n), AG W), M(x,y) € C, 7 = AM .

(f.n) géc gidta r, n; n 1a phap tuvén ngoai cia C tai M.
5.

1) Tim u biét:



a) du = (3a% — 2xy +y°) dx - (2 - 2xy + 3y)dy
ydx - xdy

b) dy=—2—""2
3x* - 2xy +3y?

(x+y-2)dx+(x+y-2z)dy+(x+y+2)dz
¢) du = Z, 2. .2
x“+yt+2° 4+ 2xy

2) Tinh dién tich cia hinh gidi han bai:
a) x = acos’t, y = asin’t.
b) x = a(2cost — cos2t), y = a(2sint - sin2¢).

c) 2 +y* -3axy =0.

n n n-l a-1
*d) (iJ +(1] = (ij + [l] ,x=0,y=0,(, b, n>0
a b a b

8.

1) Tim céng ctia lyc dan héi hudng vé pdc toa dd, dd 16n clia né ty 18 vai
khoang cach tit chat didm dé&n gée tga d3 néu diém ndy vach mét cung
cllipse.

r Y

2 2
_+2

=1, x,y >0 theo hudng nguge chiéu kim ddng hd.

Q
o

2) Tim cong cua Iyc: IFI= i?, r= J x?+y¥+22 tac dyng 1én mat chat
7
diém khdi lugng m chuyén dong tit M, (x,, y,, 2,) dén My(x,, ¥s, 2,).

7.

1) Xac dinh P(x, y), @, y) hai 1&n kha vi lién tuc sao cho
I=§$P(x+a,y+B)dx+@x+a,y+P)dy khdng phy thudc cac hing 56 «, p vdi
¢

C Xhép kin tuy y.
2) Ham Kkha vi filx, y) phai thoa man diéu kién nao dé

| f(x. y)(ydx + xdy) khéng phy thuéc dudng nsi A, B.
AR
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*3) Tim Lin?é §Fonds; S: dién tich mién D, gidi han bdi C bao quanh
0SS5
diém (x,, yo): d 1& duong kinh cha mién D, n 1a phap tuyén ngoal cua C
F = P{ +@ kha vi lién tuc trong mién déng D
*4) Dung cong thde Green ching minh:
ou
a) j{ Audxdy = p—ds
D con

2 2
u - S
_Gu n(cosa, cosf) vecteur phap cua C,

ou Ou ou
—cosa+—-cosf
oy

5u v éu ov

c) jg'(v_\u —uAv)dxdy = g(v?—a:- - ua)ds

8. Tinh cac tich phan mat:
HI-= ”(_ﬂ +y2)dS, Slamat:x®+yl+ 22 =

2) I = [fx*+y>dS, S 12 mat bén cila hinh nén:
8

2.=0,0sz<b.

N>

7

Q [,

[~

3) I={f(xy+yz+zx)dS

s
S 1a phdn mat nén z = yx° +y” bi cat bdi mat x* + y? = 2ax.

4) I = |( yzdydz + xzdzdx + xydxdy

S la phiangoaitadiénx=y=z=0,x+y+z=a
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B 2 2
5) I =|[zdxdy, S: phia ngoai mat 1—J + 212

5 a 2

6) I=(jx’dydz+y’dedx+ z°dxdy
s

S la phia ngoai ca nita hinh cdu a? +y? +22 =2’ 22 0.

7 I =(j(y-2)dydz+(z—x)dzdx +(x - y)dxdy
3

S 13 phia ngoai cia matnén: x2 +y2=2% 0<z<h.

“8) F(t) = || f(x.y,2)dS

s

2 2 ~ {2 2
. x"+ néu z24x"+
S:x2+y’+22 =8 flx,y,2)= Y Y

0 néu z< \jxp +y?
9.
1) Tim toa d6 trong tAm cla:
a) Phan miat dong chat (y= 1 az=2"+3y’ (0<z <a).
b) Phin mat déng chat (v = 1): z=+x* +y* bj cal bdi mat tru
2 +y =ax.

2) Tim moment quan tinh d8) véi goc toa dd cua cac mat dong chat
=1

a) Mat toan phan cla hinh a<x, y,z<a.
b) Mat toan phén cua hinh tru £ + y2<R?, 0<z < H.
*3) Mat nén cut déng chat mat dé khdéi lugng p:

T=rcosQ, y =rsing,z=r, 0 << 2m 0<b <r<a, hiit mdt chat diém

khdi lugng m dat tai dinh mat nén dé mot lye bang baoc nhiéu ?

10. Ap dung edng thite Stokes tinh:
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1= }(_y+z)dx+(x+z)dy+(x+)’)dz
c

C la dudng tron x? + y* + 22 = a’. x + ¥y + z = 0 theo nguge chidu kim
ddng hé nhin tir phia dugng cha trye Ox.

2y 1= §(y—2)dx+(z—x)dy+(x——y)dz
c

C 1a ellipse: x* + y?= 1, x+ z =1 theo nguge chidu kim ddng hé nhin (i
phia dudng cia tryc Ox,

3) I=§(y?+2%)dx +(z° +20)dy +(2” + yh)dz
[5

C1a dudng: x* +y* + 22 = 2Rx, x* + y* = orx (O<r<R,z>0), theo chidu
s20 tho phan nhé nhat cia phia ngodi ctia mat cdu gidi han bdi C 1a & bén
tra.

1 I=jy*de+ 2’2’ dy +1°y’dz
c

C 1a duong khép x = acost, y = beos2f, z = acosdt theo chidu tang cla
tham sd'¢.

11. Ap dyng cong thice Ostrogradski tinh:

D) I = [|2®dydz + y’dzdx + 2’ dxdy
S

S phia ngoai ciia hinh lap phusng: 0 <x, y, z < a.
2) I = [{ xdydz + ydzdx + zdxdy
S

S 12 phia ngoai cla mat td dién gidi han bdi:x+y+z=a,x=0,y =0,
z=0.

3 I= H(x—y+z)dydz+(y—z+x)dedx+(z—x+y)dxdy
S

S la phfangodicuamiat: |x y+z{+ ]y -z+x| + |z -x+yl|=1.



*) I(x.y.2) = j]’ﬂs(;;n)ds (tich phan Gauss).
5 re

S 12 mat tron, kin, gidi han thé tich V, 713 phap fuyén ngoai cha S tai

2, L) € 8, r lavecteur néi diém (x, y, 2) va &, 1, ).

r=J@ -0 +(y-n’ +(z-9)

*6) I(x,y,2) = {[cas(n, f)dS

S
S 1a mat tron kin, 2 =const; n 12 phap tuyén ngod) clia S.
12.

1) X4c dinh mat mc cua cac trudng vé hudng:

A u=flp), p=yr’+y’ +2°
b) u = fir), r=‘!x2+y2

¢) u=arcsin
2, .2
x"+y

2) Xac dinh dudng dong ca cAc trudng vecteur:

a) F(M) = E =const
b) _F.(P) = —wyf + wxj, w = const

13. Tinh cac dao ham theo hudng cua:

2 8 2 -~
1) u= %—+z—9+2—2 tai M(x, y, 2) theo hudng cia ban kinh vecteur r
C

R

cua diém dé.

R <
Khinao thi — =|gradu
ae
l 2 2 2 P . el
2) u=—. r=yx +¥y°+2° theo hudngcia e(cos . cosB.cosy).

({4
o
il



-

Khinao thi <2 -0
Oe

3yu = xy - 2% tai M-4. 12 10) theo hudng cia phan gise thii nhat caa
goe toa dd Oxy.

Tinh ) gradu] tai M.

14.

1) Chou=x*+y*+2" - Bxyz tat didm nao grady :

a) 1 Oz.
b || Oz.
¢) =0.

2y Cho u:lnl‘ r=J(::—a)2+(y—b)2+(z—c)2 tai diém nao:
r

|gradu| = 1.
3) Tim goc gita gradu, u=—9——x2——.z tal cac diém AQ, 2, 2),
X +y +z

B(-3, 1, 0.
15. Tim théng hugng ¢Ga cde ham veeteur:
1y r= xi—+yj“+zk. qua:
a) Mat toan phan.
b) Mat bén cua hinh tru * + y* <R? ;0<z< H.
9 F=x% +y33+x”; qua :
a)  Mat bén

2,2 9

N . "+
b) Mat toan phan cda hinh non X ;y < Z—Z .0
R H

In
N

iA
oo
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) Matngodicliaa? +y + 2% <y
3) F=a’; +y’J +z7z qua mat cau: (x - a)? +(y~ by +(z-¢)2 = R%.

1)y F = ﬁla—r , m = const qua mat kin S bao quanh gac toa d3.
r

16. Tim Ittu s8 cQa céc trudng:

1) ;= xi + y} + zz theo phan duing x = acost, y = asint, z = bt; 0 <t z2n
theo chiéu tang cta t¢.
2) F = (y+ 2% + (z +x)j+(x +y)k: doc theo cung bé nhat cua dusng (ron

[6n nhat cia mat cAu; x% + y’ +22 = 25 néi cae diém M@, 4, 0), N(, 0, 5.

3 F= grad(arctg l) doc theo duong C-
X

a) Khéng bao quanh Oz.
b) Bao quanh Oz.

17. Cac truong sav day cé 1a trudng éng hay 1 trudng thé khang, néu

la trudng thé tim ham th&
D F = (5xly - 4xy)i +(3x’ -2y)j
2 F=(y+2) +(z+x)] +(x+yk
3) F= yz(2:c+y+z){+zx(x+2y+z)j+1y(x+y +22)k
4) F = f(ry¥ (IJc xuyén tam).

18. Chimg minh cac cong thue:

Y] V7 (u,v)= N lr+ oV + 9V LS (T‘Q =A)

2y div(u gradu ) = | gradu £ + uu.

3) div(u gradv ) = gradu.gradv + uiv

N
%
~1
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“N divF, ~F,y= P;.,rof}f'I —I;}rot[f;2
*5) rol(C A F) = CdivF —((j, v )F, C = const

*6) rot(F, AFy) = (F,,\)F, - F,divF, + F,divF, -(F, \)F} .

TRA LOI CAC BAI TAP

3)

4

—

2 3
%l(l+4nz)9 ~-1]
5 @’V

6) Aa?

3 3
7 2

Lrd 1 . v
DSl +2)7 -2

: : 3
8) ———— (100438 - 72-171In M)
25642 =
9) 2na?
2.

1 i—?uo«/ﬁ—n, (S={xds, C la y=§x? ngi (0, 0) va (4, 6)
29 c



2) a\/g

) 2 2 _ 49
3) 267 + a’b arcsin Y2 b)

‘/a?_bz a

4)

b)[iext_a,sg
3t 3r 3x;

h ]\/h2 +4n%a?

2 41
5) Ix=[£~+—
2 3

p-

~
1l

2 hQ
f +— [VR? +an%a?
2 3

I, = a’yh? + 4n2q?

1) 40%, 2) - 2na? 3) -2m, 0

5) 0, 6) -na?, 7 2\/§m251n(§—a], 8) 4.

1) -4 khéong thé ap dung cong thie Green.
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D) 62

6) 1—+11|2
4

T+ V2

8Bb a

9)[%-«&}#

16

10y 2r: véi A trong C; m véi 4 d ngoai C.

D

ayx® xly+txy?-y*+C

b) o arctg?ﬁ_—y +C

2v2 2v2y
&) In J(x+y)? +2* +arctg z
X

+y

2)

3na

b) 6ra?

2
¢ 3% (dat y = tx)

d)ibi[u(l—l)] L
” n sin—
n

2 2
Batx=acos" ¢, y=sin" ¢ OS@S%).



1) —g(bz—a%, K14 hé s6ty 16

2) K[l-l} R AR TN E )

T N

0 P=%x’i+<p<x>; Q=Cx+%y”—+w(y)

u(x, ), e(x), w(¥): hai lan kha vi lién tyc.

2) —;;(xf) = %(yf) trong mién déng D gidi han bdi AmBnA

3) oP(ing) (%o, ¥0) ,véi F=Pi +@Q (an,ds =§-Qdx+ Pdy)
oy

C

4) Dat P=V%; Q =V tacoby; a) 1a diic bidt cla b) vdi V = 1.
oy

Ina’Ja? + b
a

) 64\/5:14

15

2)

40

5 %xabc
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) - ( +y*)dxd
8) %f4<8—5\/z><F(n=|t1,;M, D.

9.
1
2545 +1
Dx=0,y,-0,2p= ———a
0 Yo 0 10(5J§_1)
16a
b)xD:%)yOZOszO:_Q?
2)
3)10:40(1‘
9
b I, = nRIR(R + H)* + gHal
4 F=Pi+Q +Rk ,P=0,Q@=0R= mlni;-
F=OM, r=yx?+y?+2%, E=I—CT
r
10.
10
2) -Am
3) 2nRy?
H0

(S
—
(S

7

-~

x+y? g

)

lcl

 dF (M) = Mé
.



11.

1) 3a*

4) 0: S khong bao quanh diém (x, y, 2)

4m; S bao quanh diém (x, y, 2)

[cos(r‘, n)= —;'—i]

r

50
12.
D
a) Mat cdu
b) Mat try
¢) Mat nén
2)
2) Cac dudng thang song song vi c
b) Céc dudng tron: x? + ¥y =CZ, z=C,
13.
M2 radu) Khia=b =
or r or
P CIL R S PV T
r Oe
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3 Igra.dulM=25

14.

1y
aAZ=xy,b)x=y=z c)x=y=2

2yr=1

3) cosp =- 3

15.
b) 2nR’H,

1)
2) 3RH,
2)
a) -l%mRZH(anﬂ _4H?), b 13—01&22;1(122 + 9H?),
bid
C) g’ ]

3) %KR3(a+b+c)

4) 4m

18.
D 2r%b2, 2) -12,

3)
a) 0
b) 2rn; n: 86 1an di khip C quanh Oz
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17.
1) Khong 1a trudng dng cing khong phai 14 trudng thé
2) La truong éng va 1a truong thé:
u=xytyz+zx +C
3) Khéng 12 trudng ong, 1a trudng thé

u=zxyzx+y+z)+C

N2
D



Chuong 12

PHUONG TRINH VI PHAN

§1. KHAI NIEM CO BAN
1.1. C4c bai toan m& diu

Trong bai tich phan bat dinh ta da giai bai todn: Tim mét ham &6 F(x)
trong mdt mién nao d6, biét dao ham cua né: F(x) = flx) trong mién dé (bai

toAn tim nguyén ham).
Trong bai nay ta s xét baj toan téng quat hon: Tim ham s6 y = y(x),

bi&t ham sd d6, dao ham clia né va bién ddc 1ap x lien hé vdi nhau bdi mét
phuong trinh nao dé.

Nhiéu bai toan trong khoa hoc k¥ thuat dua dén vide giai bai toan nay,
chang han:

1) Tim quy luat chuyén dong cia mdt vat khai lugng m roi tit mot do
cao nao d6, bidt rang Iyc can clia khong khf ty 1€ vai van tac rai.

Goi s = s(#) (¢ 1a thdi gian) 1a quy luat chuyén dong thi theo dinh luat
Newton va y nghia co hoc clia dao ham ta c6 phutong trinh dé tim s:

mdQS—m _de
ar e g

(1
trong dé g Ia gia tée trong trudng, K 12 hé s6 ty 16 dac biét néu K = 0 (stc
can cua khong khi khong dang ké) thi ta cé: " = g, goi la phudng trinh ciia

quy luat rai ty do.
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2) Tim quy luat phan huy cta radium biét rang toc dé phan huy cda né
1y 1& vai lugng radium hi¢n coé.

Gor quy luat phai tim 1a R = R($) (¢ 14 thdi gian) thi theo ¥ nghia cd hoc
cOa dao ham va theo gia thiét ta ¢ phudng trinh dé xac dinh R 1a:

R _

= 2
It (2)

trong d6 K 12 hé s6'ty 16.

3 Tim mdt duong cong trong
mat phang bidt ring hi 88 gée clia
LD tuyén tai mot diém bat kY cha F——-——

dudng cong bang hai 14n hé sé goc

caa dudng thang néi goc toa d6 va 7

tiép diém.

Goi y = y(x) 12 phuong trinh

. N Hinh 179
dudng cong phai tim thi theo ¥ n
nghia hinh hoe ctia dao ham va theo gia thiét ta ¢6 phuong trinh d& xéc dinh

y(x): (H.17Y)
y=22 3
x
Cac phuong trinh (1), (2), (3) vita 1ap goi 12 cée phuong trinh vi phéan.
Cac ham phai tim s@), R@®), y(x) goi 12 An ham trong cac phudng trinh dé.
1.2. Dinh nghia phuong trinh vi phan

Phuong trinh vi phéan la phuong trinh lién hé giiza cdc bién déc

1ép, ham phai tim va dgo ham hay vi phén cia ham phdi tim.

Néu ham phai tim 124 ham mot bién thi phudng trinh goi 12 phuong
trinh vi phan thudng hay goi tat 1a phudng trinh vi phan.

[\
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Né&u ham phai tim 12 ham » bién dée 1ap ( n = 2) thi phudng trinh vi
phan goi 12 phuong trinh vi phan dao ham riéng hay goi rat 1a phuong trinh

dao ham riéng.
Trong chusng nay ta chi xét phudng trinh vi phan (thudng).

Ta goi cdp cua phuong trinh vi phéan la cdp cao nhat cia dao

ham ¢6 mdt trong phuong trinh.

Thi dy: Cac phudng trinh (1), (2), (3) 8 1.1 1a cac phudng trinh cap
2,1, 1.

Dang tdng quat clia phudng trinh vi phén ¢dp n la:
Fa,y, 5.9 =0

Ta goi nghiém cua phuong trinh vi phén la mét ham 86 y = y(x),
x € X: khi thay vao phuang trinh ta dugec mét déng nhat thie. Méi
nghiém cua phuong trinh vi phan ing mét duong cong goi la duong
congtich phdn cua phuang trinh vi phan.

<

Thi du;: Xét phuong trinh (3) da 1ap 3 1.1 y'= 2
X

R5 rang ham y = x? 1a nghiém cta phuong trinh nay vi y° = 2x. Thay

vao phudng trinh ta c6:
2x2

2x="— (x=0)
x

Téng quat : y = ex?, ¢ = const, tuy ¥ cing 1a nghiém clia phuong trinh
nay, vay phudng trinh ¢6 vé s nghiém phu thude mat hang sé tuy §.

Bai 104n tim nghiém chia phudng trinh vi phan goi 1a giai phuong trinh
d6, viée giai nay thuong dung phép tich phan bat dinh nén vige giai phudng
trinh vi phan cing goi 14 phép 18y tich phan phudng trinh vi phan.
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1.3. Bai toan Cauchy- Nghiém riéng, nghiém téng quat cua
phuong trinh vi phin cip mét

Dang téng qudt ci.a phuong trinh vi phén cép mot la:
F(x, y, ¥} = 0, hay néu gidi ra ta duge déi vdi y’:

Y =flxay) O

3

3 1.2 ta hist phuong trinh y'= 2y ¢6 vb 86 nghiém cho bdi: y = cx® véi
X

¢ = const tuy ¥. Vay muén c6 mat nghidm xac dinh hay mat dudng cong xac
dinh ta phai cho b4 sung mdt didu Kién nao dé chang han diéu kién khi
x=14hiy =1 (dudng cong qua diém (1, 1)) khi d6 1 =c.-12 hay c = 1. Vay ta
¢6 nghiém xac dinh y = 2? ¢cha phuong trinh dé.

Téng quat;

D& giai phuong trinh (1) ta phai thém mot diéu kién bd sung, ching
han diéu kién khi x = x, thi y = y,, ky hiéu:

yx) =yohay ), =y (2

gol 1a didu kign ban dau, sd kién hay diéu kién Cauchy.

Bai todn tim nghiém phuong trinh vi phdn (1) thod man diéu
kién (2) goi la bai todn Cauchy déi vdi phuong trinh vi phin céap 1.

Mot van dé 16n dat ra: Khi nao bai toan Cauchy ¢é nghidm hay tén tai
nghiém va khi nao nghiém dé 13 duy nhat . P& tra i, ta cé:

Dinh ly ton tai va duy nhidt: Néu ham f(x, y) lién tuc trong mién
cé chiza diém (xp y,) thi phuong trinh (1) tén tai mét nghiém y = y(x)

trong lan c4n cua diém x, thod man so kién (2), nghia la khi x = x,

- 5} . . . e ops s L
thiy = y, hon nia néu % eing lién tuc tai do thi nghiém nay la duy
nhat.

Ta ¢ong nhan dinh 1y nay vi chimg minh vugt ra ngoai pham vi gido
trinh nay
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9
Thi du: Bai (oan Cauchy dai v6i phugng trinh y'= 2y ¢ nghiém duy
X

2y of

, .y, I 2 PN L2
nhat tal cac diem flx, y) =—=, — = = lién tue, nghia 1a tai moi diém trong
X

¥
mat phang trit goc toa ddx =0,y = 0 va tryc Oy: x = 0

C'hang han tai (1, 1) theo thi dy tvén, nghiém duy nhat cia bai toan 1a
y=a

Vé hinh hoce, dinh 1y ¢6 thé phat bidu: néu fx, y) va f_;(afs y) lién tye
trong mién ¢6 chua diém (x;, y,) thi ¢6 mot dudng cong tich phan duy nhat
ctia phuong trinh qua diém (x,, yo).

Nghiém cua bai todn Cauchy goi la nghiém riéng cua phuong

trinh vi phén.

Nghiém cua phuong trinh (1) phu thuéc hdng sé tuy y c: y = y(x,
¢) ma tiz 80 kién (2) ta xdc dinh dudc ¢ duy nhét dé c6 nghiém riéng
goi la nghiém téng quadt ciia phuong trinh d6. Néu x, y, ¢ c6 lién hé:

Pl ¢)=0

thi hé thitc nay goi la tich phan té’ng qudt cua phuong trinh. Vé hinh
hoc nghiém téng qudt hay tich phan téng qudt bidu dién mot ho
duong cong phu thuéc mét tham 86 c. Khi ¢ = ¢, thi o(x, ¥, c;) goi la
mét tich phén riéng cua (1). ’

Thi du: Theo trén thi y = 22 va y = c«? (x # 0) 12 nghiém riéng va

N 2 . « N . 2 - - . a 2 . .
nghiém tong quat cua phuong trinh y'= A day nghiém téng quat biéu
X
dién mot ho parabole qua goe O (trit diém O), trye 1a Oy.
Chu y:

Phuong trinh (1) cho sy lién hé gida hé s6 géc cla tiép ruyén cia dudng
cong tich phan tai mét diém ctia né va cac toa dé clia diém d6, nhit vay ta ¢6

thé dung duge cac diém cta dudng cong tich phan cung vdi hudng cia tigp
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tuyén vdi dusng cong tich phan trong mién (n la cta nghiém phuong
{rinh. Tap hop cac tigy tuaon dé goi la truong hudng cia phuong trinh
vi phan (1), bigl duge 1ruonyg hudng cua phudng trinh vi phan (1) trong mat
mién nao ds ta ¢6 thé dung duge gan ding dudng cong tich phan cia phuong
trinh di qua c¢ac diém nao do clia mién

Thi du: (H.18 cho truong

hudng cia phudng trinh y' =y? Y

14. Difm wva nghiém bat A /

thudng (ky di) /
. , './V//
Xét phudng trinh vi phan cap -

mot T -~
. 0, T X
Yy =flx, y) Q)] p ol

gia st D c R? 14 mién xac dinh cua
flx, ¥).

Piém (x, yo) € D goi la diém Hinh 180
bat thuong hay diém hky di cua

phuong trinh (1) néu phuong trinh khéng ¢6 nghiém théa man diéu
kién ban ddu y|: o = Yy hay phuong trinh co it nhat hai nghiém
0

phdn biét trong lin cén cua diém x, cung thod man diéu kién ban
ddu trén.

RG rang diém (x,, yo) 12 mot didm k¥ dj cGa phudgng trinh (1) thi cin la:
diéu kién cia djnh 1y t4n tai vad duy nhat nghiém khéng thoa man trong l1an

can cua diém d6, dac biét néu fix, ) lién tyc va gyi khéng bj chan tai lan

can d6.

Nghiém cia phuong trinh (1) goi la nghiém bét thuong hay ky
di ctia né néu méi diém cia duong cong tich phén tuong ung la mdét

diém bdt thuong ciia phuong trinh.
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RO rang néu @(x, ¥, ¢) = 0 (2) 1a tich phéin téng quat cla phudng trinh
(1) va ho (2) c6 hinh bao thi hinh bao nay tuong izng mét nghiém bait
thuong ciia phuong trinh .

P(x,y) .
Qx,y)’
trinh (1) khéng c6 nghiém bat thudng (?), n6 chi ¢6 thé ¢6 diém bat thudng
(x5, ¥o) Ma Pxg, ;) = Qlag, yo) = 0.

Néu f(z,y)=

P(x, y), Q(x, y) |a cac da thir caa x, y thi phudng

Thi du: Xét y'= 3%2 (a) thit tryc tiép ta thay y = (x — ¢)® () la
nghiém téng quat cua (a). Hinh bao ciia ho (a) duge x4c dijnh tit hé:

®rye) =y-(x-0o° =0.
(p;(x,y, C) = S(x - C)2 =0

Khitc tacé y =0, vi ho (b) khong c¢6 diém bat thudng nén y = 0 |3 hinh
bao cia ho (b) va né 1a mdt nghiém bat thudng ciia phuong trinh (a).

§2. MOT SO DANG PAC BIET CUA PHUONG TRINH CAP L:
y =f(x, y)
2.1. Phuong trinh bi&n s& phin ly
Phuong trinh bién sé phan ly la phwong trinh co dang
M(x)dx + N(y)dy =0 1)
Trong dé M(x) chi la ham 86 cia x, N(y) chi Id ham s6 cia y.

Cach giai: D& giai (1) gia sit y = y(x) 12 nghiém cta (1), thay vao (1) ta
¢6 déng nhat thie:

Mx)dx + Nly(©ly'dx = 0
Tich phan ca 2 vé& ta c6:
§ M(x)dx + | N[y(x)ly' dx = C



nhimg J Niy(x)ly' dx = [ N(y)dy

Do do: fM(x)dx+J'N(y)dy=C

1 tich phan tdng quat cua phuong trinh (1).

Thi du:

1) Giai: (2x + cosx)dx + 5y*dy = 0

Tich phan 2 v& ta c6: x* + sinx + y* = C 12 tich phan tdng quat cia

phuong trinh, suy ra y = S‘Jc -x% -sinx la nghiém tdng quat cia phudng

trinh.

9) Giai: y'= 22
X

Viy'=§ nén ﬂ:-Ql hay E')—'=%(:|:,ya¢0)
dx de =z y x

Tich phédn 2v&tacé Inly| =2Inlx! +InlC| (C=const # 0 thi In|C| =
const bat ky).

Do d6y = Cx* (C # 0, x # 0) 14 nghiém tdng quat ctia phuong trinh da
cho. Phuong trinh 44 cho ¢6 thé viét: 2ydx — xdy = 0. Do dé ta théy phuong
trinh ¢on ¢6 nghiém y =0 (x # 0), x =0 (y = 0) (nghiém réng).

Nghidm y = 0 (x # 0) ¢6 thé 3¢ trong nghiém tdng quat vdi C = 0.

Vay ho dudng cong tich phan ciia phuong trinh 14 ho paraboles y = Cx?
(x = 0) va tryc Oy (trit didm O): x = 0 (y = 0). Didm (0, 0) 1 didm bat thudng
cta phudng trinh (H. 181). Pbuong trinh khong ¢é nghiém bat thuong.

3) Giai bai toan tim quy luat phén huy cua radium cho biét lugng
radium ban diu Rlz:o = Ry, va xéc dinh hé s6 ty 1& K néu cho biéi: 1g

radium sau 26,7 phit phan huy con 0,5g.

Ta biét phudng trinh xac dinh gquy luat phan huy cta radium R = R(t)

13 %=KR (1.1). Do dé:



d - .
?R:Kdtt tich phan 2 vé ta

col J
In|RI=Kt+InlC| (C=0)
hay R=C.c%

Cho thoa man sd kién ta cd:

R,=Ce*® hayC=R,.

Vay ta ¢6 qui luat:

R=R, ™ (a)

Bay gid ta xac dinh K Theo gia Hinh 18!
thidt va theo (a) ta cb:

—~In"
05=1.5"" hay K - “"Z< 0026

vay R =Ry e P26 suyrat - x thi R -» 0. Nhung thuc t&€ khéng cé6 £ — «
nén jugng radium khéng bao gid phan huy hét.
Chu y:

Phucng trinh dang: M,(x)N,(y)dx + M,(x)N,(y)dy = 0 dua duge vé&
phuong trinh bién sd phan Iy. Thyc vay chia 2 v& cho N, (y).M,(x) vdi gia
thiét N,(y).M,(x) # 0. Ta ¢6:

Ml(x)dx+Nl(y)dy=0
M2(x) Nz(y)

chinh 1a phuong trinh dang bién s6 phan ly.
Thi du: Gidi x(y2 - 1)dx + y(&* - Ddy = 0. Chia 2 v& cho

(y2 D{x? 1 vdigia thidt v 2 +1.y = +1. Ta ¢6:



xd d 2xd 2yd
_i_i;,-‘;_y:() hay ;x_'_ g’y:
x-1 y°-1 x"-1 y°-1

Tich phan ta co:
In[«- 1| +Inly* 1]l =InlCl C#0hay !~ (y'-1)=C

I3 tich phan téng quAt cia phuong trinh. RS rang x = +1, y = £1 cung 1a cac
nghigm cda phuang trinh (nghiém riéng). Phuong trinh kKhéng cé6 nghiém
bat thuong

2.2. Phudng trinh ding cip

Phuong trinh y' = f(x, y) (1) goi la phuang trinh dang cap déi véi
x, y néu ham f(x, y) la ham ddng cap béc khéng d6i véi x, y (ham f(x,
y) goi 1a dAng cdp bac n d6i vai x, y néu Vi € R, 1 = 0: fOx, hy) = ARz, y);
bac khéng: fOu, ky) = XA, ) = flx, y), & = 0).

Thi du:

¥ , . .
1) Phuong ivinh xy’ =xe* +y la phudng trinh dang cap, vi vdi x = 0,

, oy L
y = e' +=,3day
x

o1

> ;i
fa, = -+ 2 foxhy= e + L= er - L =fix y), (L=0)
x X X

2) Phudng trinh
. 2xydx

y=
IZ_Ay2

12 phudng trinh dang cap vi

. 2 xyd 2xydx ,
fOx, iy) = 2 = S 2fix y) (12 0)
MW(x®-y") x°-y




Py ; trong 46 P(x, y), Q(x. y) 1a céc da thic ding cAp cing

Néu y' =

>

bac cla x, y (cac s6 hang cia chiing cimg bac) thi phuong trinh nay la
phuong trinh vi phan ding cap.

Cach gidi. Xét phuong trinh dang ¢ap (1) theo dinh nghia:

fOx, hy) = flx, y), dat ) = 1 ,x # 0thi (1) c6 dang:
X

y =1, 1 =) @
x x
PR SN , du .
Dat u= < thiy =xu, y = u tx <— va (2) viét dugc:
x dx
u +xd—u =o(u) )
dx
hay
du

(p(u)-u=% voi o(u) -u=0

Day la phuong trinh bién 54 phan ly d3a biét cach giai.

>

N&u ¢(z) - 2 = 0 hay @) = u, khi d6 (2) vist duge: y’ = u hay y =2
x
day ciing 1a phuong trinh bién s6 phan ly da bi&t cach giai.
Néu @) - u = 0 tai u, thl hAm u = uy 1A nghiém ciia (3), va y = ugr la
nghiém caa (1).

Thi du:

2 d
DGidiy=es+2 dit L =u,x20tacou+z2% = ¥ +uhay
x x dx

oy
e “du= E.Dodé-e_u =In|xl + Chay Inlx| + e* + C=01latich
x

phan 1éng qual clia phuong trinh da cho.
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.. 2xyd: " ” N . > .
2 (Matl v'= ——;%, theo trén day 14 phuong trinh dang céap, dat

x -y
¥ .
= =y, x#0, taco:
X
du  2u wu® +1)
r— = S U= 5
dx 1-u 1-u
hay
_ 2
4(1 3 )du:éi, u=0
u(u” +1) x
Do dé:
d_r_du_?udu 1-u? _ 1 2u
X v 1+u? u(1+u2) uo 1+u?

Tich phan ta duge: Inlx|] = Injuz) - In(l +u?) + In|Cl, C = 0, hay

2
2 +u”) =C.Trélaiu= Y tacéx? +y2 - Cy=0.C =0, 1a tich phan tdng
u X

quat clia phudng trinh, no6 bidu thj mét ho dudng tron tam trén tryc Oy, qua
goe O trit didm O 12 diém bat thudng ciia phudng trinh. Phudng trinh da cho
¢6 thé vidt (x? — y%)y’ = 2xy, ta thdy y =0 (x = 0) cling 12 nghi¢m clia phudng
trinh (Mghidm riéng) g véi u = 0 (0 1rén ta da gia thidt z = 0), phuong
trinh khéng c6 nghiém bat thudng.

Chu y: Phuong trinh ¢é dang

,_ ax+by+e
arx +b,y + ¢y
¢6 thé dua vé phuong trinh dang cap.
Thi du: Giai phuong trinh:

d_y_x+y—3
dx x-y-1



Taddibignsdx=x,+h. y=y, +k.

dy, x+y+h+k-3

dxl xl—yl+h—k~1

Ta budc h, £ théa man hé

h+k-3=0
h—-k-1=0

nghia la h = 2, k = 1. Khi d6 ta ¢6 phudng trinh

dy, _ X +y
dxy x -y

Pay la mot phuong trinh ddng cap, giai phuong trinh nay ta cé tich

phan téng quat cha né la:

. arctg?L
C /xf+y% =e T (C=0)

Trd lai bién s6 ciil ta c¢6 tich
phan 18ng quat clla phuong trinh da

cho la:

!
CJ(x ~2 +(y-17 = "
Chuyén sang toa d6 cye x — 2 =
rcosg, y — 1 = rsing. Ta ¢6 cr = &%
(C = 0)). Day 12 ho dudng xoan &8¢
logarithme (H.182).

4

Hinh 182

2.3. Phudng trinh tuy&n tinh: Phuong trinh vi phén tuyén tinh

cép mot la phuong trinh co dang: y' + P(x).y = Q(x) (1) tizc la mét

phuong trinh bée nhét déi véi y va y’.

Gia st P(x), Q(x) la cdc ham lién tuc cia x trong mién X. Néu

Q(x) =0 thi:y + P(x)y = 0 (I’) goi la phuong trinh tuyén tinh thuén
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nhat. Néu Q(x)#0 thi phuong trinh goi la tuyén tinh khéng thudin
nhét. (I') cing goi la phuong trinh thuéan nhét tuong ung cia (1),

Thi du:
0 o
Y- y=ent, Ryl snr
x +1 x x

[a cac phigng trinh tuyén tinh. Con
yreyr=x'y’+txy=e
khéng phai 12 phuong trinh tuyé&n tinh vi y, ¥’ khong phai 6 bac nhat.
Cach giai: Dau tién, ta giai phudng trinh thudn nhat tudng tng (1)

ctia (1): y' + P(x)y = 0, ta viét phuong trinh nay dudi dang:

ﬂ = -P(x)y hay d_y = -P(x)dx
dx ¥

day 1a phuong trinh bién s8 phan ly. Tich phan ta cé:

Inlyl=-{Px)dx+InlCl (C=0) hay y=Ce P& (Cx0) (2)

RS rang y = 0 13 mdt nghiém riéng ciia phuong trinh thuan nhat (1%, né
ung véi C = 0 trong (2). Theo gia thiét thi (1)) khéng ¢6 nghiém bat thuong
trong mién X. Vay moi nghiém cta phudng trinh thudn nhat (1) duge xac
dinh bdi cong thic (2). VC € R. D6 1a nghiém tdng quat clia phudng trinh
Ay,

Bay gid ta chuyén sang giai phuong trinh khéng thuin nhat (1). Ta tim
nghiém clia né dudi dangy = w.v, u = u(x), v = v(x). Lic dé6 y' =u'v +uv’,
Thay vao (1) ta duge:
u'v tuv’ +Puv = @ hav u'v tu(’' + Pv) = Q 3)

N&u chon v 13 mdt nghiém ( = 0) clia phudng trinh thuidn nhat (1) thi:
v+ Pr =0, 1a 86 chon v = TF®¥ (cho € = 1 (rong (2) luc d6 (3) vidt duge:

v =Q hay u' = Qe [P,



Suy ra u= _[Q,e'-' P)dx g o€

dodoy=uuv= (IQ.e'J Plodz gy s 0y e 1P (4) 1a nghiém téng quit cua
phuong trinh khéng thuan nhdt (1).

Tém lai: Muén giai phuong trinh thudn nhat (1) dau tién giai

phuong trinh (') lay mét nghiém riéng v = e 1P L85 tim nghiém
cua (1) dudi dgngy = u. v dgo ham thay vao (1) ta dugc phuong trinh

xdc dinh u, gidi ta c6 u va do do ta cd y.
Ta cing ¢6 thé ap dyng cdng (hide (4) dé ¢6 nghi¢m ngay (néu nha).
Thi du:
1) _y'—xQTy=(x+1)3. (x=-1)

. dv  2dx
v=0tach —= .
x + 1 v x+1

dau tién gidi: v’ -

Suyv ralnfvl =2In|x+1] +In|C| hayv = C (x + 1)2. Ldy v = (x + 1
daty =wv=u(x+ 1)’ 1hiy = u'(x + 1) + 2u(x + 1), thay vao phuong trinh ta
ch.

2 u(x+ 1) =@+ 1)>%
x+1

W+ )2+ 2u@x+1) -

(x+1)2

hay e’ =x+1 (xz-1)suyrau= + C. Do dé

2 4
y= [(" 11) +C](x+ 1y = Ca+ 2+ & +21)
.o d 3 . .
2) Giai —y+ly=w vdi so kién y] 2 =0
dy  x x ey
SN ¥ B

Ta s& ap dyng cdng thic (1): P= l QR= :
X X

[ Pda

_de.r:j—di:InIxJ; v=e =e“""|=l(x:0)
x Y
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Pda  sINX .
Qe-[ = T el - i e
X

. | Pdx -
_|Qe-| dx = |sinxdx = ~cosx +C

Do d6:

y = uv = (-cosx + C)lz—c‘—ﬂ x=z0)
x X x

P . cC 0
cho thoa mén sd kign y|x_1 =T swra Cc=0.
253

2 2

. Cn Ca —CO8 X
Vay tacé nghi¢tm riéngy =

X

3) Xac djnh quy luat bidn thién caa van téc theo thoi gian v = v(?) caa
mét chat diém khoi lugng m chuyén dong thang dudi tac dung cua mét lye
¢6 d6 16n ty 1& vai thai gian chuyén dong, hé s6 ty 18 k,, ké ti lae v|r:o =0,
ngoai ra chat diém con chju Iye can clia moi trudng c6 d6 1on ty 18 vdi van
toc chuyén ddng, hé so 1y 18 1a k. Ap dung djnh luat Newton ta ¢6 phudng
trinh:

m.ﬂ = kit — kv hay éﬂ +—k-v = ﬁr dé xac dinh van téc v = vit).
dt dt m m.
Dat: —k—za, 2L — b, ta co: ﬂ+cw=b:x
m m at

Do 12 mot phuong trinh tuyén tinh cAp méot.

Giai phuong trinh thudn nhat %a-av] =0= duy = -adt. v, = Ce™

V)

Lay v, = ™, theo cach giai tong quat, nghiém cda phudng trinh khong
thudn nhat 1a: v = u. e

Vdi u 1A nghiém cla: u'= Q_ bte ™. do dé:
51
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va
V= [é (t - i)e“' + C:|6_M
a a
hay
b

V=—
a

(- l) +Ce™®
a

cho thoa man diéu kién v|t=0 =0 tacod: 0= % +C hay C= LA
a

02 A
caen N e 1. b 1 b _a
Vay nghiém riéng cua bai toan la: v = =(t - —)+—2e .
a a a
4) Xét mdt mach dién co
dién trd R = const, hé 83 tZ cam
L = const va théd dién dong E c
PO N s eal L
b 1830, 1im cuong do dong dién ¢ |
s L . | IV
tar 1hai diém ¢, bist ’|:=0 =0.Xét T
E = const, nhu ta biét trong vat
19, ta cé cong thic lién hé:
; R
E-= Ri+L£
dr
di )
hayv —’+Bt = E (R, L = const).
dt L L
Theo cong thic (4) ta c6 Hinh 183

nghiém cha bai toan (Cauchy):




R
. £y
NéuFE=constthi i= =—(1-el )

Chuy:
1) Cach giai phuong trinh tuyén tinh d trén c6 thé t6m tit mét cach
khac nhu sau;

Ddu tién gidgi phuong trinh thuén nhédt (I') ta ¢é: y = Ce_j Pdx .
réi tim nghiém cua (1) duéi dang y = u.v vdi v =e_Jde, co nghia la
coi nghiém cua phuong trinh thuan nhét la nghiém cua phuong
trinh khéng thudn nhét véi diéu kién coi C la mét ham s6 cua x5 C =
C (x) = u(x). Do dé phuong phdp nay cing goi la phlldng phdp bién
thién hdng s6 (cta Lagrange).

2) Cong thuc (4) c6 thé viét dudi dang:
de.: - fpdx
X
y=| [Qe*® dx+Cle ™
IO

y (29, x€X) “@)

Vi tich phan bat dinh ¢6 thé coi nhu tich phan xac djnh ¢4n bién déi.
Viét dudi dang nay thi cho thoa man sd kién y|x=x“ = yo.tach C =y, vata

duge nghiém ctia bai tosn Cauchy d6) phuong trinh tuvén tinh la:

. de.t - dex
y=| [Qe® dx+y,l|e ™ (5)
x

Ta da gia thiét P(x), Q(x) 13 cac ham s§ 1ién tyc cliia x trong mién X, de
d6 néu X = (a, b) thi nghiém cla bai toan Cauchy la ton tai va duy nhat theo
cong thac (5) trong gig) a < x < b, -1 < y < 4+ va phuong trinh khong cé
nghiém bat thuong.

3) Theo cong thic (4) nghiém tdng quat ciia phuong trinh (1):

R | YR o
y=ce 0 4+ Qe dxe

x0
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R4 rang sd hang thu nhat 13 nghidm tdng quat e¢ia phudng trvinh thudn
nhat tuong dng (1)), s6 hang thi hai 1A mot nghiém riéng cta phudng trinh
khong thuan nhat (1). Tang quat ta c6:

DPinh ly: Néu Y la nghiém téng qudt cia phuong trinh thudn
nhdt tuong ing cua (1), y la mét nghiém riéng cua phuong trinh
khéng thudn nhét (1) thi nghiém téng qudt ciia () lay=Y+ 5 (2).

Thuyc vay dao ham (2) thay vao (1) ta cé:

Y+y +tPY+y)=Y+PY+y +Py =0+R=@Q.

Flién nhién (2) thoa man diéu kién Cauchy trong X.

2.4. Phuong trinh Bernoulli: Phuong trinh Bernoulli la phuong
trinh cé dang

¥ + P(x)y = Q(x)y” (1)

a la mét hing 86 # 0 va 1 (truong hop a = 0 hode a = 1 thi (1) trd
thanh phuong trinh tuyén tinh da xét).

Cach giai- Gia st P(x), Q(x) 1a cac ham sd lién tyc tyong mién X ta sé&
giai (1) bang cach dua vé phuong trinh tuyén tinh nhu sau: Chia 2 v& cho
y& (glasity = 0) ta duge:

YOy + Py =Qw

Tzzthi(-a+1) y*y =z hay y ®y' = —12 .
-

-

Dar ¥

Thay vao (2) ta dugc: +Pz=Qhayz +(1-a)Pz=(1-u)Q (3).

l1-a
DAy 1a phudng trinh tuvén tinh déi vdi z da bidr. Giai (3) ta ¢6 2, ( = 0) roi

tv3 Jai &n ham cii ta ¢d y.

e . 4
Thi du. Giai phudng trinh: y-—y= .r‘/; (a)
X



1
Payv 1a phuong trinh Bernoull védi o = — Chia 2 vé cho y? tacos

—

[0

L

1 1
yry-—yt=x
X

1 1

Datz = yj thi 2’ :% y ‘y, thay vao phuong trinh ta c6:
22 -iz =x hay 2’ - 2,22
x x 2

Pay 1a mot phudng trinh tuvén tinh dai véi z.

Giai phudng trinh thudn nhat ta ¢é z = ex®. Cot ¢ = ¢(@) vA coi 2 = e(x).x’

la nghiém ctia phudng trinh khong thudn nhat; 2 =c'x” + 2xe, ta ¢é:

& 2 1
eal + 9xc - icxz :i_c_ haye =— (x= ()
x 2 2x

1 _ -
c(x) = Ehxlxl + ¢, ¢ =const

Do db: z = (é In|x| + ¢)a? va y=2"= :c"(g +% milxi) (b 1a nghiém

tdng quat cua (a). Ta thay y = 0 cang la mdt nghigm cia (a), né 15 nghiém
bat thudng cda (a) vi dé dang thay né 1a hinh bao ca ho (b).

Chia y: Trong phudng trinh Bernoulli (1) ta da gia thiét Plx), @) hién
tye trong mién X. T gia thiét nay suy ra:

Néu X = (q, b) thi;

Nghidm ciia bai toan Cauchy (nghiém cha phuong trinh (1) vdi didu
kién ylx_Jr = y5) 12 6n tai va duy nhat vdia <x, < b, y, =0, y,> 0 Néu
-X0

o € @ (hitu t¥), khi « > O, phuong tvinh Bernoulli ¢é nghiém y = 0, nghiém

nay 1a nghiém riéng néu a > 1 va la nghiém bat thudng néu N <a < 1
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2.5. Phuong trinh vi phan toan phan. Thira s& tich phan
a. Dinh nghia va cach giai

Phuong trinh Plx, y)dx + Q(x, y)dy = 0 (1) goi la phuong trinh vi
phén toan phdan néu vé phdi cua né la mét vi phdn toan phdn cda

mét ham s6 nao do.

Nhtt vay néu phudng trinh (1) 14 phudng trinh vi phan toan phan thi
Pdx + Qdy = du, u A mOt haim s8 nao dé cua x, y: u = u(x, y) va lde dé (1)
vigt dude: du = 0 suy ra u(x, y) = ¢ 14 tich phan téng quat cia phuong trinh.

Ta bidt: Piéu kién cén va di dé biéu thize P(x, y)dx + Q(x, y)dy la
vi phén toan phéan ciia mét ham s6 u trong mét mién don lién D nao
do la P, Q c6 cdic dao ham riéng lién tue va thoa man hé thiue:

é_fi = (:TQ- trong D.
dy (x

Ta lai biét khi du = P(x, y)dx + @(x, y)dy thi u dugc xac dinh theo cong
thac:

x Yy
u(x.y)= [P(x,yy)dx + JQ(x,y)dy + C,
xg Y0

hay u(x.y)= 'J’ P(x,y)dx + ]Q(xo,y)dy + Cy Vi (xq, yo) € D.

0 Yo

Véay tich phan téng quat ctia phwong trink vi phén toan phdn
1) la:

X y
[P(x,y9)dx + [Q(x,9)dy=C (2)
Xg Yo

hay

[ P(x, y)dx+ [Q(xg, y)dy =C (2)

Yo Yo
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Phudng trinh vi phan toan phan khéng cé nghiém bal (hudng.
Thi du: Giai phuang trinh:
(3x? + 6xy?)dx + (6x’y + 4y™dy = 0
d day % =12xy, % =12xy

Vay phuong rinh da cho 1a phudng trinh vi phan toan phan. Theo (2)
ta c6 tich phan tdng quat cla phuong trinh 15: (18y theo x, =0, y,= O ¢
D =R?).

) ) 3
{3x°dx + [(6x"y +4y)dy = C
0 0
hay O+ 3y +yt=C.

Chu y:

D) Ta ¢6 thé giai phudng trinh vi phan toan phan (1) bing cach nham
hop cac 56 hang ciia phuong trinh dé duge vi phan toan phén cGa moét ham u
nao dé.

Thi du: Gia) phuong trinh:

vy & 42 _a 2
‘—;dx+———y 431
y y

dy =0

Ta c6

@ _-bx 0@ _-bx .0
ooyt oyt

Vav phuong trinh d4 cho 1a phudng trinh vi phan toan phan. Ta ¢6 thé
nhém hop cac s@ hang cua phudng trinh:

9 3x? d
—de—%dy+-—z:0
b y Yy

2
hay d(%)—d(l) =0
y y
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Do do

14 tich phan dng quat clia phing trinh.

2) Bang cach dya vao dinh nghia:

&Py (ay %=Q<x.y> (®).

TU (a): u = | P(x,y)dx + C(y); C(y) 1a mét ham tuy ¥ cua y (coi y nhu

hang so (hi hang s6 tuy v C phy thude y: ¢ = CyY) do dé:

268

a .
Ey_" = (| P(x. y)dx), +C'(y) = Q(x,y)

T day ta ¢6 C(y) va ta co u.
Thi du:
1 Giai:
(Bxy +y)dx + (" + 2y +10y)dy = 0,

gday P=32% +y’, @ = x° + 2xy +10y.

£=3x2 +2y, —Z%=3x2 +2y

Vay %=%

vi phudng trinh 13 phudng trinh vi phan toan phan. Tim ham u
agu =3x%y+y? suy ra: u(x, y) = 2% + 2y + C(y) v
%l =x3 +2xy + C(¥) = x2 +2xy +10y.

Do d6 Cy) =10y, suv ra C(y» = + C .



Vav uix, yy = 2%y + xy’ + 5y’ = € la tich phan 16ng quat c¢ta phuong
trinh.

2y Gian
(2 1 y)dx 4 (x  4Avidy = 0,

gdayP=2c+y, Q =x ly.

P
&y Ox
. ou p au .
Timu, td —=2x+y suvrauv=a +ay+Cy) —=x+C(y)=x—1y,
o ey

hay C'(y) = -dy, suv ra C(y) = -2y’ + C vau(x,y) = ©* +axy 2y’ =C }a tich
phan tong quat cia phudng rrinh. Ta thay phuong trinh trén cong la

phuong trinh ding cap vi dua vé duge:

R
d 2x +y .
d—yz_ Tay A
x x-dy _ 4 X
x

nén cing giai duge theo phuong phap gidi phuong trinh dang cap.
b) Thita sé tich phan
Xét phudng trinh  P(x, y)dx + Q(x, y)dx =0 QD)

Gia sit phuong trinh nay khéng phai la phuong trinh vi phan

toan phan, néu c¢é mot ham u(x, y) sao cho phuong trinh:

H(x ) P(x, y)dx + pu(x, y) Q(x, y)dx=0

la mét phuong trinh vi phén toan phan thi u(x, y) goi la mét thita sé
tich phan cua phuong trinh (1).

Bay g1d ta gia 81 ¢6 ham plx, ¥) nh thd thi:
duP) @)

v ox
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nghia la;

oP ap o Su
—+P—==p—+Q—
dy &y “éx QDr
hay Polnu_Qalnuzgg_Q ©
oy Ox ox Oy

R& rang moi ham p(x, y) thoa man (2) déu 13 thita s§ tich phan cla
phuong trinh (1).

Phuong trinh (2) 124 mét phudng trinh vi phan dao ham riéng, ngudi ta
ching minh rang vdi nhitng diéu kién ndo d6, phuong trinh (2) ¢6 vb sd
nghié¢m.

Nhung trong trudng hgp tdng quat vige tim p(x, y), thoa man (2) con
khé khan hon viée giai phuong trinh (1).

Sau day ta xét mdt sd trudng hgp déc bigt cho vide tim L mét cach dé
dang.

1) Gia st u(x, y) = u(y) (chi phy thude y), Me dé

alnp
=0 va phudn
o p g

trinh (2) viét duge:

RO rang phudng trinh nay chi c6 nghigém khi v& phai khéng phu
thudce x.

2) Gia su p(x, y) = p(x) (chi phy thudc x).

Tudng tu ta c6 phudng trinh dé xac dinh p(x) véi didu kién vé phai
Q_cp

dlnu:_éx_ay
dx Q

khong phy thudc y.



Thi du:

Giai phudng trinh: (1 x?y)dx + x4y x)dy = 0.

Ta co: ﬁ= —Iz. @=2xy—3x2 vay £¢_ag
oy &x By o
Mat khac
oq _ap
O 2 s M2y pm-L
Q x dx x 2

Nhén hai v& clia phuong trinh da cho vdi u(x) = —= ta c8 phudng trinh
x
vi phan toan phan:

(Lz—y)dx+(y—x)dy=0, x#0
x

Nhém hop cac s6 hang ta cé:

%—(ydx+xdy)+ydy=0
x

2 _ Iy
Do dé y? - xy - 1. C hay y?— 2xy - 2 C la tich phan tong quét c¢.1a
X X
phuang trinh, (x # 0).

Ch1 ¥: Viéc nhan thita s& tich phan p(x, y) vdi 2 v& cia phudng trinh
(1) d8 ¢6 mdt phuong trinh vi phan toan phan c¢6 thé lam mét nghiém cia
phuong trinh (1), nghiém nay cé thé 12 nghiém bat thudng.

Chéng han xét thi dy trén, ta d& st dung thira s6 tich phan u(x) = Lz ,
X

x = 0. R6 rang x = 0 cing 14 mdt nghidm cua phudng trinh da cho, nd la radt
2

nghiém riégng (7), tuy né khéng chia trong nghiém tong quat: y* — 2y - = =C,
X

x # 0 (hay cing thé, né chia trong nghidm tang quat nay vai ¢ = oo!).



2.6. Phiuong trinh Clairaut va Lagrange

Ta da xét nhing phudug (rinh vi phan cap mot da mai ra ddi vdi dao
ham: y’ = f(x, y). Bay gid (a s¢ xét v phuong trinh vi phan ¢2p mot khong
Riai ra ddi voi dao ham y’

a) Phudng trinh Clairaut: Phuong trinh Clairaut la phuong

trinh co dang:
y=xy' + oly) (1)

oly’} la mét ham cia y’ va ¢(y) = ay’ + b (7). Pat y’ = p thi (1) viét

duoc
¥ =xp +p(p) (1"
¢oi p = p(x) va dac ham hai v caa (1) theo x ta ¢é:

dp dp dp
—X -+ D4+ Y2 h + @ ) )
p=x—-+p @(p < Y [x ¢'(p)] !

do d6

Z—Pw (2) hodc 2 + ¢'(p) = 0 @)

X
T (2) ta cd: p = ¢ (=const) thay vao (1) ta co:
y=cx+ () (1)

day la nghiém téng qudt cuia (1) (vi lay dao ham ta c6 y’ = p = ¢. Thay vao
1): cx + ¢le) = cx + @lc)

Na bidu thj mot ho dudng thang phu thudc tham si . Tir (3) néu ta tim

duge p 1a haim cua 2: p = p{x) thi thay vao (1) ta cé:
y = xp(x) + @lp)] (")
RO rang (5) 1a nghiém cia (1) vi;

y=Eptlx+ @i =p

Lo
~
1N



Thay vao (1):
ap + @(p) =xp + ¢p)
Nghiém (5) khong ndm trong nghiém téng quat (4). N6 c6 duge bang
cach khu p i hé:
y =xp +¢(p)
x+ee@E=0
hay cting th& khi ¢ tit hé:
y=cxt¢le)
x+ ¢,(c) =0.
nghia 12 nghidm (5) cia phuong trinh Clairaut biéu thi hinh bao cia ho

dudng thang ¢6 phudng trinh 13 nghidm téng quat (4), vay né 1a nghiém bat
thudng cua (1).

Thi du: Tim nghiém téng quat va nghiém bat thudng clia phudng
trinh Clairaut;
ap

v

Theo trén nghiém téng quat eha phudng trinh da cho la:

véip=y', (a>0)

y=cx +—=%__ (thay p bdi c)

l+c2

Nghiém bat thudng cé duge bang cach khit ¢ tit hé

ac

y=cx+
V1+c2
a -0

Xt ———
Ya+e2®

Vay nghiém bat thudng c¢6 dang tham sé c.
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3
—-a ac
x= V=

5 3
(1+c2)? (1+¢2)2

z 2
3

2
hay khitc tacé: x? +y? =a?

Pa 1a duong Astroide. Vi dang

tham s6 ciia nghiém bat thuong chi
xac dinh khi x < 0 nén nghiém bt
thudng chi biéu thj bdi nita bén trai
cua Astroide. (1118 44 i

b) Phuong trinh Lagrange. - Hinh 184
Phuong trinh Lagrange la
phuong trinh co dang:

¥y = x0) +y(y) 1)

vai o(y'), w(¥") la cac ham cua y’. Nou ¢(y') =¥’ thi phuong trinh Lagrange
trd thanh phuong trinh Clairaut da bidt. Pat y’ = p thi (1) viét duge:

¥ = x9(p) + y(p) (1)

coi p = p(x), dao ham hai v& (1) theo x va cha ¥: y = p ta ¢é:
, d
p=¢(p)+lxp (p)+ vy £
dx
hay
. ' dp .
p -cp<p>=lx<p(P)+w(p>]a (2)

Véip - ¢(p) = 0, (2) viét duge:

dx  x¢(p) _ _w(p)
dp p-op) p-9p

Day 14 phuang trinh vi phan tuyén tinh cap mat d6i vdi ham x = x(p).

(8%
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Gial phutang trinh nay ta ¢é: x = x(p, ¢) (3). Khit p d hé¢ gom (1) v (3) ta ¢6
tich phan téng quat cta (1) ¢6 dang: P(x, y, ¢) = 0. Bay gio xét p - @(p) = 0
tail p = pp thiry = p(,;c + y(p,) (9(p) = py) cling 1a nghiém cia (1) né cé thé )a
nghién bat thudng cia phuong trinh.

Thi du: Giai phugng trinh Lagrange: y = xy'? + y’2. Daty’ = p ta ¢é:
y=axp’+p’ (a)
Pao ham theo x hai vé;
dp
'=p’+ (2px + 2p)— =p.
¥y =p"+ (2px + 2p) 2 P

vdip-p?=0tacoh:

9
dx  2p _ 2

p. p-p* 1-p

Giai phudng trinh nay déi vat x = z(p) ta duge:

c 2

x=—1+(——2 (b)
p-D

Khit p 6 hé (a), (b) ta ¢6 nghidm tdng quit cia phudng trinh (a):
¥ =(c+yx+1)?.
Bay gid xétp —p>=0khip=1vap=0.

Véip = 1, theo (a) ta ¢é; y = x +1, nghiém nay 12 mjt nghiém riéng cla

phuang trinh da cho vi né nadm trong nghiém tdng quat vdi ¢ = 0.

Véi p =0, theo (a) ta c6 y = 0, day ciing 132 moét nghiém cba phudag
trinh da cho. N6 13 nghiém b&t thudng clia phudng trinh vi d& dang thay né
14 hinh bao ¢ta ho dudng cong tich phan tdng quat.



§3. BAI TOAN QUY DAO GOC o -QUY DAO TRUC GIAO

3.1. Phuong trinh vi phidn ci1a mét ho dudng cong

Ta bigt phuong trinh vi phan Fx, y, y) = 0 (1) ¢6 tich phan téng quat
phy thudc mét hing s8 tuy ¥ e @lx, y, ¢) = O va vé hinh hoc tich phan nay
biéu dién mét ho dudng cong phy thude tham sé c.

Ta thay: phuong trinh (1) la phuong trinh lién hé gitta cdc toa
a6 x, v, hé 86 géc ciia tiép tuyén y'tai mét diém tuy ¥ trén mét duong
cua ho dudng cong, ngudi ta goi phuong trinh do la phuong trinh vi
phién cua ho. Nguge lai cho mét ho dudng cong phu thujc mot tham sd p
nao dé: @(x, y, ) = 0 (a) ta c6 thé lap phudng trinh vi phan cia ho nay.

Thuye vay, col y = y(x) ta cé: o, y(x), p) = 0 dac ham theo x:

%, % 0 (b) khitp & (a) v3 & ¢6 phuang trink Fx, y, y)= 0

o ayy_ ) p 0 (a) va (b) ta s& ¢6 phudng trin x, y,y)=
lidn hé gitta cac toa dd x, y hé 8§ goc v tai mdt didm wuy ¥ trén mot duong
cua ho, d6 chinh 12 phudng trinh vi phan cGa ho.

Thi du: Tim phudng trinh vi phan cia ho dudng tron:

2+y —cx=0 (a)

Dao ham theo x ta ¢6:

2x+2yy' -¢c=0 )
12 + 52
Tu(a) tacé ¢=———=— thay vao (b) ta dugc:
X

hay

D6 1a phudng trinh vi phén cia ho dudng tron (a).



3.2. Bai toan quy dao goc o

Trong mdt phdng xOy cho mét ho duong cong C phu thuéce mét
tham 86 p: d(x, y, p) = 0 tim ho dudng cong I" cdt ho C duéi mét géc
khéng déi a. Nguai ta goi I"la
ho gquy dao goc a ciia ho C. y ,

Ddc biét o =§ thi ho I duoe

£oi la ho quy dao truc giao
cua ho C. D& giai bai toan, ta : P
xé1 M la giao didm cia mdt v
dudng tuy ¥ trong ho € va mat ¢ \\\
duong tuy ¥ trong ho I' (H. 185).

Goi toa d6 chay va hé s6 cua

tiép tuyénciaho Cla X, Y, Y va

b L » Hinh 185
cia ho I' la x, y, ¥. Tai giac diém

Mtach: X=x,Y=y. 1)
Bay gid ta tim lién hé giita Y’ va y’ tai M. Theo hinh y - ¢ = a suy ra
=y~

gy —-tga

tgp =t -a) =
Lo =tety-a) 1+tga.tgy

Nhung tge =Y, tgy =y’ nén ta cé:

Yy = y'-tga

‘ )
1+ tgoy

Mat khae tit phugng trinh ciia ho C: ®(x, y, p) = 0 theo trén ta sé tim
duge phuong trinh vi phan cia ho nay 12 F(x, y. ) = 0 hay theo ky hiéu
trén: F(X, Y, ¥) = 0. Do 46 theo (1) va (2) tai M ta c6:

Fx, y, X=8% y =0
’ "l+tgay'

[
~1
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Vi M 14 tuy ¥ nén phuang (rinh nay la phuong trinh lién hé cac toa do
x, y hé 56 gac ' cla mot diém tuy ¥ trén mot dudng cong cua he I, né chinh
14 phuang trinh vi phan coa ho ™. Giditasécé ho T

Dic biét a =§ h Y =- 1 va F(x, y, — —l—l) = 0 1a phuong trinh cua ho
y y

quy dao Lrye giao.

Tém lai, muén tim ho guy dao géc a hay ho quy dao truc giao
cua ho C: d(x, y, p) = O:

- Pdu tién ta tim phuong trinh vi phéan cia ho C: F(x, y,y") = 0.

% -t 5.
- Sau dé thay trong phuong trinh nay y’ boi Y tga hay boi
: I+tgay’
—i’, ta duoc phuong trinh vi phéan cia ho quy dao goc a hay ho gquy
y

dao truc giao cua ho C.

- Cuéi cung gidi phuong trinh vi phén nay ta sé duge ho quy dao
goc a hay ho quy dao truc giao ctia ho C.

Thi du:

1) Tim ho qu¥ dao géc a = % ctia ho dudng thang y = px (a).
Dau tién tim phuong trinh vi phan cia ho dudng thang. Tu (a) dao

ham theo x ta cé: y' = p (b). Khit p 8 (a) va (b) ta c6: y = ¥'x 14 phuong trinh

. . N 2 .o y-1 .
vi phan cua ho dudng thang. Thay trong phudng trinh nay y' bai 1y - (vi
+y

tga = tg% = 1) ta c6 phuong trinh vi phan cta ho quy dao la:

- +
y=2"l s hay y= 27
1+y x-y

DAy 13 phuong trinh dang c&p, ta da bidt cach giai:

142

,_ Xty _ x
y_ =

=y 1_1

x



dat Y “uthiy =ut+xu va
X

. 1- d
u+xu:]+u hay odu=E
1-u 1+u? x

tich phan ta co

arctgu - %}n(l +u)+1nle)l =Inlx].

hay
2
1
arctgl=—ln(1+L)+ln|c|=ln|x|
x 2 2
arctgl +Ine=1In \/xQ +y?
X

N D arclg M
sUY ra yx’ +y° =ce r

P&i sang tga dd ddc cyc ta

¢6: r = c.eT. Vay ho quv dao

Y
T ” N . .
u :I cua ho dudng thang trén

13 ho ditdng xoAn 8¢ logarithme
tHTRE

2y Tim ho quv dao true Hinh 186
giao  cua  ho dudng tron
2’ +3y> ¢cx =0 Theo thi du d (3.1) ta ¢c6 phuong trinh vi phan cua ho dudng

ron nay la:

2.2

. -x )y ae 1 . . . _

y :y)—x - Thay ¥ bdi — = ta ¢é6 phudng trinh c¢Gia ho quy dao tryc
2xy y
2 2
. 1 - 2 . N . 2 . .
giao - — = 24 - x hay y’ = QL Pay 1a phuang trinh dang cap da
y 2xy x? - y? .

giai d thi dy 2) 3 2.2. Tich phan téng quat cta né 1a:



pl

Vb y' ey = 0. D6 eiing 13 hg duong tron qua goc nhung ¢6 tim trén
Oy 11187,

y y
/%\
0 W g
Hinh 187 Hinh 188

3) Tim ho quy dao trye giao clia ho parabole y = pa? (a). Dac ham theo

x:y = 2px, suy rap =Y thay lai (a) ta c6 phuong trinh vi phan cia ho

2x
paraboles dé la;
: 2
y= Y2 hay y'= 2y
2x X

». 1 N . R N N .
Thay y' bdi — = ta c6 phudng trinh vi phan cua hg quy dgo tryc giao:
Y

NI hay %dr+ydy=0

y «x
Tich phan ta cé:
i+ﬁ=c hay i+ﬁ=
4 2 ¢ Zc
Do d6 ho quy dao trye giao la ho ellipses tam Ot 188

28



s4. GIAI GAN DUNG PHUONG TRiNH CAP I

Cho phudng trinh ¢ap mot: ¥y = fix, ¥ (1). Ta biét tai mdi diém
(x, y) € D c R? djnh 1y tén tai vd duy nhét ding thi cé mét dudng cong tich
phan duy nhat clia phudng trinh (1) di qua. Tt phuong trinh (1) ta c6 thé
finh dugc hé sd goc clia 118D tuyan tai mot didm (x, y) tuy ¥ véi dudng cong
tich phan qua diém d6, chang han tai didm (x,, y,) thi hé s8 gée tiép tuyéen
vdi dudng cong tich phan qua didm 46 1a: y’ = flx,, o).

Do d6 vé hinh hoc phuong trinh (1) cho hé sé gbe clia tigp tuyén tai moe
diém tuy § vdi dudng cong tich phén ciia né.

XuAt phat tix y nghia hinh hoc nay cia phuong trinh (1) ta sé& trinh bay
phudng phap gidi gdn ding cho nghidm riéng clia phudng trinh  d6 goi 1a
phudng phap giai gan ddng cGa Euler.

Ndi dung cua phuong phap nay la thay dudng cong tich phén cda
phuong trinh (1) bang mot dudng gy khiic do cac tiép tuyén vdi dudng cong
dé tao nén. Gia sit phai tim nghiém riéng y = y(x) cua phuong trinh (1) véi
so Kign: y|_ w0 = Y0

Ta chia khodng [%,, x] a lam » phan bat ky bdi cae didm;
Xo <x,<x,< .. <x,=x (1,189

T cac didm dé ta dyng cac dudng (hing song song vdi tryc Oy. Theo
(2) ta c6 diém My(x,, yo) trén dudng cong tich phan. Bay gid ta dat trén Ox
doan OP = -1 va dat trén Oy doan OHy = yo= flx,, ¥o). thi hé sd géc cia

ti€p tuyén tai M, v8i dudng cong tich phan s& la:

. OH
tga = yo= OH, =—2,
74 Yo 0 OP

suy ra phuong ctia tiép tyén tai M, chinh 12 PH,. Do dé tit M; 1a dung

dudng thang song song véi PH, thi ta duge Liép tuyén tai M, tiep tuyén nav
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car dudng x = x, tai M (x,, y,). Mot cach gin dung ta cor M, 1a didm trén

duong cong tich phan tng véi x = x,.

Hinh 189

Ta lai dat trén Oy: O_Hl = Ax,, yi) va tudng tu nhu trén ta lai dung
chige tigp tuyén véi dudng cong tich phan tai My, ti8p tuyén nay cat dudng
=2, tai didm My(x,, y,). Ta lai coi gan ding M, la diém trén dudng cong
tich phan vdi x = x,. QuA trinh tiép tyc, cudi ciang ta duge diém M, coi gan
dung 14 diém trén dudng cong tich phan ing vdi x = x,. K&t qua ta duge mot
cudng gdy khie xust phat ti didm M, coi gin dung 14 dudng cong tich phan

ung vdi nghiém riéng cua phudng trinh (1) v8i sd kién (2).
D& ¢6 thé tinh toan bang s6, ta viét phuong trinh ciia N&p tuyén tai M,
¥ = Yo=Y @)x — %) hay y - yp = flu,. v x - xg)

Cho cal dudng x = x,, ta cd y, — o = (o, Yo, ). Do d6 ta 6 gia rj

gan dung caa nghiém tai x = x, 1a:

Y = Yo X yola,  xo) (a)



Tuong tyg

vy =y + g, yo(a, —x) )

yn:ynl + f(xn-llyn-l)(xn - In-l) (n)

Tt cac ding thie (a), (b), ...,(n) ta c6:
Yo=Y 1 f(xOn Yo (x, - xy) + fle, y)lx, —x) +

¥ flag, ), —xp) o+ fla, v, O, x4)

Néu n cang 16n, nghia 1a chia doan [z, x) cang 1am nhidu phan thi
nghidm riéng tim duge cang chinh xac. Phuong phap nay cho ta trj s6 gén
dung cha nghiém riéng dng véi mot tri s6 cy thé cta bién s6 doc 1ap ma
khéng cdn tim ham sé biéu dién nghiém riéng d6.

Thi du: Giai gAn ding phudng trinh:

y' =xy’+1v6isokign y|_ =0 tronglo, 1].

Ta chia khoang [0, 1] ra lam 4 phan bang nhau bdi cac didm x, = 0,
¥, = 0,25, 2, = 0,5, x, = 0,75, 2, = 1 theo so kign 14n lugt 1a cb:

5 =0,%=0, y=00+1=1 2

¥y, =0+ 10,25 -0) = 0,25,

yy = 0.25 .(0,25)2 + 1 = 1,016,

y, = 0,20 + 1,016.0,25 = 0,504,

vy = 0,5.(0,504)! + 1 =1,127,

¥, = 0,504 + 1,127.0,25 = 0,786, .

ys =0,75.(0.786)2 + 1 = 1,463

y,= 0,786 + 1.163.0,25 = 1,152. Hinh 190

budng cong tich phan gan Qung duge biéu dign nvén hih L1



§5. PHUONG TRINH VI PHAN CAP CAO

5.1. Khai niém cd ban
Béay gid ta chuyén sang xét phudng trinh c&p = bat ky dang:
y(") =f(x;y,y':-~-,y("_,)) 1)

Da) vdi phudng trinh nay, cac khai niém sd kién bai tean Cauchy dinh
1y tdn tai va duy nhat, nghiém riéng nghiém tdng quat cing duge phat bidu
mdt cach tudng ty nhu dsi vdi phuong trinh cdp mot dang (1) & §1.

Bai todn Cauchy déi vdi phuong trinh (1) la bai todn tim
nghiém cua né thod méan diéu kién ban ddu

(n-11

Y(xp) = Yo Y2 = Yo woee 3" Vt0) = ya

' - -1
= Yy ¥V =yy " 2

X X

Y. . =Y Y|

x=Xq x=xq

Thi du. Xét phuong trinh dong d& xac dinh quy luat tdi ty do s = g.
Tich phan 2 v& ta ¢6 s = gt + ¢, lai tich phan lAn nita ta c6:
gt
§=—+cit+cey.
¥=7 1t +cg

Nhtr vay ta duge nghidm phy thudge 2 hang s tuy ¥ ¢, va ¢,. Muén ¢b
quy luat xac dinh, ta phai thém vao cac diéu kién dd cao s va toc d6 v = ¢’
Lai thdf didm ban dAu [a bao nhiéu? Chang han s|, ;=0 «},_ =0.

LLic dé tit nghiém trén ta cé:
g =gtte va 0:§A0+c10+c2; 0=g0+c¢,.

2
Suy ra ¢, = ¢, = 0 va quy ludt phai tim 13 «=£2_ . D& véi bai toan
Cauchy (1), (2) ta cling co:
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Dinh Iy ton tai va duy nhit (ctia nghiém)

Néu ham f(x, y, ¥, y™ V) lién tuc trong ldn cén cua diém

(Xps Yer _Y;p---,_}'z)n D) thi phuong trinh (1) ¢ nghiém y = y(x) trong lan

cén clia diém x, théa mén diéu kién ban ddu (2). Hon nita néu
od o o
ay‘ ' v 8y(" 1)

nghiém y = y(x) la duy nhat.

ciing lién tuc tgi diém (xp Yar Yo, 3§ V) thi

Nghiém cua bai todn Cauchy (1), (2) ciing goi la nghiém riéng
cua phuang trinh vi phan (1).

Nghiém téng qudt cia (1) la ham y = y(x, ¢, cp,...,c,) thod mén
hai diéu kién:
- La nghiém cua phuong trinh V ¢, cg,...,c, € R.

- Cho diéu kién ban ddu (2) thi xdc dinh duoge ¢, cy..., c, duy

nhat.

2 . .
Thi du: Theo thi dy trén thi s =gt—+c ¢t +¢,. 12 nghiém tong quét
: 2 1 2

. t? . o .
cua phuang trinh s"=gva s= gT 12 nghiém riéng cua phuong trinh.

&

5.2. Phuong trinh c4p cao cé thé ha thip cip

Ta biét dang téng quat clia phudng trinh vi phin c&p n da giai ra déi
vai y™ 1a y™ = f(x.y.y', ...y D). Trong phan r.ay ta s& xét mot s dang
dac bist chia phuong trinh ¢6 thé ha thap c4p.

a) Phuong trinh dang ™ = f(x) (1

Gia s £ 12 ham lién tue trong (z, &). Dé giai phuong trinh nay 1a sé ha
thap cap cva né dan dan. Vi y™ =(y" Dy nén phuong trinh viet duge:

™ Py=fxy.
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Tich phan ta co:  y” ™V = [flxidx +¢| .

Nhung y” 2 = (3" 2y nén phugng trinh nay lai vigt duge
Y Dy=jflayde+e .

Tich phan tacé: ¥y 2 = (| flx)dx)dr+eix+¢; .

Qua trinh 1iép tuc, ta s& dén mdt phudng trinh c4p mot. Giai phudng
trinh cAp mot nay ta sé ¢6 nghiém phai tim.

Thi du:

1) Gidi: y™'= 2x, 14n lugt ha ¢ap ta co:

3
» X
y=axl+e, Y=g tex ey

< x?
y= a5 taxte
2) Gidi y" = sinkx véi so Kién y w0 =0 ¥ o=t
Ta cé
y' ={sinkxdx = - cos kx +e ¥y=- sin kx +ex+oy

k2

Theo sd kién
' =1t1acé 1= LI ’ : —1+]
y|x:0 =11acd --k+c, suyra ¢, = T

¥, o =01ac60=0+c, . 0+c,suyrac,=0.

Do do6 nghiém riéng la:
sin kx 1
=- +(+—=)x
y oz T+

Chu y: Theo cach gial trén, nghiém tong quat cia (1) 1a:

y=[f [ flodede. de+ox N 4ot ve
n lidn

n-

286



trong midnia <x <bva [yl <+, |y| <+, . [y <+

Nghiém cla bai toan Cauchy (1)

- K . (n-1) _ -
y|x w Yo )|_‘:x,) =Yoo ¥ e Yo (2)
trong mién trén 1a;

T n x y(n—IJ
y= J [ [ flrdxdx...dx + =22 (x—xa)("_“ +

0T B (n-1)!

n-2) ,
+—U—-—-(J:—J.‘0)(n 24 +yp(x—xp)+yg .

m-2j!

b) Phuong trinh dang: y” = f(x, ¥'). Dé ha cdp ta dat y' = p(x) thi
y” = p' va phudng trinh vigt dugc p' = f(x, p) giai phuong trinh nay ta co
p =@lx. ¢)) 13 lai p = y', ta ¢6 phiuong trinh ¢ap 1: y' = ¢(x. c,). Giat ta cd y.

Thi du:

1) Giai:

Yy (U +a%) = 2y véi so kign 5| (=1 y| =3

bat y' = p thi y” = p’ v phudng trinh viét dugc:

. d 2xdx
p'(1 +x°) = 2xp hay ap _zx 5
p 1+x

tich phan ta c¢é:
Inp = In(1+ x5 + Inle, | hay p=¢, &+ 1).
trd lai P=y tacd y =c,(x*+ 1)
tu sd kién y' 0 =3 taxacdinhngaye¢;: 3=¢(0+1)suyrac, =3 lic dé

ta cb:

y =307 + 1), tich phan ta ¢y = £* + 3x + ¢,
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tir 58 kién y|x=0 =1, ta xac dinh ¢, (¥ phuong trinh 1 + 0 + 0 + ¢, suy ra

¢, =1
Do d4 nghiém riéng phai tim [a;
y=x"+3x +].

Chu ¢ rang phudng trinh trén c6 thé pidi cach khac nhu sau:

Tu phuong trinh trén ta co:
y" 2x

Y 1+x

2

hay
diny’ =dIn(x? + 1) do dé: y' = ¢, (x> + 1)...

2) Giai

P

¥y =p tacé p-==uxe* O
x

Day 14 phuong trinh tuyén tinh cadp mdt 481 v8i p, pidi ta o p = (e+e))x
1
trd lai p =y ta c6 y' = (e* + ¢,)x. Tich phan ta cé:

2
=xe” — et e —+
y=xe —e ] ) Cy.

Cha y:
Ta da xét phusng trinh cdp 2 dang y” = fx, ¥°) (ving ham phai tim y}.
Tuong ty xét phudng trinh cap »n dang:

Fx, y*, y** ¥, y™) =0 M

Dat y'¥ =p(x) (2) thr (1) vidt duge:



Fx,p,p,..,p" %) =0 3)
Vay ta da ha dugc cap cha phuodng trinh (1) Lit ¢Ap n xudng cAp n — 4.
Néu lay tich phan ta duge phudng trinh:
P=9(x, ¢, Ch,s €0i) CY
Thay lai (2) ta c6:

(k):q:-( X, €y, Coyery Cp_y) 6)

y
Phuong trinh nay da biét cach giai § (a).

Néu (3) ¢6 nghiém bat thudng thi thay vao (2) va giai (2) ta ¢6 nghiém
bat thudng cia phuong trinh (1).

Thi du:
Giail phuong trinh:
y =ayt
Dat
y=ptacbp=xp +p
Pay la phuong trinh Clairaut, giai ta ¢6 nghiém téng quat cia né 1a:

2
p =e.x + e, va nghiém bat thudng p = —"T .

. v N (&
Do dé: y=cx+tel vay :—21—x2+c12x+c2

la nghiém tdng quat cla phudng trinh da cho.

2 a
Nghiém bat thudng xéc dinh 1t : y'= —% hay y=—;—2+c (mdt ho

nghiém bat thudng).
¢) Phuang trinh dang y” = f(3, y°) (vdng x)

P ha cap ta diat v’ = p, nhung coi p 13 ham 86 cla y, p = p(y). Lic dé:
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o oy C_ . _dp
Y=\ )x=(p>x=py.yx=;i;p

va phuong trinh viét duge:

dp _
p dy f(y. p)

giai phudng trinh nay ta duge p = ¢ly, ¢), trd laip =y ta cb6 ¥y = @y, ¢y),
tich phéan ta sé c6 y.

Thi du:
1) Giai
' -2"=0.

, , d
y =p@) thiy'= p£
dy

va phudng trinh viét duge:

d,
y. pZE _opt=0
dy

suy ra

p=0 va yia-2p=0
dy

Tap=0,tacdy =0hayy=c.

Tix y—d!i -2p =0, tachd d—p=% suy ra:
dy Py

Inlpl =2In{yl + Inle,| hay p=cy® trdlaip =y tacdy =cy’ suy
ra

1
—2=CldI, —_-y—:ol:|:+¢:2
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hay

1 _ N S -
y=——— (dat -c,, -c,la ey, ¢, Vi hang sd tuy y)
CII+C-2
2) Giai
y'=e¥vdisakién y|_ =0, y| _,=1.
Dat

+ s 9’ d
y =p@), thiy"= pZF
dy

va pBuang trinh thanh:

p% =e? suy ra pdp = e¥dy va P2—2= %+—2‘
hay

pi=e®+e, p= i‘fe2-" +6
18y

p= ,/ﬁy +e, vitheosokign y| _,=p|,_,=1>0
theo 30 kién 46 ta xac dinh nlgay e 1 =14¢ suyrae, =0, licdd p=¢¥
trd lai p =y, ta ¢é:
y =¢” hay e ’dy=dx
Tich phan ta c6: - e'¥ = x +c, theo so kién y| _ =0 tacé - 1= ¢, do
d6:
1-eY=xhay y=-In|1-x| langhiém riéng phai tim.

3) Bai todn xdc dinh téc dé vii tru cdp hai: Toe 4 vb try cdp hai 1a tée

46 ban diu bé nhat dé ném mot vat theo nudng thang ding sao cho vat

khong trd lai trai dat nita (H 19D Ta sé tim téc dd nay v8i gia thiét sdc can
cua khong khi khong dang ké.
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Goi khdi lugng cia vat bj ném 1én 1a n, khai lugng coa trai dat la M,
theo dinh luat h&p dan van vat cia Newton thi lyc hit (ac dyng vao vat ¢d
ds ldn 1a @5 trong dé K la hang

I

|
s& hap dan, r 14 khoang cach tit vat '
dén tAm trai dat, vay phudng trinh l
vi phan cia chuyén déng la: |
, 77T 77
md2r ok m)zll M |
dt r [

d day dau - chi gia tdc Am. Dé giai "0

bai toan, ty nhién ta phai dua vao

céc so kien rf,_, =R (2. R 1a ban Hinh 191

kinh wréi dat, 25 =, (3), v, 1a
dt,.

vat téc ban ddu. Phuong trinh (1) thude loai vang bién s6 déc lap (@ day 1a o
do d6 d8 gidi ta dat r’ = v(r) thi r"'= v% hic d6 (1) viét duge.
r
p B My vdv= kM
dl r2 i r2
Tich phén ta cé:

v

oMl
2 r

Theo s0 kién (2), (3) ta c6:

2 2
D—O=kM]—+cl suy ra cl=—k£+y—(l
2 R R 2
Thay lai ta cé:
S 2
9_=le+(”_0_%)
2 r 2 R



Theo gia thist, vat khong dude 1rd lai trai dat thi tée dd phai luén ludn

2
duong do d6 2 luén lubn > 0, mat. Khae khi 7 kha 16n thi EM iha be
r

2

kM kM
%250 hay vz .
2 R A yTR

Vay tae do ban dau bé nhat duge xac dinh bdi cong thie vy = 1’;2%4_ .

nén suy ra:

D& xac dinh v, cy thé, ta Iam nhut sau:
Khi vat 4 trén mat dat thi gia tée " = g, » = R nén theo (1) ta ¢6
) 9 }
~g= —% hay k= %, thay vao (4) ta cd: vy =42gR, ta biét g = 981

em/giay, R = 63.107 cm, do d6 tinh ra ta duge v, = 11, 2 km/gidy. D6 1a tac
do v try cAp hai phai tim.

Chd ¥ rang d day ta chi ¢n tim v, ma khéng phai tim r nén khong
phai quay lair' =v.

Chu y: Tuong tu, phuong trinh cédp n dang:
Fly, 5, ..., ¥™) = 0 (vdng x) (L)
Gidi bing ciach ddty = p(y).

Ta & giam duge cAp cua (1) xudng mot don vj. Khi coi p th ham cha y;
p = p(y} ta ¢6 thé 12m m4at nghiém cia phuong trinh (1) dang  y =c, ta ¢é
thé thit trye tiép bang cach thay vao (1), né c¢6 thé 14 nghiém cla phudng
trinih hoae khong.

§6. PHUONG TRINH TUYEN TINH CAP CAO

6.1. Pinh nghia
Phuong trinh vi phin tuyén tinh cap n la phuong trinh ¢6 dang:

™ +a,(x)y("_1) +a.2(x)y(" 2 +ota,(x)y = f(x) (1)
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trong do a,, ay,..., a, lda cdc ham s6 cua x goi la cdc hé s6 cua phuong
trinh, ddec biét cé thé'la hang 86, con f ciing la ham 58 cia x goi la vé
phdi hay s6 hang tu do cia phuong trinh, néu f = 0 thi phuong trinh
goi la tuyén tinh thudn nhédt con néu f = 0 thi phuong trinh goi la
tuyén tinh khéng thudn nhét.

Thi du: Phuong trinh

Yty +xly =0, y'+ 1 y+e*y=Inx
x

1a cac phuong trinh tuyén tinh thudn nhat va khéng thuin nh4t cap hai.

dy

3 2
d .
ﬂ+2 y+6x—+xzy=sm:c
X

ded  dx?

1a phuong trinh tuyén tinh khéng thudn nhat c&p ba.
Ytaytyi=el, yTryt-ay =0
khong phai 1 phuong trinh tuyén tinh.

D&i vai phuong trinh (1), gia sd a,(x), ayx), ..., a,(x), fix) 1 cadc ham
lién tuc clia x trong mién X, theo dinh 1y ton tat duy nhat nghiém thi bai
todn Cauchy cia phuong trinh (1) c6 nghiém duy nhét y = y(x) trong
mién X thod man diéu kién ban dédu:

-I -1
y = Yo, y']xzxo - ylo yeens y(n ) - ygll )

oo x=% @)

Vieg € X vayy, yo,¥5 " tuy y.

R5 rang mei nghiém cla (1) déu 12 nghiém riéng ,vi theo gia thiét thi
(1) khéng ¢6 nghiém bat thudng. Dac biét phudng trinh tuyén tinh thuan

nhat (f = 0) luén ludn c6 nghiém y = 0 thoa man diéu kién triét tidu.

y[ =0, y'l =0,.., y= D =0,x,eX

x=xq x=x0 x=x¢
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Phuong trinh vi phan tuyén tinh cé r&t nhiéuv dng dyng trong khoa hoc
va ky thuat, nhat 12 phuong trinh c4p hai.

DAu tién ta nghién cdu phuong trinh tuyén tinh cap hai, sau dé s& md
rong nghién ¢ttu phudng trinh tuyén tinh cap n bat ky.

8.2. Phuong trinh vi phip tuyén tinh cdp hai

Theo dinh nghia phuong trinh tuyén tinh c8p hai cé dang:
¥+ a(x)y + ay(x)y = f(x)

Pét a,(x) = p(x), asy(x) = glx) ta cd: ¥ + p(x)y + q(x)y = f(x) gid sit
p(x), g(x), f(x) la cdc ham lién tuc trong mién X.

a) Phuang trinh vi phén tuyén tinh thuén nhét cdp hai
y +p)y +qy=0 (1)
D& xét tinh ch4t ciia nghiém phuong trinh nay, ta c6:

DPinh ly 1: Néu y, = y,(x), ¥3 = y:(x) la hai nghiém riéng cua (1) thi

¥ = ey, + cgys trong dé ¢y, ¢, la cdc hdng 86 tuy ¥, ciing la nghiém cia

no.
Chitng minh: Tt y =c,y, + ¢,y,, 14y dao ham ta cé:
Y=eystedy, ¥y ey teyy
Thay vao V& trai cua (1) ta ¢6;
ey ey Fp@( ey T ewy) + gl ey ey =
=00 + p@y," +q)y) +ex(yy” +px)ys + g(xlys)
=¢,.0 +¢,,0=0.

Vi theo gia thiét y,, y» 12 cac nghiém cta (1), cac tdng trong hai dau
ngosic ddng nhat khéng. Vay djnh 1y 1a dung.

D& xét cach cdu tac nghidm tdng quat clia phuong trinh (1) dau tién ta
nhac lai khai niém doc lap tuyén tinh c¢(a hai ham sé:



Hai ham y,(x), y,(x) goi la déc lip tuyén tinh trong mién X néu
Vep, cp € Rrcyy(x) + cgyp(x) =0 (x € X) chi khicy;=cy=0.

nguoc lai thi y(x), y:(x) goi la phu thuéc tuyén tinh nghia la:
Je,, ¢y € R: ¢y hodic cg # 0: ey (x) + cgy(x) =0,

gid siZ ¢, = 0 thi yI—(x)=—c—2=const“ Véy y,(x), yy(x) la déc lép

)'Q(x) cy
tuyén tinh trong X, néu 2100 # const, (x € X).
y2(x)
Thi du:
) . e )
¢* va e™ 1a doc tuyén tinh vi —r = e* 2¢,, ce’” va e 1a phy thude
e
" - Cer 3 4 ~ - . -
tuyén tinh vi —=c. Deé xét tinh chat cua cac nghiém doc lap tuyén tinh
e

cua phuong trinh (1) ta c6:
Dinh 1y 2:
Néu y,(x), yy(x) la 2 nghiém riéng déc lap tuyén tinh ctia phuong

trinh (1) thi dinh thuc:

yYr Y2

7"

W(x) = =0

- . P , D ) rd -~ L]
tai moi diém trong mién lién tuc X cia cde ham 86 p, g cua phuong
trinh.

Dinh thizcc W gai la dinh thize Wronkien ciia phuong trinh (1).

Chiing minh: Ta sé chimg minh djnh Iy nay bing phan chimg. Gia s
W(x) trigr tidv tai mot diém v = x, trong mién lién tyc cia p, ¢ ta s& di dén
mau thuin.

Thye vay, gia si:

y(x)  yalxp)

w =1 ;
o) Y, (x0)  y2(¥p)

=0, xo€ X
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Do dé theo dai s6 thi hé phuong trinh tuyén tinh thuén nhat vdi cac an
s0 a, B nao do:

{“yl(l())"' Pyalxg) = 0 ©

ay, () +Bys(xp) = 0

¢4 mé6t nghiém khac khong o, 8.

Bay gi@ xét ham sd Y(x) =oy,(x) + Pys(x) vdi (o, B) = 0. Theo dinh 1y 1,
ham s6 nay ciing 12 nghiém c¢ta phudng trinh (1) va theo hé (2) né thoa man
80 kién triét tiéu:

v _=0.Y] =0

x=xq LEEN

Mat khéc bam y = 0 cling 14 nghiém cua (1) va thoa man sd ki¢n tridt
tidu: yl.x::co =0, _y’|I=x0 =0, Do dé theo dinh ly ton tai duy nhat nghiém: hal

nghiém cung thoa man mdt sd kién thi hai nghiém dé6 déng nhat nhau. Vay
ta phai ¢6 Y =0 hay
Yilx) __ p

— =const

oy, (%) + By,(x) =0 gia st a # 0 suy ra
ya(x) a

Digu nay trai v4i gia thidt: y, (), y,(x) doc 1ap tuyén tinh. Vay dinh v
dung.

Bay gid x6t cach cAu tao nghiém tdng quét ctia phuong trinh (1) ta cé:

Dinh ly 3. Néu y,(x), yy(x) la hai nghiém riéng déc 1ap tuyén tinh
cta phuong trinh (1) thi y = ey (x) + cpyy(x) la nghiém téng quét cua
phuong trinh dé (trong mién X).

Ching minh:

Mudn chimg minh y la nghiém téng quat ctia phudng trinh (1) theo
dinh nghia nghiém tdng quat ta phai ching minh: N6 14 nghiém ctia (1) va
Lt so kién.

= 0. ¥ =¥

X=2(0 .

o

x=xq

ta phai xac dinh duge ¢,, ¢, duy nhat.



Theo dinh 1y 1 thi y cng 1A nghiém cia (1)
Cho thoa tman s Kién ta cé:
{‘-‘:yl(xo) +eoy9 (%) = Yo

01,?"‘ (20) + e55(%0) = ¥o

- Coi c,, ¢, nhu 4n s3, thi dinh thic ctia hé nay chinh 1a W(x,), thea dinh
Iy 2: Wix,) = 0, Vx, € X, vi theo gia thi&t y,(x), y,(x) 12 déoc 12p tuyén tinh, Do
d6 hé nay c¢6 nghiém duy nhéit, nghia a ¢,, ¢, duge xéac dinh duy nhat.
Thi du:
Tim nghiém cua (x 1)y” —xy' +y =0 vdi so kién:
yL =2, y'lx Lo=1.

Dé& dang thay y, = x, y, = e* |4 cac nghiém riéng ctia phudng trinh (dao

ham thay vao phuong trinh ta dudge modt déng nhdt thue) hon nia
R4

"t = X 4 ¢ nén chung )3 ddc 1ap tuvén tinh, do d6 theo dinh Iy 3: y = c,x +
y¥. e

¢, 1a nghidm téng quat cua phuong trinh, cho y thod man so kién ta cé:

2=0¢ ¢ =-1
suy ra
l=¢ +¢ cy =2

Vay nghiém riéng phai tim la: y = -x + 2e*,
b) Phuong trinh tuyén tinh khéng thudan nhét cép hai
Xét phudng trinh tuyén tinh khéng thudn nhat cap hai:
Y+ py + 9@y = fix) o)
va phuong trinh thuan nhat tuong ung:
¥y ¥ pl)y + gy =0 1

vé cau tao nghidm tdng quat cia (1) ta co:
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Dinh 1y 1:

Néu Y = egy, + ¢3yy la nghiém téng qudt ciia phuong trinh thudn
nhét (I') va y lé mét nghiém riéng cua phuong trinh khéng thuén
nhédt tuong itng (1) thi nghiém tc‘fng qudt ciia phuong trinh khéng
thudn nhét (PIsy=Y+ Yy (vxeX).

Chung minh:

DAu tién ta ching minh y 12 nghiém cta (1). LAy dao hamy =Y + ¥,

ta cé:
Y=Y+ Y, y =Y+ §T
Thay vao vé trai ta cé:
Y+ 7 +p(Y+ ¥)+q¥+Y)
=Y +pY +q) + Y +p¥ +qy =0+ flx) = flx).
viY'+pY +4Y=0do Y1anghiémcia (1) ,cdn y " +py +qgy =flx) do

y la nghiém ciia (1). Vay thay y vao (1) ta cé6 ddng nhat thic fx) = Ax)
nghia 1a y 12 nghiém cta phuong trinh d6.

Bay gid chitng minh tir sg kién xac dinh duge ¢,, ¢, duy nhat, diéu nay
5 rang la dung theo cach chitng minh d6i v4i phuong trinh thuén nhat.

Trudng hgp fix) 12 tdng ctia mdt 'sd hdn han ham sa:
flx) = f1(x) + fH(x) + ..+ fo(x).

Ta cé dinh 1y sau goi 1a nguyén Iy xép chéng nghiém.

Dinh ly 2.

Néu 3,.¥4,.. ¥, la cdc nghiém riéng cua phuong frinh khéng

thudn nhét (1) tuong ing véi cdc vé phdai la fi, [y [ thi
y=y +Yy+..+y, la nghiém riéng ciia (1) véi vé phai la

fR=fitfit . +f,
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Ching minh:

Ta chimg minh trudng hgp fx) = £, + £, trudng hop téng quat tusng ru.
Thyc vay, t ¥ = ¥, +yy, dac ham:

Y=Yy Y=Y
thay vao v& trai clia (1) ta cé:

Y'Y o+ p(¥1+¥'2) +q(¥y +¥p)
= APy YD) + (Va Py e tgyr) = f1 + fo

Thi du:

Xét phuong trinh
"ty = o

D& dang thay y, = 1, y, = Inx |4 hai nghiém riéng ctia phuong trinh

3
thudn nhat va y = *la mét nghiém cia phudng trinh khéng thuin nhat.

)
N N ~ P ) 1 S 2 P
R6 rang y,, ¥, & dde lap tuyén tinh (1—¢const). Vay nghidm téng quat
nx

3
cta phuong trinh da cho lay = ¢, + ¢ylnx + % .

¢) Cach giai
1) Phuong phap ha edp: Cho phudng trinh:
'+ p(y +q@)y = flx) (1

Gia s{ bidt mot nghigm riéng cia phuong trinh thuan nhat (1) 12 y,
(y, # 0). Ta tim nghié¢m cta (1) dudi dang:

y =2 {2). Pao ham (2):
Y =yetyz ¥ =y 2t 2ty

Thay lai (1) ta ¢6:

300



Yzt 2y tyz" + p(yhe ty2) tgyz = flx)
hay
2 bpy )ty t et V2=l (D)
Vi y, 12 mét nghiém riéng clia phudng trinh thuin nhat nén:

Y+pY +gy, =0, luc 46 (3) vist duge:

2p+ Py L )
Y1 bl
Phugng trinh (4) la phugng trinh tuyén tinh cp méot déi vdi 2, gial ta
¢ 2’, sau dé tich phan ta ¢6 z thay lai (2) ta duge nghiém téng quat cua (1).
Dac biét £ =0 thi ta ¢6 nghiém téng quat cia phudng trinh thudn nhat. Cy
thé, 14y tich phan phuong trinh (4) vai f= 0.

dlnz’ = -pdx -2dIny,

hay
Inz’=—[pdx—InyZ + Ine,
suy ra
[ pdx -{ pax
,_ Cye ” N e
z'=———— va z=02j—2dx+c1 (%)
b Y1

Thay (5) vao (2) ta ¢o:
o i
y =y +ey [ —5dx (6
Y1
Nhu vay biét mdt nghiém riéng y, cda phudng trinh thuan nhét
Y =p@y tq)y=0
ta 8& c6 nghigm thu hai

e—fpd.\
Yo =y [——dx N
N

R0}



cta phuong winh. 13 rang y,. y. 1a dde lap tuyén tinh vai nhau vi;

-[/»d.\'
' o -
=2 o ———dx = cons!
N A4

VA ta 86 ¢6 nghidm (3ng quat cta phuong 1vinh thuan nhat theo eong thiic (8),

Thi du:

) 9
D Giai y'-Zy+—y=2x
X _‘_2
Dé& dang thav y, = x 14 mot nghiém ridng cla phuong trinh thuin nhat
tuwgng ung. Do dé tim nghiém y dudi dangy = x2, dao ham y’ =z +a2’, y" =
22" +22”, (hay vao phuong trinh trén (a co:

2 2
r4xz'—-Z(z +x2') + — Xz = 2x
X x

havz =2 suwvraz =2 +c.z=x’ +ex+e,dodéy=xz =¢a” +cox +a?

2x

1-a7

v

2 ,
bl ¢

2) Gidi  y'-

D& dang thay y, = x 1A mét nghiém riéng cta phuong trinh.

Ta tinh y, theo cong thie (7)

Zr
dx

cod 1 T+x
Yp=xfe——p—du="xln
< 2

-1

—X

VAay nghiém t1éng quat ciia phuong trinh da cho 1a:

1+x

1
y:clx+09(;xln -1

1-x
2) Phuong phap bi&én thién hiang s6 Lagrange
Xét phuong (rinh

Yyt p@ly’ + gy = fo (1)
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via phusng (inh thuan nhat wong ung:
y  py g0y =0 (1)

Gia s bidt y = ey, (@) + cyy.(x) (2) 13 nghidm téng quat eda (1) (y,(0),
y,(x) 14 2 nghiém riéng doc 1ap tusén tinh ctia (1),

Tudng ti nhu da 13m 461 véi phuong trinh tuyén tinh ¢dp mot, ta sé
tim nghié¢m caa (1) dudi dang (2), nhung coi ¢, = u(x), ¢, = uy(x) 1a cac ham

cta x trong mién X (mién ton tai nghiém cda phuong trinh), ta ¢6 ;
y = u(@)y, () + ou,(a)y.(x) 3
[.Av dac ham ta ¢o:
Y= Uy Fupyy iy iy,
Ta dua diéu kién bd sung:
wyyy +usyy =0 1
khi do:
Y= Fuzy; ()
L.ay 13y dao ham ta cé:
Y= wyy upy, Uy Uy ()
Thavy, ¥,y theo (3), (), (6) vio (1) vA nhém hop ta co:
ui(yy + pyy +qy)) +1a(yy + Pya +qyg) +myyy +upyy = £(x)
vay, ¥ langhiém (1) nén tix dang thuc nay suy ra:
uy +impyy = f(2) 7

Nhu vay (3) la nghiém cta (1) néu céc ham ui(x), u.:z(xl thoa man hé

gom (4) va (7) nghia 1a hé:
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Uy, ~tyvy = 0
,l IR} 2.V (R

{uyvy rryvy = f(x)

Ro rang hé 3 ed nghiém dav nhat vy, 1, Vi theo gia Lhidt y,.y, 1A doe
: ! 2 Yi- ¥
I tuvén iinh nén

R ’

|
v, y)

=t

wixy = 20V areX

Gia su u.ll(_\'\ =) 11'2(,\'\ =@, (x)
LAy tich phan ta ¢o:
() = j(b,{\')d.t FE
(XY = ipy(xyda + &, (W) (¢, €, = const)
Thay (D vao (35 1a ¢d nghiém caa (1)
y=Cpypteayy+ yr[@rx)dx+yyf@y(x)dx (o
Ko vang (10) 1A nghiém (dng quat cia (1.
Thi du:

GiA phusng (vinh:
}""—_)’— C ()

GiAl phugng trinh ihudn nhat tuong tng: y*  y = 0 (vang x). (a dug
hai nghi¢m riéng doc lap tavén tinh: v, = ¢* |y, = ¢ *. Theo phuong phap ryén

ta tim ughiém téng quat cua (a) la:
¥ = u e e (hy
u(x), u,(x) duge xae dnh 1ir hé;

‘ulc" +u,e =

R
lulo nae =T
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Giai hé nay ta duge:

u, (x)—-l- u.(;:c)——l =
! 2e* 41’ 2 2e*+1
LAY tich phan ta duge:
x 1 x _
ul(x)=—§+§ln(e +1)+¢q
1. 1., _
uy(x) = -Ee +§ln(e +1) +¢, (o)

Thay u,(x), u5(x) theo {¢) vao (b) ta c6 nghidm téng quit ciia (a) 1a:

y=rce" +ce” —é{[x —In(e” +1)]le* +1 -[In(e* + 1)]e *}

6.3. Phuong trinh vi phédn tuyé&n tinh cip n

Theo djnh nghia phuong trinh vi phan tuyé&n tinh cap n c6 dang:
YO +a, @y Y+ . ta, @y +ax)y = fx)
Gia st a,(x), ay(x),...., a,(x), flx) 12 cac ham lién tye trong mién X.
a) Phudng trinh vi phdn tuy&n tinh thuin nhit cip n
YO +a @y V. ta, (&) +ay=0 (1)
PE tim nghiém téng quat cia (1) ddu tién ta c6:

Pinh ly 1: Néu y,(x), yp(x),.., y.(x) la cde nghiém riéng cua
Phuong trinh (1) thi:

Y=oy (x) + egyp(x) + ... + ey, (x) Ve, ey, ¢ R
cing la nghiém cua phuong irinh do.
Chitng minh:

K¢ hiéu phuong trinh (1) 1a Ly) = 0. Xét
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Lyl =Licwy, tepy, ot eyd = oLyl telLly,) + 00+ elLly,l.
(Thco tich chat cha dao ham). Theo giad thidt Ly 1=0,7 =1, 2,..., n).
Vay Liy] = 0, nghia ]1a y 12 nghi¢m cua phudng trinh (1).

Goi C, 1a tap hgp cac nghiém cua phudng (rinh (1), thi theo dinh 1y |}
C, 1a m6t khéng gian tuyén 1inh. Ta biét (dai s6 tuyén tinh) trong khéng
gian tuyén tinh:

HE ¥y, Ypurs Yo i 20, i= 1, 2, 1) (2
goi la déc lép tuyén tinh néu hé thic:

eyt eyt vy =0
VGl ¢y, Cg..., ¢, = const ¢ R chi thoa man 'khi e,=0,i=1,2,.., n
Nguigc lai thi hé yy, Yy ¥, g0 la phu thude tuyén tinh.

Dinh nghia: Hé nghiém y,(x), y3(x),..., y.(x) déc lgp tuyén tinh
N R ~J
trong mién X cua phuong trinh (1) goi la hé nghiém co ban cia
phuong trinh do.

D& vai hé nghiém cd ban cia (1) ta c6:

Dinh ly 2: Picu kién cdn va du dé hé nghiém y,(x), yy(x),..., y,(x)}
cua phuong trinh (1) la 1 hé nghiém co ban cua phuong trinh do la
dinh thie:

yI Y2 e Yn
W= Y 7 " lio 8 vreXx

-1 -1 1

R S W (L

Dinh thic (8) goi la dinh thite Wronskien cua phuong trinh vi
phan (1).

Chdng minh:

Piéu kién edn: Gia s hé (2) 12 hé nghiém co ban cua hé (1) nghia la
mdt hé nghiém doc 1ap tuyén (inh c¢la phuong trinh d6. Ta sé ching minh
W (x) 2 0 tai ¥x € X. Ta ching minh bang phan ching.
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Gia st nguye lai: Wo(xg) = 0, x; € X, khi dé

Je,, ey € R ol +c +. . +¢l 20 thda man hé:
clyl(x0)+czy2(x(,)+_“ +cnyn(x0) =0
ay1(xp) + ey (xp) +.. +e,y,(xp) =0

(4)
ey Plxg) + Czyén_l)(xo) +o 4 ey V() =0
(Hé phuong trinh dai s6 tuyén tinh ¢6 nghiém khac khéng, khi dé dinh
thide cac hé sd ctia cace 4n s cla hé bing khong). Xét ham
yE) = ey () ey, () + L ey (). Ve X 5)
Vi (¢4, Cq..., ¢,) 12 mdt nghiém khac khéng cta hé (4).
Theo dinh Iy 1, ham (8) ciing 12 mdt nghiém cia phuong trinh (1) theo
(4) n6 théa man didu kién ban dau triét tiéu

0.y __ =0..y"? =0 (6

Y| - ne

x = xg =

Mat khac, ham Y = 0 ciing 1a nghiém cia phuong trinh (1) va thod man
diéu kién ban ddu triét tiéu (6). Theo dinh 1y tén tai duy nhat nghiém thi
y =Y, nghia la:

ey () +Cyy,(X) T Fey(®) =0,

vai cf+c§+...+c3 #0vaVeeX

Theo djnh nghia thi hd ham y,(x), y,(x),..., y,(x) 12 phu thudc tuyén tinh
vx € X, trai vdi gia tQiét.

Vay diéu kién can dude chimg minh.
Diéu kién du:

Gia sit W(x) = 0, Vx € X ta s& ching minh hé (2) 13 doc lap ruyén tinh.
Ciing dung phép phan chimg ta 88 ching minh ménh d& tugng duong. Néu
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hé (2) phu thude tuyén tinh Vx € X thi W(x) = 0, ¥x € X théu nay la ro
rang vi hé (2) phu thudc tuyén tinh nghia 1a:

eyvFey, o tey, =0 g=const(i=1,3,..n) (7
va it nhat mat c; = 0. Dao ham theo x (7) dén cap (n - 1) ta cé:

ey eyt tey, =0

cl;y‘1 +c2y'2 +... +cny;1 =0

_clyf"_l) + cyﬁ"'“ oty =0

Hé nay tacéc, = 0, Wy(x) 1a dinh thidc cac hé¢ s¢ mia ¢ (i =1, 2,..., n) do
d6 W,(x) = 0.

Pinh ly 3. Néu y,, yp...s¥, lad mét hé nghiém co bdn ciia phuong
trinh (1) trong mién X (mién lién tuc cua cdc hé s8 cta phuong

trinh) thi nghiém téng qudt ctia phuong trinh dé trong mién X la:
Y=o Cy¥rt ..+ 0¥, Ve, epunce, €R ¢:))
Chitng minh:
1) Theo dinh 1y 1 thi (8) 12 nghiém cua (1)
2) Cho (8) thoa min didu Kién ban ddu (2). 8 6.1.

o (xg)+ey5(xg) +... + €,¥,(xg) =¥
ey (%g) + ey (xg) +...+ €, 5,(xp) =¥

ey ) + €V (x) + 4, YT N xg) = Y

Dinh thic cua hé nay 1a dinh thic Wronskien W (x) tai x,, theo dinh ly
2, Wo(xp) = 0.

Vay hé (8) ¢6 nghiém duy nhat c,, ¢,..., ¢, nghia la (8) 12 nghiém téng

quat cuaa (1).
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Thi du:
Tim nghiém téng quét cia phuong trinh:
x%y" - 3x'y” + 6y’ - 6y = 0 (@)

RO rang y, = x, y, = ¥, y, = x* 13 cac nghiém cha phudng trinh (a),
chung 1a déc lap tuvén tinh, vx = 0 vi:

X xi x3
Wy(0) =1 2x 3x%|=2:"%0 (x20)
0 2 6x

Vay y = c,x + c,x? + cox® 1a nghim tong quat ca (1) véi x = 0.
b) Phudng trinh tuyé;u tinh khéng thuin nhat cip n

LIyl = y® + a;(0)y™ "V + ay(x)y™ " ? 4+ . + a,(0)y = f(x) 1)
Xét phuong trinh thun nhat tudng img Lyl = 0 (2)
Giaslta,(x) ¢ =1, 2,..., n), flx) 1a cac ham lién tyc trong mién X ta cé:
Dinh ly 1:

Néu Y la nghiém téng quat cua phuong trinh thudn nhét (2) va
y la mét nghiém riéng cia phuong trinh khéng thuan nhét (1)

thi nghiém téng qudt ctia phuong trinh khéng thudn nhét (1) la:
y=Y+y.

ChiUng minh:
Ta c6: Lyl=L(Y+ y1=LIY]I+ L{y} =0+ flx).

Mat khac Y = ey, +c, + 3o+ ... ey, VB y, (0 =1, 2,..., n) la céc
nghiém riéng doc lap tuyén tinh caa (2) tuong ty nhu chimg minh djnh ly 3
3 (a),cho y =Y+ y thoa mén s0 kién ta sé xac dinh dugec, (i =1, 2,..., n)

duy nhat.
Dinh ly 2: (Nguyén 1y chéng chat nghiém)
N&U flx) = fy(x) + fo(a) + ... + f,(x) va Lly,] = f;(x),
L[ye] =)y, L[y, ] = fulx).
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thi Lfy;+yo+..+y,] =f(x) nghia la.
Y=y;+¥o +..+y, la nghiém cua (1).
Chi'ng minh:
Ta ¢6:
Liy,+y,+..+y,] =L[y] + Lly,] +..+L[y,].
= £ + fo ) + s + (@) = fl0).
¢) Liy tich phan phuong trinh tuy&n tinh c¢ip n
1) Phuong phap ha cAp
Cho phusng trinh:
Liy) =5 + a;(x)y" " # agax)y® P + . 4 a(x)y = flx) (D
Néu biét mét nghiém y,(x) ctia Llyl = 0 thi bdng phép théy = y,.z

ta 8é dua phuong trinh (1) vé phuong trinh tuyén tinh ¢ép n - 1 véi

édn ham méi u(x) = Z(x).
Thi du: Tich phan phudng trinh:
2y %" + 3xy’ —3y =0

RS rang y, = x 12 mét nghiém ctia phudng trinh nay. Dang phép thé:
y=xztacby =z+xz', y' =22 +xz”. ¥y =32" + x2”, thay vao phudng trinh
da cho va don gian ta duge:

2+ x2" -2 =0

Dat 2’ = u, ta duge x’u” + xu' —u = 0.

RG rang u, = 2« la mét nghiém riéng cha phudng trinh nay, lai dat
u=2xv,u =2xv + 2, u=4v + 20",

Thay vao phudng trinh va ddn gidn ta duge xv” + 3v' = 0, 14y tich phan
ta duge
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=¢Inx +ex’ +ey, y=cxlne +epx’ +cpx.
rd rang x, x°, xInx la mét hé nghiém co ban cuia phudng trinh.
2) Phuong phap bién thién hing s& ctia Lagrange

Gia st cAn tim nghiém 1dng quat cia phudng trinh tuyén tinh khéng
thudn nhat:

Liyl = y® + a,(x)y™ "V + a,(x)y™ 2 + ... + a (x)y = f(x) )
Bi&t mot hé pghiém ¢ ban y,(x), y,(x), ..., y,(x) ctia phuong trinh:

Liyl=0 (2
Khi dé nghiém tdng quat ctia phuong trinh (2) la:

y=ey tey, .. tepy, ¢g=const@=1,2,..,n)

Nhu d6i véi phuang trinh cdp hai, néi dung ctia phuong phdp
bién thién hdng s6 Lagrange la: coi ¢, = u(x) (i=1, 2, ..., n) la cdc

ham kha vi cua x trong mién X va coi:

y=u(x)y;+ u(Dyy + ot u (X)y,, (a)

la nghiém cua phuong trinh (1) khi d6, dgo ham (a) thay vao (1) va
dita vio mét &6 diéu kién bé’sung, ta 8é xac dinh duge u(x) (i = 1, 2,..
n) tu hé:

upyytugys +...tu,y, =0

Uiy tugys t..tu,y, =0

i m s Ea . @
upy Y rupyP P v tu P -0

v _? ’ _ ' —
upy Y rupy Y vy < f)

Thay u(x) tim duoc t hé nay vao (a) ta sé duge nghiém téng
quat cua (1).



*("u thé, dao ham (a) theo x:

Y=uyy tuyy +.uy, tuyy FusyYe ..t u,yy,

Ta dua vao diéu kién phy: uiyl +u'2y2 +.. +u',,y,, =0 (a")
Khi dé: ¥ =uy| +uy, 4o +uy, )

Lai 14y dao ham theo x:
y'= uy; +uy; +.. +uy;, +u;y; +u:2y'2 + ... +u;,y;1
Lai dua vao diéu kién phuy:
. u;y'1+u'2y'2+‘.i+u',,y',, =0 ®©»
thi: Y= uyy +uyy +..+ uy, ()

Ti€p tuc qua trinh ta 4i dén:

y(n—l) = ”1y§n_l) + uzygn_l) +. +”ny.(."‘l) M
vdi diéu kién phy:

Uir D D ey y 0P =0 o
do dé:
Y 2wy, y$ e,y gy Y oy Y Ly Y (m)

Thay (a), (b), (©),... (1),..., (m) vao (1) VA Vi y,, ¥o...., ¥, |&a nghiém co ban
cua (2) nén ta dude phuong trinh:

"+ gy P Y = ) (m’)

Hé phuong trinh gém (a"), (b),..., @), (m") chinh 1a hé (3) d&i vdi
ui ,ulz ,...,u;, , ¢6 dinh thic cua cac hé sd cia phuong trinh chinh 12 dinh thuc

Wronskien W (x) 2 O vi hé y,, ¥5...., ¥» 12 h& nghiém co ban cia (2). Do d6
uy,uy,..,u, 8&duge xac dinh duy nhat:
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u‘ll =@y, ul2 =(<p‘2(1)l“‘s u;l =Q@n (I)
Lay tich phan ta ¢6:

u =f@;(x)dx+c; ,1=1,2,..,n ¢, =const.

Thay u,; vao (a) ta c6 nghiém téng quat cta (1).

§7. PHUONG TRINH TUYEN TINH CAP CAO VOI HE SO
HANG SO

7.1. Phuong trinh cip hai
a) Phuong trinh thuin nhat

Xét phudng trinh tuyén tinh thuin nhit cap 2 vdi céc hé s6 p, q la
hang s6:

Y +py+tqy=0 (1

D&i vdi trudng hgp p, g 12 cac ham s§ cha x thi phudng trinh nay néi
chung khong ¢é cach giai tdng quat (phai biét moét nghiém clia né mai giai
duge nhu da xét d §6).

Nhung déi véi trudng hgp hop p, ¢ 1a hang s6 thi lai ¢6 cach gidi hoan
todn bang dai s6 do Buler tim ra. C4ch giai d6 dude trinh bay nhu sau:

Dé giai (1), ddu tién ta tim mot nghiém riéng cia né, tim mét nghigm
ridng caa (1) tde 12 tim mot ham sd sd cdp sao cho dao haim thay vao phuong
trinh (1) ta phai dugec mot tdng gdm cac s6 hang déng dang vi nhut thé méi
xay ra kha nang téng dé6 déng nhat khéng. Nhu vay thi nghiém riéng phai
tim 13 mdt ham s8 giil nguyén dang khi dac ham. Ta biét ¢6 mét ham sé sd
c&p van git nguyén dang khi dao ham 1a ham s6 mu €, & 12 hang s8. Do dé
ta tim nghiém riéng cta (1) dudi dang y = e** (2), & 13 hing sé xac dinh sau

Dao ham (2: y' = ke™, y” = k2% thay vao (1) ta c6:;

k%" + pke¥* + ge™ =0



hay e (W +ph+q) = U

Nhu vay muén (2) la nghiém cua (1) thi k phai la nghiém cua

phuong trinh dai s6:
E+pk+g=0 (3)

Phuong trinh nay goi la phuong trinh dgc trung ciia phuong
trinh (1). Giai phudng trinh nay ta sé ¢6 & va theo (2) ta ¢6 nghiém riéng
phai tim.

Theo dai s8 ta biét phudng trinh (3) ¢6 2 nghiém la:

- .
b= PVP 9 —poyp’ dg

2 2

va ¢6 thé xay ra 3 trudng hgp sau:
1) p? — 4¢ > O: Wic d6 k,, k, 12 cac nghiém thuc khéc nhau, theo (2) ta
duge hai nghiém riéng tucng Ung la:

k hpx

»n= ey, = e
Hai nghidm nay 1a déc 1ap tuyén tinh vi

hx
e _
YU 8 ekdx Lo = const

y2 ek

Do dé theo dinh 1y cau tao nghiém téng quat clia phuong trinh thuin
nhat, ta dude nghiém tdng quat (1) la:

Y=r¢, e g c,ek’x (a)
trong d6 ¢,, ¢, 12 cac hang s tuy §.

2)p®  4q = 0: lae db k,, k, 12 chc nghiém thye bang nhau k, =k, = - ~§, theo

-p
v’ - > oA _x P’ . "y N
(2) ta chi duge mdt nghiém y, = e 2, nhung theo cach giai phuong trinh



tuyén tinh, bidt mdt nghidm riéng thi tim duge nghiém riéng thu hai dac 1ap

tuyén tinh véi y,:

| pa= p
e o x
Yo =nf—5dx=xe? ,
Y

Do dé nghiém téng quat cia (1):
B
y=(c;repx) e (b)
3) p? - 4g < 0: l4c dé k,, k, 12 nhiing s8 phiic lién hgp:

ky=a+iP h,=a -iptrongdsa=-2 p = Jq- 2

[\
'S

do dé theo (2) ta duge 2 nghiém riéng:

— c(u+iB)x) - e(a—iB):

Y1 Y2

Cac nghiém nay 3§ dang sé phuc, thye t&€ khong ding duge. Nhung ti
cic nghiém nay va theo céc cang thae Euler.

e'”* =cosz +isinz, e =cosz - Isinz;

trong d6 z 12 mét s6 phic tay y, ta s& tim duge cac nghiém thue (céc cong
thite nay sé duge ching minh trong bai sau).
Ta viét laiy, = e®e'®:y, = e * theo cac cong thue Euler ta co:
¥y = e™(cosPx + isinfx); y, = e™(cosfx - isinfx)

y =M: ed‘tcosﬁx; ;2 = M: eu‘tginﬁx;

! 2 2i
R5 rang y;, y, cing la nghiém cda (1). Hon nita ¥, ¥» 1& doc 1ap

tuyén tinh vi:

<]

1 - cotgPx = C = const
2

NI
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Do d6, nghiém tdng quat ctia (2) 1a: y = ¢,7; + ¢y, hay

¥y = e™(c,cosfix +cesin fix) (©

Tém lai, muén gidi phuong trinh thudn nhdt hé s6 hdng sé (1)
ta gidi phuong trinh déc trung (2) cua né, sau do tity theo cdc truang

hop ma dp dung cdc cong thiee (a), (b), (c), ta 8¢ co nghiém tong qudt:
Thi du:
1) Giai: 3y -2 -8y =0

4
Xét phuong trinh dédc trung 3k — 2k — 8 = 0, gidi ta cb: k, = 2, ky = - 3

do d6 rdi vao trudng hdp 1. Theo cong thice (a) ta ¢6 nghiém téng quat clia
phuong trinh vi phan da chao la:

4,
y = c1e2" +oe 8

2) Giai: Yy 2+y=0

Xét phudng trinh déc trung: 22 — 2k + 1= 0, phuong trinh nay cé
nghiém kép k = 1, do d6 rdi vao truong hgp 2. Theo céng thite (b) ta ¢6
nghiém téng quat cua phudng trinh vi phén da cho 1a:

y=e (e, tepx)
3) Giai: Y +4y +29y =0,

Xét phuong trinh dac trung k* + 4k + 29 = 0, phudng trinh nay cé
nghiém phuc £, = -2 + 5i, &, = -2 — 5i do d6 rci vao trudng hgp 3, theo cong
thite (¢), nghidm téng quét cia phuong trinh vi phan da cho la:

y = e (c,co55x + c,8inbx)
b) Phuong trinh khéng thuin nhit: Xét phudng trinh tuyén tinh

c8p hai véi cac hé s6 p, ¢ 12 hang s&:
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Y +py +qy=fx ¢h)

Phuong trinh nay 1A mot truong hgp dac biét cia phudng trinh tuyén
tinh cap hai, do dé bi€t mdt nghiém riéng cia phudng trinh thuan nhit
tiong dng thi sé tim duge nghiém téng quat cia né. (6 myc a) ta da biét
cach tim mot nghiém riéng clia phudng trinh thudn nhat véi hé s6 hing sd).

Thi du: Giai

x
”»

s €
Yy -y ty=—
x°+1

D4u tién giai phuong trinh thuidn nhat y° - 2y +y = 0 dé tim mdt
nghidm riéng. Theo thi du 2, a), phuong trinh thudn nhat nay c6 mot
nghiém riéng 1a y, = e*. Ta sé& diung phép ha cap dé giai phudng trinh. Dat
y = e*2, tao ham thay vao phudng trinh khéng thuin nh&t trén, ta di dén
phudng trinh dé tim z.

2 X e.):
2"H-2+ ¢ yz'= -
e~ e (x* +1)
hay
2= 3 suy ra z’' = arctgx + ¢,.
x“+1
va
1 2
z = Jarctgxdx + ¢ x + ¢y = xarcigx — -2—111(3: +D)+ox+cy
do do:

y =e*(c;x + ¢y + xarctgx - Inyx2 +1)
Cha y:
Néu phudng trinh thun nhat ¢6 2 nghiém riéng thi 18y mot nghiém

nao ciing duge trong phudng phap ha cap, hoac ding phudng phap bién
thién hang s& Lagrange néu 2 nghiém riéng dé 1a dde lap tuyén tinh.



Bay gid ta chuyén sang xét vai trudng hop dac Mot cua ham fx) (v
phai caa phudng irinh (1)). Cac trudng hgp nay cho ta tim mdt nghiém riéng
y c0a phuong trinh khéng thudn nhat hoan toan bang dai s6. C6 y ta sé ¢

nghiém ng quat y cita phuong trinh khéng thudn nhat, vi theo dinh 1y cau
tao nghiém 1éng quat y=Y + 3 . Y la nghiém téng quat cha phudng trinh

thudn 1hadt hé s6 hang s6 da bidt cach tim
I. flx) = P(x) e™
trong dé
Pxy=axtas+ .. + a,
12 mot thiic bac n cua x.
Thi du:
fa) = (" + 3«2+ 2x +1) e thi
a=-2,n=3, Po)=x+3x?+ 2 +1
fo =@+ 1)e™ thia=5n=4 P(x)=x" +1 -

Trong trudng hgp nay tim nghiém riéng y cta phuong trinh khong

thuan nha&t dudi dang:

¥ = Q. (x) e™ trong d6 Q.(x) = byx" + b, x* ' + .. + b, 13 mdt da thuc bac
n cua X ndu xac dinh duge by, b,,..., b, thi ta s& ¢é @,(x) va cé y . Ta xac

dinh ching nhu sau:
Dao ham:
Y= @(x)e™ +aQ, (x)e™
3= Qu(x)e™ + 2aQ, (x)e™ +a’Q, (x)e™
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thay vao (1) va nhém hop lai ta ¢é:
™ Q;, + (20 + p)Q;2 (el ap + )@, 1= B, (x)e**
hay [Q + (2 + p)Q, +(a® +ap+9)Q, ) = P, (x) @

bDay 12 mot déng nhat thie: hai da thie dong nhat nhau, ¢6 thé xay ra

¢ac trudng hgp sau:

Néu a’ + ap + g # 0, nghia 13 « khong phai 1a nghiém ctia phudng tyinh
dac trung, hic d6 vé phai va v& trai cua (2) 13 hai da thde cung bae n, vé
phai hé s6 da biét, vé& trai hé sd phy thude: by, b,,.... b, phai xac dinh. Dong
nhat hé 8 clla cong 1oy thita cta x & 2 v& ta s& cé mét hé n + 1 phudng trinh
dé xac dinh n + 1 an s8 by, by, ..., b,. Néu a? + ap + ¢ = 0 nhung
20 + p # 0 nghia 142 a 14 nghiém don cta phudng trinh dac trung, lae d6 vé
trai clia (2) la da thic bac n - 1, v& phai bac n, hai da thuc d6 khéng thé cho
déng nhat nhau duge. Dé ddng nhat duge, thi v& trai cia (2) van phai 13 da
thic bac n, mudn thé ta tim y dudi dang xQ,(x) ™, vi dao ham thay vio ta

duge v& trai cua (2) van 1a mét da thite bace n.

Néua?+ap +g =0, 2a + p = 0, nghia 1 a 12 nghiém kép coa phtong
trinh dac trung, lae dé vé trai caa (2) 12 mdt da thie bac n — 2 khang thé
cho ddng nhit véi v& phai c¢6 bac n duge, tuong ty nhu trudng hgp trude,
trong trudng hop nay ta phai tim y dudi dang

¥ = 2'Q, (0™
Tém lai: Néu f(x) = P,(x) €™ thitim y dudi dang:

y = £"Q, (x)e™

néu q khéng la nghiém

néu ala nghiém dan

S e D
I
d M~ O

néu a la nghiém kép cia phuong trinh ddc
tring
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Thi du:
D Giai:
¥ +0y =+ 1) e

Dau tién tim nghiém 1dng quit Y cta phuong trinh thuin nhit:
y" + 9y = 0, né ¢6 phudng tvinh déc trung k2 + 9 = 0, nghiém 12 ¥ = £ 3i, do
d6 Y = ¢,c083x + ¢, 8in3x.

Bay gid tim y, d diy a = 3 khéng 1a nghiém cua phuong trinh dac
trung, n =2, P, =x%+ 1, do d6 ta tim y dudi dang:
y= Q2(x)e3x = (ax? + bx +c)e®®
Dao ham
¥'= (2ax + b)e>* +3(ax? + bx + 0)e>*

}7 = 2ae®* +6(2ax +b)e>* +9(ax? + bx + c)e*.

Thay vac phudng trinh, nhém hop va don gién 2 vé cho ¥ ta c6:
18ax? + (180 + 12a)x + 2a + 6b + 18c = x’ + 1.

Pdng nhat hé s chax?d 2 \;'é' ta duge: 18a = 1.

Dong nhat hé s6 chax 3 2 vé ta dl.r(fc: 185 + 122 = 0.

Ddng nhat hé sd ty do & 2 vé ta dude: 2a + 65 + 18¢ = 1.

Suy ra:
1 1 5
a=— =——; ¢=—
18 27 81
Vay ta duge:
- 1 1
y = (_' 2 _ ) 3x
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va nghiém téng quat cua phuong trinh 1a:

- . 1, 1 5.4
=Y+ Yy =c¢c083x +,8iN3x + (—x° - —x +—)e"*
Y y=a 2 TR TR

2) Giai ¥y 3y +2y=eX3 4x)

O day phuong trinh dac trung 1a &2 — 3k + 2 = 0 ¢6 nghiém &, = 1,
ky=2.Do d6 Y = c,e* + c,e™

Con a =112 nghiém don cua phudng trinh dac trung, n = 1, P,=3- 4x.
Do d6 ta tim

y =x(ax+b)e”,
Pac ham 7'= (2ax +b)e® + (ax® +bx)e* va
7' = 2ae* +(4ax +2b)e* +(ax® +bx)e®.
Thay vao phuong trinh, rdt gon va don gian 2 v&€ cho e* ta cé:
2ax+ 2a -b=-4x+ 3.
Suv ra 2a=-4,2a-b6=3hava=25b=1.
Do d6 y =x(2¢+ De'va
y=Y+ y =ce*+ce® + x(2c + 1)e”.
IL. f(x) = [(P,(x)cospx + Q,, (x)sin Pxle™ (1)

trong dé P (x), @.(x) 12 nhing da thic bic n va m. Dé tim ¥ ngudi ta ddi
cosPx, sinPx ra thanh ciac ham s8 mi theo cic cong thite Euler, luc dé flx) sé

6 dang [. Ap dung k&t qua & d6, sau lai trd lai dang lugng giac. ngudi ta di
dén két qua la trong truong hop nay, ta phdi tim y duéi dang:

y= v [Rp(x) cosﬁx+Sp(x)sinﬁX)e“x (2)



trong do Rp(x), S,(x) la nhing do thie béc p cda x5, p = max(n, m),
con A=0néuat if khéng la nghiém cua phuong trinh ddc trung.
A=1néuat ifla nghiém cia phuong trinh déc trung. (O day khong
¢6 trugng hop » = 2 nhu d I vi phuong trinh dac trimg 1a bac 2 ¢6 nghiém
phue thi ta ¢ 2 nghiém phie lién hgp, chit khong ¢6 nghiém kép) chang han

fix) = 1(® + 3x+ 1)cos2x + (x? + 1)sin2x]e™

dday ot if =-3 £ 2i gia st khéng 1a nghiém cua phudng trinh dac trung
thi dat:

y = [(ax® + ba® + cx +d)cos2x + (@2 + bya? + cyx + d))sin2xle ™

Pic biét mot trong cac da thie P (x), @ (x) ¢6 thé dong nhat khong,
nghia la f(x) c6 dang:

f(x) = P,(x)cos pxe™
hay  f(x) = Q,(x)sin flxe™

lde d6 ta van tim y dudi dang trén. Ching han
f(x) = (x* +2x) cos 3x.e *

G day a+ipf =-1=% 3igia s la nghiém clia phuong trinh dac trung thi dat
5 =xl(ax® +bx +c)cosdx+(ayx® +byx +¢/)sin3xle™
flx) = Bsindx, d day a £if = 0 * 43,

gia st khéng 1a nghiém ciia phudng trinh dac trung thi dat:

y =acosdx + bsin-ix.
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{J(x) = Py(x)sindx, Py(x) = 5: hang s6 cot nhit da thie bace khong). Bay gio xét
mot s& thi dy cu thé.

Thi du:
1) Giai: ¥+ 2y + 6y = 2cosx.

Dau tién giai phuang trinh thudn nhét y” + 2y + 5y = 0. Phuong trinh
nay c6 phuong trinh dac trung: 22 + 2k + 5 = 0. Giai ta cé:

ky=-1+2i ky=-1-2i. Do dé6:
Y =¢e" (¢c,c082x + c,8In2x).
Bay gid tim ¥, & day f = 2cosx = Py(x)cosxe™, nén a + iy = 0 i khong
phai la nghigm cua phudng 1rinh dac trung, do dé ta tim ¥y = acosx + bsinx.
Dao ham:

y'=-asmzx+bcosx, y'=-acosx~bsinx
Thay vao phudng trinh ta cé:
-acosx  bsinx + 2(-asinx + beosx) + S(acosx + bsinx) = 2cosx.
hay
(1a + 2b) cosx + (4b — 2a)sinx = 2 cosx.
Déng nhat hé sd ¢da cosr, sinx § hai vé ta ¢6:

4a+2b=2,4b—2a=0,SUyrﬂa=§v b=

ot

Vay

- 2 1.
y=—cosx+—sinx
5

va y=Y+ Y =e¥c,cos2x + ¢,sin 2x) + %cosx+%sinx
2) Giai: y' +y = 4xsinx,
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& day phuang trmh dac tmig 1a 22+ 1= 0, ¢o nghicr b = +1. Do dé
Y = ¢ cosx + c,8ina. Con fl) = lxsine = @ (x)since™, néna + if=0=* 7 la
nghiém c¢lia phudng trinh dac trung, vay phai (im:
y = x[(ax +Bb)cosx +{a,x + b; )sin x]

hay
y= (ax® +bx)cosx + (alx2 + b isin g
Dao ham thay vao phuong trinh nhém hop lai ta cé:
(4a,x + 2a + 2b,)cosx + (-dax + 2a, - 2b)sinx = 4xsinx.

Déng nhat hé sb cha cosx, sinx § hai vé (a c6:

dax +2a +2b =0 h 4a,=0. 2a+2b =0
~dax+2a,-2b=4x O |-4a=4, 2a;-2b=0

Suyraa =-1,6=0,a,=0,b, =1. Vay y = x(-xcosx + sinx) va
y=Y+ ¥ =c¢,cosx +cysinx + x(- xcosx + sinx)
Cha y:
Néu
flx) = fi(x) + fylx) + oo ¥ fo()

ma fi(x), fo(x), ..., f(x) thudc dang I, II thi theo phuong phdp trén ta
s€ tim cdc nghiém riéng y,, ¥,,....y, tuong ing vdi fi(x), fy(x), ... f.(x).

Theo nguyén ly xép chong nghiém ta sé co:
Y=Yr+¥g+..+y, ungvdifix) = f(x) + fo(x} + ... + f,(x).
3) Giai: ¥y + 2y + By = 2cosx + Be*.

Ta thay v& phat 12 18ng clia fi(x) = 2cosx va f,(x) = 8¢* thude hai dang
trén. Theo thi du 1,3 trén nghidm tdng quat cda phudng trinh thudn nhat 13
Y = e*(c,c082x + ¢y8iny)  va nghiém riéng img vai f,(x) = 2cosx 1a:
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- U 1.
Y| = TC0S) ¥+ —8Inx
N} 5

Bay gid con 1im ¥, ang véi f,(x) = 8e*. O day « = 1 khong 13 nghigm

cua phuong ninh dac trumg (vi phudng trinh dac trung ¢6 nghiém phc
-1 £20) nén tim 3y, = ae”. Dao ham thay vao phuong trinh ta duge:

ae™ + 2ae* + Hae* = Be* suyraa=1.

va

yy =e*. Do d6:

o 1. .
Y=+, = pcosx +—sinx +e

Vay

v

_ . 2 1 .
v=Y+ y =e*(c,c082x ¥+ c;8in2x) + gcosx x+ gsm x +e”

4) Dao déng don gian: Xét mot 16 xo
dé thang ding (rong Iugng khong dang
kd) ddu trén ef dinh, dau dudi treo mor
vat Xhdi lugng m (H 192

Tim quy luat dao dong cia vat. Dé
giai bai toAn. ta chon goe toa dd O 6 dav
ty do cua 10 xo (khi chua treo vat) va truc Q
Oy hudng thang dung tit trén xudng dudi,
khi treo val vao dau dudi 16 xo, vat sé dao

doéng xung quanh diém O theo phucng y
cda truc Oy. Gia sl tai thoi $ém ¢, y(@) 13
khoang cach ti vat dén gac toa dé O. Hinh 192

Ra rang val chju tac dung cia ba lyc ddng phudng vdi phuong cia
truc Oy,
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Trong luc: mg (g 14 gia tée trong trudng).

Luc kéo ctn 10 xo: -py (1 > 0 14 hé s6 ty 1§, dac trung cho tinh chat kim
loai ctia 16 xo, (dau - chi lyc c6 hudng nguge hudng véi hudng chuyén dong
cua vat: Dinh luat Hooke).

[ade can cha mdi trudng - &y (A > 013 hé s8 ty 1é déac trung cho tinh
chat ciia mdi trudng (d4u - chi hudng cha van téc chuyén dong cha vat
(V = y) nguge vdi hudng cua lye can).

Theo dinh luat Newton, ta ¢6 phudng trinh chuyén dong clia vat la:
my” = -y -,y + mg hay

. . s
Yyipy tgly=g (D)vdi p=—>0, q2=i>0.
m m

Phuong trinh dac trumg cQa (1): k2 + pk + ¢* = 0 ¢6 nghiém la:

Y 2 ) ek
12— .

2
Gia st p? < 447 thi cac nghiém nay 12 céc 86 phitc:

ky,=-a %if, a=§>0, ﬁ:%\lﬁ

va nghiém téng quat cia phudng trinh thudn nhat tudng dng cda (1)
la:

Y = e™(c,cospt + c,8inpe).
R& rang §=% 12 mst nghiém riéng cta (1) (thd tryc tiép). Vay
q

nghiém tdng quat cua (1) Ja:

y(&) = e®(c, cosPt + c,sinft) + %
q

Ta thay lim y(¢) = i} , nghia 1a phuong trinh (1) miéu ta mdt dao dong
¢t ro

q

tat dan cla val,
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Bay gi0 xét vat chju tac dung thém mot ngoai lye nida: msint (cong
phuang véi phuong chuyén dong) va lue can ciia méi trugng khong dang ke,
khi dé ta cé6 phudng rrinh

Z" + g%z = sint (2) véi z = y——%, D& dang thdy néu 4% = 1, thi mdt

nghigm riéng clia (2) ¢6 dang: Asint + Beost, n6 biéu thj sy dac dong ctia vat
goi la dao dong diéu hda, néu g2 = 1, thi mét nghiém riéng cua (2) c6 dang:
t N N - . N e A i

- Ecost . Trong truong hgp nay: tan sé cua ngoai lyc tring véi tan s dao
déng khi khéng ¢6 ngoai lyc, bién da cua dao déng tang theo thdi gian, hién
tugng nay goi la hién tugng cong hudng. )

7.2. Phuong trinh e¢ip n

a) Phuong trinh thuin nhit

Liyl=y®+ay™ P+ .. +ay=0 (1), =const,i =1, 2,.., n.

Suy rong cac két qua cia phuong trinh thufn nhat c4p hai déi véi
phuong trinh thuin nhat cap n (1) ta c6: phudng trinh dac trung cla né:

B +a k™ '+ . +a, hta,=0 @

I. N&u k,, ks, ..., &, 12 nghiém thye khac nhau ciia (2) thi nghi¢m tong
quat cua (1) la:

y= clek'x +c2ek2"r + ...+cnek"x .

[1. Néu &y, &y, ..., k, la nghiém khac nhau cua (2) trong dé c6 nhing
nghiém phiic, gia st k, = a +iff 1a mot nghiém phic thi £, =a - if cing la
mot nghiém cua (2), hai nghiém nay ung vdi hai nghiém riéng dde 1ap tuyén

tinh: y; = €™ cos fx, y; = ™. sin fx.

111. Trong s& cac nghiém riéng cua phudng trinh déc trung (2) ¢é nhitng
nghiém boi.
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Néu £, 1a mdt nghiém thye bdl m, thi nghiém nay d@ng vdi m nghiém
riéng doce lap tuyén tinh caa (1).

kyx

e xefr¥ o 1gkiT

Néu £, = a +if A mot nghiém phic bdi m cua (2) thi k, = a - ip (88
phttc lién hgp cua &,), ciing la mét nghiém phde bdi m cua (2), khi dé 4, &,
iing vdi 2m nghiém riéng doc lap tuyén tinh cha (1).

e™ cos fx, x ™ cos fx,..,x" ! ™ cos fx.
e™ sin fx, x e™ sin fx,..., ™1 e™ sin fx.
Thi du:
1) Giai phudng trinh: y”" - 2y" + 4y - 8=0.

Ta ¢6 phuong trinh dac trumg k* - 2% + 4k — 8 = 0. Giai ta c6 &, = 2,
k= 2i, b, = - 2i. Vay nghiém tdng quat clia phuong trinh da cho:

y =7 +¢,c082x + ¢, 5in2x.
2) Giai phudng trinh: y” — 5y” + 8y’ - 4y = 0.
Tacé R 5k +8k -4=0,k, =1, ky =k, =2.
Vay nghiém téng quat cia phuong trinh a:
y=ce* ¥+ eP(c, + cyx).
3) Giai phudng trinh: y¥ + 4y" + 8y”" + 8y’ + 4y = 0.

Phuong trinh dac trung: k* +4k° +8k+8k+4=0 6 nghiém
ki=k,=-1+1i k;=k,=-1—-1 g v6i hé nghiém co ban cua phudng trinu
da cho

¥y, = e COBX, ¥, = xe “Co8x, ¥, = e”*sinx, y, = xe *sinx.
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va nghiém (dng quat ca phuong trinh da cho 1a:
y - ¢ liey + 0 cosx + (cy +¢x) sinxl,
b) Phuoug trinh khéng thuin nhat
Lhl=y"+apy" "+..+0ay=f(x) (1)a,=const, (i=1,2,.., )

Trong trudng hyp chung ta ¢é6 thé dung phudng phap bién thién hang
$6 clia Lagrange dé giai (1) vi theo a) ta da bi&t duge hé nghiém cd ban cia

phudng trinh thuan nhat tudng tng Liyl = 0.

Trong trudng hygp fx) cé6 dang dac biét I, II cha phuong trinh cap hai

¢ 7.1 thi cach tim nghiém riégng ¥ cha (2) hoan todn tudng ty nhu da 1im 4
7.1 ¥

Thi du:
1) Giai phudng trinh: y® — y = 4¢* (1).

Phuong trinh dac trung &* - 1 =0 hay (k2 + 1) (%*- 1) =0. Do do
ky=1,k,=-1,k, =i, k, = -1 va nghiém tong quat ctia phuong trinh 1huan
nhat tuong ing la:

Y =ce* +ee + cycosx + o sinx

3 day fix) = 4e*, P, = 4, @ = 1 12 nghidm ctia phuong irinh d&c mmg. vay ta
tim nghiém riéng clia phudng tinh (1) dudi dang: y = axe*

Pao ham thay vao pbhuong trinh (1) vA ddn gian ta ¢6: 4ae* = 4e* hay
a =1 vatac§=xe*. Vay nghiém tdng quat cia phuong trinh (1) la:
y =xe* + et t ey Y e c08x + ¢, 8inx.
2) Giai phudng trinh: ¥y O+ 2y” +y=cosx )

Phuong trinh dac trumg: &* + 2R7 + 1 =0 hay (k*+ 1)’ =0va k,=k,=1,

ks =k, = -1 ing vih hé nghiém cd ban: cosx , x cosx, sinx, xsinx,
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& day fix) = cosx, P, = 1.« - 1 =02 la nghiém kép cila phudng
trinh dac tming. Do d6 nghiém ridqupg v cta (1) ¢d dang:

¥ = 2 (acosy + bsinx).

Pao ham thay vao (1) ta s¢ xac djnh duge a, b: a= —%‘ 5 = 0. Vay
2
— X . [N & 7 « s
y=- 5 cosx vA nghiém tong quat caa (1) 1a;
2
X .
y=- 3 cosx + (¢, + ¢, x)cosx + (¢, + ¢x) sinx.

*7.3, Phudng trinh dua vé phuong trinh véi hé s& hang s&

Phuong trinh Euler: Phuong trinh Euler la phuong trinh co
dang:(ax + b)"y'"’ + afax + b)" 'y " "V + . +a, (ax+b)y tay=f(x)
(I)voiag, b,a,(i=1,2,..,n)la nhung héng 86. Péi vdi mién ax + b >

0, dung phép thé' bién: ax + b = &' thi

b ' 1 : 1
x:let_—‘ X, :——ei‘ Y =—.-=i=a.e_t
a a a x, €
' o dy t dy
= ’tz = agae =@ —
Yx Yt dr dt
. e dy L dly cdy. 9 2, d°y _dy
=(ae”t =)t =(ae —5-ae ' H)ae =a‘eH(—=2 -
Yt Al dt dt*  dt

Tudng ty:

)‘"‘3 =a3e'm(——d3y - 3d2y + gdl
* dt®  d? dt’

Thay vace phudng trinh Euler (1). ta thay phudng trinh nay bién thanh
phudng trinh khéng thudn nhat cap » vdi hé s6 hing s8, da biét cach giai.

Trong miénax +b <O thita dat ax+b=-¢
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Thi du: Giai phudng trinh Buler:
x+ 12y -2+ 1)y +2y=0 (x+ 1)>0)

Datx+1=e'(x>-1),tacd y':e‘%,

"

2
e-Zi(d y_d_y
dtz dt

Thay vao phudng trinh:

2
euc'h(ﬂ - ﬂ)—Qet.e_‘ dy +2y=0
di?  dt dt
d’y _,dy
hay 2y 3% ,9y=0
’ ar a7

Nghiém tdng quat cla phuong trinh nay 1a: y = ce* + c,e? trd la
t=In{x+1). Tacd

y=cx+ 1) +tex+ )%

Dac bigt néu phudng trinh Buler (1) ¢6 dang:
Sy P eax Yy Vr a2y ta,y=0 2)
Ta o6 thé giai tryc tiép, bang cach rim nghiém cda (2) dudi dang: y =
vdi x> 0, k € R. Dao ham, thay vao (2), ta dugc mét phuong trinh dé dinh &,
goi 12 phudng trinh déc trung cua (2).
ke -1..h-n+t D +hkk-1D..tk-n+2)+  +ha, +a,=0 @
Day 15 mot phuong trinh dai s6 bac 7 véi 4n s6 &, néu k 13 mdt nghiém
thye, bdi m clia (3) thi né ng vdi m nghidm doc 1ap tuyén tinh caa (2):
x¥, ¥ Inx, 2* (Inx)?, ..., x¥*(Inx)™ ",
néu k = a + if la moét cip nghiém phic 1ién hgp bdi m cla (3) thi cip nay

‘mg vdi 2m nghiém déc 1ap tuyén tinh cta (2):
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2" ecos(Blux), x? lnxcos(Plnx),..., x*(Inx)™ 'cos(f31nx)
A sin(fflnx), x% Inxsin(Blnx),..., x*(lnx)™ 'sin(pfInx)
Thi du:
(hal phugng trinh: %" - 3xy’ + 4y = 0.

bat y = «*, dao ham thay vao phudng trinh ta duge: k2 4k + 4 = 0 va
k, =k, = 2. Vay theo trén, nghiém téng quat cta phuong trinh da cho la:
y =X + e’ Inx.

§8. HE PHUONG TRINH VI PHAN

8.1. Pinh nghia - Bai toan Cauchy

a) Bai toAn md ddu: Ta da xét cdc bai toan dua dén viée gidi mat
phudng trinh vi phan vd nhing diéu kién nao dé, trong thuyc t& cling ¢o
nhiéu bai toan dua dén viéc gial mdt hé phuang trinh vi phan vdi nhing
diéu kién nao d6. Chang han, xét mot chat diém M cé khoi lugng m chuvén
dong trong khéng gian, dudi tac dung cha lyc F ma hinh chidu cta né trén
cAc truc toa do: P, @, R 1a phy thude thdi gian ¢, phy thude cac toa d0 x, y, z

. . . . IR .. dx d dz .
cua M va van (8¢ cua M tai t hay cac hinh chiéu =z d—}t, s cua vecteur

van tdc trén cac truc toa dd, nghia la:

dx dy dz
P=fit,x,y,2, —, —, —
fib vz 20 S0 @)
dx dy dz

= t! y 1] )_) T, -
R=fhtxyz o0 0 @)
de dy dz
R=f,(t,x,y,2, — —, —
fot. 5.y, 2 dt’ dt dt>

Gia sit phai 1im guy it chuyén dong cia M, nghia 15 phai tim sy phy
thudc clia cAc toa dd x, y, z cia M theo thdi gian ¢
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Theo dinh mat Newton 14 ¢6: F =my hay

2 2 2
d d

1—d;=P> m——g=Q§ m-—§=R
dt dt Y

nghia la phai giai hé phuohy tinh vi phan:

ﬁ— _]_. ' (t x z d_l ﬂ. .d_z)
dt> om0 AR dt' dt dt
dy 1 . dx dy dz
s - ts vy ey Ty T “‘—)
g o PGV
dz 1 de dy dz
5 = — tv y Iy €y T T T
ar? g DRy G )

dé tim cac himx = x(t). y = y(6), z=2(1).

b) Dinh nghia

Hé¢ phuong trinh vi phan la mét tap hop cdec phuong trinh lién
hé gitza bién déc lap, mot 86 ham s6 phdi tim va dao ham cua ching;
cdp etia hé phuong trinl. vi phén la cép cao nhat ciia dao ham trong

hé. Hé phuong trinh vi phén cap mét dang chinh tdc la hé c6 dang:

d
el R S Y13 Y2urwverrs ¥ )
ddx
AD
—d;z—-— [ol% Yy, ¥gureenas ¥y ) (1)
gy
— = (X Y}y Yooy Y )
dx
trong dé x 1a bién déc 16p yy, Yyenn Yo 16 cdc dn ham. Cho mot hé

phuong (vinh vi phan cap », 1a udn luon ¢o thé dua thém cac An ham phy
va cAc phuong trinh khac df dua hé v8 hé phuong trinh vi phan ¢Ap mot.
Chang han. phueng tvinh ¢&)n: flx, y, ¥, ¥ = 0 12 tuong duong vdi hé:

d.\'l i ({v\'z _ dyn-l _
de 2 Ty TR gy



dy,
f<“l*ylsy2! sy Vs L_" :0
dx

P L . U PR | . oy
v8i y = y, va néu phuong trinh cud giai ra duge déi vai ;" thi ta c6 hé
x

chinh tac (1).

Vi Iy do trén, khong kém phin téng quat, ta chi nghién ¢iu hé chinh
tac (1).

Tép hop cdc ham y, = y,(x), y5 = y3(x)s..ry Yo = yp(x) g0i la nghiém
cia hé (1) néu thay ching vao hé ta duge cdc dong nhat thie. Mébi
nghiém cua hé (1) tuong itng mét duong cong trong khong gian n + 1
chiéu (R"'') goi la mét duong cong tich phén cia hé.

Bai todn tim nghiém cta hé (1) théa man céc diéu kién:

gy, = Y100 Y2l o = Y20rnInl,_, = Yno (2)

goi la bai todn Cauchy ciia hé d6, cdc diéu kién (2) goi la diéu kién
ban ddu, so kién hay diéu kién Cauchy.

¢) Pinh ly tdn tai duy nhAat

Néu cdc ham f,, [y, I, (cdc vé phdi cia hé (1)) la lién tuc cung
cdc dgo ham riéng ctia chung, déi vdi cdc d6i 86’ yy, Yooy ¥, trong lan
can.X cua diém (xg YipVsw ~» Yu € R"™ thi ton tai duy nhat mot

nghiém cia hé (1) trong lan cén ciia x, thda man diéu kién ban dau
2).

Nghiém cua bai todn Cauchy cua hé (1) goi la nghiém riéng cua
hé do.

Nghiém téng qudt cia hé (1) trong mét mién nao dé la tap hop n
ham lién tuc, kha vi trong mién dé va phu thudc n hdngsé'tuyy c,
Cgaainy Cpf

¥1 = ¥(x €, ey €,)
Yr =¥:3(% ¢p cpeeny €,)

Y2 ¢y €y €)
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théa méan cdc diéu kién:
1) La nghiém cud hé (1) Vey, ¢a ooy €

2) Cho diéu kién (2) thi xdc dinh duwoc c,, ¢y, .., c, duy nhdt.
Nghiém ctia hé (1) khéng théa man diéu kién cta dinh Iy tén tai duy
nhdt thi goi la nghiém bdt thuong ciia hé. Néu tir hé:

P 1% Ypo Vpores Yoo €1r € ey €,) = 0 4)

ta xdc dinh dugc nghiém téng qudt (8) cia hé (1) thi hé (4) goi la tich
phén téng quat cia hé dé va méi ¢ , (i = 1, 2,.., n) goi la mét tich

phén déu cia hé. 11¢ ¢6 dang:

dI]_ d.l'2 _ dx"

Xl(xl‘xz,wxn) XQ(I]_,IZVWI"') Xn(xl,xz,.u,xn)

goi 13 hé d61 ximg, hé nay tudng dudng véi hé chinh tic
dyy X, dxy Xy dx,, X,
dx, X, dx, X, dx, X

n n n

va nguge lai hé chinh tic (1) ¢6 thé dua v8 hé dbi xing

di_dyZ_ =dyn=d_x

fi f2  Fa 1
8.2, Giai hé phuong trinh vi phin

a) Phuong phap khi: Xét hé chinh tic (1). Dao ham theo x, phudng
trinh dau cha hé (1)

—diyl :%4.%&4. +5f" dy"

dx? & Oy dx &y, dx
thay fbléh bdi che biu thie f,, fo..., f, 0 hé (1) ta duge:
dx dx ’
dﬁ)’l
=F Xy Yiseos n)
i 2 (X, Yy



Lai 1ay dao ham phugng trinh nay va lam nhu trén ta duge phuong

trinh :
day

dJ_; =Fy(x, 315 5a)

tiép tue qua trinh, cudi cung (a duge phudng trinh:

'_'—an(x) 9‘“1yn)
dx" %
Vay ta cé hé:
dy,
- = F X, Yy n)
dx (2, 3y y
d?
R A CR NN (5)
dx

T n - 1 phidng trinh dau ¢ia hé nay ta giaiy,, ya...., ¥, theo x, y, va

dy, d’y d'y
dx dx® ' dy”

ta duge
_ ! (n-1)
Yo = PoX Y1 Yy N )
Ys = Ol 1 Yy HT) ©
Y = @a(x y Yy W)

Thay (6) vac phudng trinh cudl cang cua (5) ta duge mdt phuong trinh
cAp n d6i véi y,:
d'y

d_],/-[] = (D(xx.ylsy'l- sy(1

n—l)) (7)
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Giat phuang trinh (7) ta duge:

V=@ @ 0,0y (8)

Lay dao ham (8), n - 1 14n ta dugc:

iYI_ d2y| dn l_)']
dx’ de Y dxn—l

14 cAc ham cua x, ¢, ©,,...,c,.. Thay th€ cic ham nay vao (6) ta xac dinh duge

y2,,.“~yn:
Yo = W(I,C‘)CQ’...’CR)

&)

yn = W(xr c‘[)cﬂt---sc" )
Nhu vay (8) va (9) sé cho nghi¢m tdng quat ctia hg (1).

Thi du:

Giai bai toan Cauchy:

| 12 (8)
2 =
y—x
yL-O- 1, ZL_0=1 (b)
Tit 2'= tacs 2'=——) = (y-1) (c)
y-x (y—x

Tx(a)tacé: y -1= - l, va theo trén {y —x) = l. . Thay vao (v) ta
A

dugc: 2” = 2'%. 1 do d6
z

z” ’
<&
, 2=z, z= et

NN

2

Do d6, ti phudng trinh thi hai cia (a):

w
2

-1



y—x:LI hay y=a + e V*
z c,Cy

Vay nghiégm cta hé (a) la:

y=x+ e T

oty (d)

z =cye""

Cho théa man (b) - 1= ——, 1=¢, Do déc, = -1, ¢, = 1 vA nghiém
C1Cy

cua bai toan Cauchy (a), (b) la:
y=x e*f z=¢"

Theo djnh nghia nghiém tdng quat thi (d) 13 nghiém téng quat cua (a).

Chu ¥: Phuong phap khit trén ¢6 thé ap dung cho mdt hé phuong trinh
vi phan c4p n bat ky.

Thi du: Giai bai toan Cauchy:

y'-z=0
{z”—y =0 (@
yL- 0= zl;_o =¥l o=1 Z‘L_u =0 (b)

Dao ham phudng trinh ddu cha (a) hai 1an va thay 2" = y tir phuong
trinh cudi cla (@), ta dudc: y*¥ —y =0 . Nghidm tdng cla phudng trinh nay

la:
y=ce' +ce" 465 c08x+c, 5inx (c)
Vi z =y" (theo phudng trinh ddu ciia (a)), nén
zZ=c 8"+, T — 008 €SNk @

Vay hé (a) ¢6 nghiém duge xac dinh bdi (¢c), (d) cho thoa mén diéu
kién (b).
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l=cy+¢y +cy
l=c,+¢y -¢y
l=¢y-¢y +¢4

O0=cy—¢y —¢4

PO ) ‘a 3
H& nay cé nghidm duy nhét ¢ = T Cy = % ¢ =0, ¢ = —;— Vay ta ¢b
nghiém cia bai todn Cauchy (a), (b):
3 x x 2 I 1 X
y=—e +—e¢e +—8Inx z=—e +—e - —S8INx
4 y 4 4

va nghiém téng quat ctia (a) duge xac dinh bdi (¢), (d).
b) Phuong phéap té hap

N&u tif mot s& phudng trinh cia hé phuong trinh vi phén ta tim duge
mét hay mot s8 tich phan ddu ctia hé va ti d6 ta tim duge tich phan tdng
quat clia hé thi phuong phap nay goi 14 phudng phap 18 hgp tich phan hé
phudng trinh vi phan. Phudng phap nay rat c6 hiéu luc d61 vdi hé d dang déi
Xumng.

Thi du:
Giai hé

d
dx:yzdz,(x;tyaéz;t())
z-y x—-2z2 y-x

ta co:

de dy _ dz dx+dy+dz
Z-y x~-z y-x 0

Dodé:de+dy+dz=0haydx+y+2)=0vax+y+z=u.
134y gig cang tit hé da cho, ta ¢é:

2xdx  2ydy  2zdz _d(x’ +y'+2%)
2¢(z-y) 2y(x-2) 2z2(y-x) 0
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Dodéa’+y +2°=¢, Vayx +ty+z=¢, 2> + ¥y + 2> =¢, la tich phan
téng quat cna hé da cho.

*8.3. Hé phudng trinh vi phin tuyén tinh cdp mét
a) Khai niém cd ban
Hé phuong trinh vi phéan tuyén tinh c6p mét la hé ¢ dang:

y1=a(0)y; +aza(x)yp + ...+ 85, (D, + f1(x)

y'2 = agy(x)y; +agg(x)ys +...+ag, (x)y, + fo(x)

R LI LI L R T P R T rYYY

Yn = An1(£)y) + B (X)¥g + i+ G ()3 + f ()
trong do vy ¥Yp--- ¥, la cdc én ham.
a;(x), (4,j=1,2,.,n),fi(x), (i=1,2,.,n
la cdc ham 86 clia x xdc dinh trong mién X.

a;(x) goi la cdc hé s6 cia hé phuong trinh dgc biét a,= const thi hé
phuong trinh goi la hé phuong trinh tuyén tinh cdp mét véi hé sé
héng s6, néu f(x) =0 (i = 1, 2,..., n) Vx ¢ X thi hé phuong trinh goi la
hé thuan nhat , ngugc lai néu f(x) = 0 thi hé goi la hé khiong thuéan
nhat.

Bay gidg xét A [A ma tran cAc hé s& clia hé phudng trinh.

an 4 ... 4,

A= Qa1 Qg ... gy,
a, 8, .. @

hh

va cAc ma tran cot:

»(x) y'l(x) fi(x)
Y(x) = Yo(x) Y(x) = yo(x) F(x) = fo(x)

Ya(x) ya(x) fu(x)
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Theo dinh nghia tich cuia hai ma tran thi;

Ty Gy e Oy ) apnyirapys t...+a,¥,

Qo) Q9 o @y, [ Yo | | GvYitanyy t..tagy,
AY = =

Ay By - Apun \Yn a, ¥y, +t&,9Ya +“'+aunyn

Véy hé phuong trinh vi phéan tuyén tinh cap moét khéng thudn
nhdt viét dugc dudi dang ma trin:

Y=AY+F )
va hé thudn nhét tuong iing c6 dang: Y = AY (1)

Gid siz cdc ham (hé 86 cua hé phuong trinh) ay(x) (L j=1,2, ...,
n), fi(x) (i =1,2,..., n) lién tuc trong mién X, thi theo dinh ly téon tai
duy nhét hé (1) hay (I') ¢6 nghiém duy nhat: Y = Y(x) xdc dinh trong

- < - Y » 2
mién X va théa man diéu kién ban dau:

= Yo (2)

.
Y, 14 vecteur ot cb cac toa A0y, o, Yop-.- ¥ao VOi X e X VA VY.

R6 rang moi nghiém cua hé (1) hay (I’) déu 12 nghiém riéng vi cac hé
dé khéng ¢6 nghiém bat thuong. 1Hé thuén nhat (1) Judn ludn ¢6 nghiém Y =
0 théa min diéu kién ban dan

=0

|x=xo
Tudng ty nhu trudng hgp phuong trinh tuyén tinh cap » ta cé:
Pinh Iy 1:

Néu cdc veeteur Y(x), i = 1, 2,..., n la cdc nghiém cua hé thuén
nhat (') thi

Y=e,Y,+ Y, ¢+ +¢,Y,. Ve, ep., ¢, €R

cung la nghiém cua hé do.
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Pinh nghia:

Hé vecteur nghiém Y,, Yy..., Y, déc lap tuyén tinh ctia (I’) goi la
mét nghiém co ban ctia né.

Dinh ly 2:

Diéu kién cdn va du d& hé vecteur Yy, Y,..., Y, la mét hé nghiém
co ban cta hé thuan nhét (I') la dinh thizc Wronski:
yri(x) yip(e) .. yi.(x)

3’21(x) y22(x) ygn(x)

Wi(x) = 20 Vxe X

s ar sos ane

yn](x) .’)'ng (I) aes ynn(x)
trong do yu(x) , Y5,y Yol x) 1 toa db ctia vecteur nghiém Y, (i= 1,2, ..., n).
Pinh ly 3:

NéuY; (i=1,28, .., n) la mét hé nghiém co bén cia hé thudn
nhdt (D) thi:

Y=,V vt Yy 44, Y, Ve .., 0, € R
la nghiém téng qudt cua hé do.
Dinh ly 4:

Nghiém téng quadt ctia hé khéng thudn nhdt (1) la:

Y=SeY+Y.
1)

trong d6 Y, (i = 1, 2, 8,..., n) Ia mét hé nghiém co bdn cia hé thuén
nhét tuong vng (I’) va Y 1a mét nghiém riéng ctia hé khéng thudn
nhaét (1).

b) Phuong phap bién thién hing sé cua Lagrange

D61 véi hé khong thudn nh&t (1) ta ciing ¢6 phuong phap bién thién
hang sd cia Lagrange dé tim nghiém tong quat cia hé d6 ndu bist mot hé
nghiém cd ban clia hé thuin nhat tudng ing (1°).
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Cu thé: nghiém téng qudt cia hé (1) cé dang:
Y=ux)Y, + uy(0)Y, ¢ ... + u,(0)Y,.
trongdo Y, (i=1, 2, ..., n) la mét hé nghiém co ban cia hé thuan nhat

tuong ung (I') va uix) (i = 1,2, ..., n) duge xdac dinh tit hé

wi(D)yip, = fo(x), (k=1,2,..,n) 6))
1

n
i
vadiy, (i=1,2, ..., n) la toa dS cua vecteur Y,

Thi du:

Tim nghi¢m tdng quat cdia hé:

dy -
— =y -2z +9¢ *
dx Y
d—z=3y+4z+e"r
dx

gai hé thudn nhat 1uong Ung bang phusng phap khiit 1a ¢é:

y = cre* +2¢qe%*

_ X 2x
z = —¢ge* —Beye

Vay ta {im nghiém tdng quat cia hé khéng thuan nha't dudi dang:

y=up(x)e* +2uy (x)eh

z = —uy(x)e* - Buy(x)e®™

.

Theo hé (8) u,(x), u,(x) dugec xac djnh ti hé:

X

{1[l (x)e* + 2u,'2(x)e2’ =27

- ul) (x)e* — Bulg(x)e?" =c

GiAi hé nay ta duge:

uy =8 2* uy=-3e ¥
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do dé: u(x) = -d4e * +e,.
uy(x) =e ™ +c,.
Vay nghi¢m téng quat cua hé da cho 1a:
y = cre” + 2y -2
z=—ce* —3cze®* +e*
c) Hé thuin nhit vdi hé s8 hing s8. Phuong phap Euler
Xéthe: Y =AY (1) vdiA=lagl,q;=const, 4, j=1,2, ..., n.

Tudng ty nhu khi giai phudng trinh tuyén tinh thuan nhat cap caq, ta
sé tim nghiém cta hé (1) dudi dang cAc ham mi: y; = h,e"" G =12 ..,n),
khi dé:

hl e > h]_ h]

Ax
Y(I) _ h2e - e?.r h‘Z Y.(I) - «Aeh: h?

h, e hy, b,
ky hiéu H la vecteur c6 cac toa dd hy, h,,...., h, va thay Y(x), Y'(x) vao (1) ta
¢6 phuong trinh:

Ae“H=)e"H.
chia hai v& cho s8 v hudng e* = 0, ta duge phudng trinh ma tran:

AH =)H.
hay

(A-+B)H=0 (2)
trong d6 E 12 ma tran don vj (cdp n).

Dé tim nghidm khac khéng ciia (1), ta phai tim cac vecteur H=# 0,
tir phuong trinh (2).
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Ta biat trong dai s6, s6 & goi 12 trj riéng cGa ma tran A va vecteur H
goi 12 vecteur riéng ung véi trj riéng i, 2H 12 mot vecteur dong phuong véi
H, cing 12 mdt vecteur riéng.

Ta cing biét didu kién cén va du dé phuong trinh (2) ¢6 nghiém H = 0

la:
det(d - AE) =0 (3
hay viét dudi dang toa do:
ay—A Gy .y,
: I S - -0 )
a4, Q. e Gy, — A

Phuaong trinh (3) hay (8) goi la phuong trinh ddc trung cia hé
(1) va nghiém A ciia né cing goi la 86 ddc trung, vecteur H ting vdi A
ciing goi la vecteur ddc trung cua hé dé. Phuong trinh (3) hay (3°) la
mét phuong trinh dai 86 bdc n déi voi A, theo dai 86 né ¢6 n nghiém
thue hodc phite ké ca 86 hii.

1) Néu céc 86 déc trung A, Ay..., A, déu thye va khdc nhau thi
tuong ing voi 86 1. (j = 1, 2,.., n), tit hé (2) ta sé tim dude bé n s6.

hw h” vem sy h’V G= 1,2, ey n)

va ta co vecteur rieng H; (j=1,2, ..., n) cotoa dp la bé n 86 do.

Véy hé (1) ¢6 n nghiém riéng Zng véi sé A; la:

Ax A x A
y,=he vy, =hy ey, =he ¥ 4)

G=12,.., n)va ta duoc nghiém téng qudt cua hé (1) la:

Y1 =¢€1y11t€ayiet -+ Cn¥yn
Y2 =cpygytegyga t.atepgyo,

Yn =€1¥n1 t€2Yn2 Tt Cp¥nn

Ve, Cpeeny €, € R, vi r6 rang hé (4) la mét hé nghiém co ban cua
hé (D).
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Thi du:

Giai h¢:

Il
Y

»

—4x-y-4z (a)

L < =
I

N
1]

|
<

x,y,z 13 ham cua &

Phuodng trinh (2) ¢6 dang:

—Lh, + h, =0
—dhh, —(1+Mhy. —4hy =0 ®)
_h2 —;‘Jla =0

Phuong trinh dac trung cGa hé la:

- 0 1
-4 -(1+X) -4 =@ -0+ 1H=0
0] -1 -

Ta ¢6 3 nghiém cua phuong trinh dic trung déu thye va khae nhau:
= -1 kg =200 = 2. Vdi &, = 1 hé (3) ¢6 dang:

Ay +hy =0

“hyy + Ry =0

Giai hé nay, chang han 1av &, = 1, hy = -1, ky = -1, ta ¢6 nghiém
riéng thi nhat img vdi

ME-Lig=ehy =-e'z =-e’tudng ty vdi &, = - 2, ta ¢6 nghiém
riéng thi hai:

X, =ey,=-4e? 2z, = 2
vdi &y = 2, ta ¢6 nghiém riéng thit ba:
o= ey, = - e 2, = 2e™
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Vay nghiém tdng quat cia hé (a) 1a:
x=ce'tece +ee
y=-cie'- dee™ — dce™
z2=—re' 2.+ 2,0

2) Néu A; la mét nghiém phic don cia phuong trinh ddc trung
() thi tuong ty nhu khi gidi phuong trinh vi phén tuyén tinh thuin
nhét cép cao vdi hé 6 hing 86, ding céc cong thitc Euler ta sé duoc
cdc nghiém thuc cia ké (1) béng cdach té hop cdc nghiém phuc lién
hap cta hé do.

Thi du:

1) Giai hé:

dy, _

dr ays

d

dij =—ay, +by, ()
dy,

—3 =%

dx Yo

a, b = const. Ta ¢6 hé phudng trinh dé xac dinh cac vecteur dac trung caa hé
(a) la:

— %k, +ah, =0
—ahy - khy +bhy =0 (b)
- bhy — My =0

va phuong trinh dic trung cua hé 1a:

-4 a 0
—a =% b|=-w2+wh=0 (Woiuwl=a?+b)
0 -5 =%

ta thay phuong trinh dac trimg ¢é 3 nghiém:, = 0, ., = iw, x; = -1w, Vi
74, =0, hé (b) ¢6 dang:



ah2 =0
—ah, +bhy =0 hay
~bh, =0

b _hy
b

0 a

1.ay h, = b, h, =0, hy = a, ta ¢5 nghiém riéng thi nhat cua hé (a):
Yu=byy =a,yu=a, k =iw, hé (b) c6 dang:
-iwh, +ah, =0

-ah, - iwhy, + bh,; =0

-bhy, —iwh, =0

hay
by By _ ks
a w -b

Lay h, =a, h, =iw, h,=-b. Ta c6 nghiém riéng thi hai ciia hé (a) la:
Y1 =A™, yg = iwe™?, yg, = - be™*
vdi 7.4 = -fw, tuong ty ta c¢6 nghiém riéng tha 3 cua hé (a) la:
Vi3 = ae™, ya, = ~lwe X, Yy, = - be™*

Té hgp cac nghiém phie trén cia hé ta cé nghiém téng quat (thie) cia
hé (a) la:

Y1 =¢b + cacoswx + cya sinwx.

¥y = - G SINWx + ¢4 COSWX..

Y3 =c@a -cb coswx +cuw sinwe.
2) Giai hé:

—=2y-2z, —=—=y+22 a)
y-zo o= (

Phuong {rinh dic trumg cia hé la:

2-% -1
1 2 -4

’:0 hay 22 - 4L +35=0
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Phudng trinh nay ¢6 2 nghiém phic lién hgp 3, = 2 + 4, X, = 2 - ¢,
%, =2+ i ung v8i nghiém phdc cua hé (a)

— (2 vi)x — (24 1x
y=h.e . z=h,e

trong d6 h,, h, 13 nghiém chia phudgng trinh: <th, A, = 0 (theo (2)). LAy
hi=1 h,=-1, tacoH:

y = e % = (cosx + isinx).
2x

2= -ie"* VX = ¢ (ginx - icosy).

Tach phan thic va phan do clia nghiém nay ta duge mét hé nghiém co
ban ciia hé (a) la: '

y, = e cosx, 2, = e™ 5inx.

y, = e?*sinx, z, = - e™ cosx.
Vay nghidm tong quat clia hé (a) 1a:

y = e™ (c,co8x + ¢,81nx).

2 = ™ {c,8Inx - €,C08X),

3) Néu A; la mét nghiém boi m cda phuong trinh déc trung thi
iZng vGi né ¢c6 mot nghiém riéng y, = 0 cua hé (1). Biét mét nghiém
riéng (= 0) ciia hé (1) ta cé thé dung phuong phép sau déy dé gidi hé
dé (tuong tu nhu doi véi phuong trinh tuyén tinh).

Ta ¢6 thé chimg minh:

Néu Yy(x) # 0 la mét nghiém caa hé (1) thi nghiém téng quat

cua hé co dang: -
Y=uY +Z 2)

Trong dé6 u = u(x) la mét ham vé hudng, Z(x) la mét ham

vecteur, chung la nghiém cua hé:
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w={(N, Az) / (N, Y)) @
2+ Yu=AZ (4)
véi N la mét vecteur ¢8 dinh:
N, Z2)=0 (6)

Trong thye t& thudng chon N 13 mét vecteur cia cd 8§ khong gian céc

nghiém cuad hé (1) dé c6 diéu kién (V, Y, ) = 0.
Thuyc vay, dao ham (2), thay vao (1), ta cé:
Z+uY =AZ 4

Tit (5) ta thay didm cudi elia vecteur Z vé nén mdl mat phang vudng

gbéc vBi vecteur N trong khéng gian n chiéu caa cac vecteur Y.2Z (1 193
do d6 (N, Z2) = 0 va tU (4) suy ra:
v=WN,Y)=WN,6AZ)

(nhan vé hudng hai vé clia (4) vai N)

(N,AZ)

Vaytacd u'= ) N
% (NY) ¢ N
Theo phuong phap nay, mudn b
nghiém (2) ctia hé (1), ta phai giai hé (3),
(1) d8 tim u, Z: thay ' bdi (3) vao (4) ta ¢b
hé:
AR _—_YI(N‘ AZ) =AZ (6) I:!‘mh 193
(N.Y})

118 nay voi didu kién (3 13 hé ¢6 n - 1 4n ham, nhu vay ta da dua hé
(1) ¢6 1 Ah ham (cAc toa dd ctia YY) vé hé (B) ¢6 n -1 4n ham.
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Thi du: Giai hé:

d—j =-0x +dy+3z
ay =-8x+Ty+4z
dt

2
22 xty+z
dar

Phuang trinh déc trung cia hé la:

-6-% 5 3
-8 7-x A
-2 1 1-x

K -1)° =0,

()

vay phuong trinh dac irung ¢6 mat nghiém kép 7, = 1 va mdt nghiém dan

75 =0,
Nghiém kép 7., = 1 Gng vdi vecteur riéng:

hy=1,hy=2 hy=1

va ta c6 nghiém riéng tuong ing:

x,=ety, ="z =¢

V3di nghiém don 7., = 0, ta ¢6

hy=1,h,=0,h;=2

va ta ¢ nghiém:

1=1,y,=0.2,=2

Bay gid ta xét nghiém kép, dé tién hanh phuong phéap trén ta chon N
1a vecteur ¢6 thanh phan 0,0,1 va 14y Z 1a vecteur ¢6 thanh phan «, B, O thi

(N, 2) = 0, khi d6 theo (2) ta dat:

x=ue' +a
y=2ue’ +p

r=-ue



Thay (b) vao hé (a) va rat gon ta c6:

o'=-8a +63
3 =I12a +9p (©)
u'=(2a- Bl

Hé gdm hai phudng trinh diu cda (¢) clng cé cée sd dac trung la & = 0
va 2 = 1 nhu hé (a). Giai hé nay ta co:

a =3¢, + 2cye’
B = 4c, +3cge’
Do d6 phusng trinh cudi cta hé (c) viét duge:
= (2, tc,eet =2t e, vau = -2t oyt to,

Thay a, B va u vita tim duge vao (b), ta cd nghiém téng quat ciia hé (a)

x =c¢y 4 (cyt + 2¢5 tcy)et
¥ = (25t + 2c5 + 3cy)e!
2 =2¢, - (et +cy)e
Cha y:
1) Néu biét hai nghiém riéng Y,, ¥, clia h¢ thuan nbat Y = AY (1) thi
tuong 1y ta giai hé dé6 nhu sauw:
(314 51 khéng 16n tai he thie Y, + uY, = 0 véi u 12 mdt ham da cho cla
x(=20)
Dat: Y=uY +uY,+2 )
v8i 1, u, 12 cAc ham vé hudng chua bid, Z 12 mdt ham vecteur chua biét
cua x.
Thay (2) vao (1) ta cé:
Y, +u,Yy +Z'= AZ @
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Buée Z thoa man hai didu kign:
N,,2)=0,(N,,2)=0 (4)
N,, N, 14 céc vecteur ¢d dinh nao dé. Do dé:
{u'l (NL.Y)) +1uy(Ny.Yy) = (N,.AZ) -
(N Y1) +us(N,.Yo) = (N, AZ)

(5 1a mot h¢ phuong trinh tuyén tinh d8i v8i 1., u,’ biéu thj tuyén tinh qua
Z, thay ching vao (3) va theo difu kign (4), ta ¢6 hé n - 2 4n d8i v8i Z, giai
hé ta c6 2 va cudi cimg ta cé Y.

R3 rang hé (3) ¢6 nghiém duy nhat khi

\(N,.Yl) (N,.Yy)
(N,.Y,)) (N,.Y,)

Néu dynb thae nay bang khong thi tén tai mét ham p(x) sao cho:
Ny, Y, + uY,) =0, N, Y1 + pY,))=0 (6)

N&u Y, + p¥, = 0. (a luon ludn ¢6 thé chon Ny, N, dé diéu (6) khong

thda man.
Thi du:

Giai hé:

%:—6x+5y+3z

dy

——:—8 +7y+4z ]
;T x+T7y+4z (a)
dz

— =-2x+y+

.7 x+y+z

(DA xét § thi dy trén). Ta biél hé nay ¢6 hai nghiém riéng:

e
Yiia =e Yyix,=1
- Ve =
Yy = ze Yo =
z]—__()" 22=2
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ta 18y vecteur N, ¢6 toa dd 1, 0, 0. N, ¢6 toa 49 0, 1, 0. va Z )a vecteur co toa
dé (0, 0, a(x)) thi N, Z) =0, (N, 2) = 0. Do d6 theo (2) ta dat: x = ue' + uy,
y = 2u,é* z = -~u,e' + 2u, + a, thay vao (a) rat gon:

e + uy=3a, ue =20, we' +2, +a'=a
do dé: w =20, uy=a, « =a.
TN phuong trinh thi ba: = c,¢. Tt phuong trinh thd hai: u, = c,e* + c,.

Tit phuong trinh thit nhat: » = 2¢,, hay w =2¢t+¢,. Do d6 nghiém téng
Gquat cia hé (a) 1a:

x=c, + Qe +c, +cy)e

¥y = 22ct +cy)e’

2= 2, + (-2t + e, — cp)e'.

Rs rang nghidm nay tring véi nghiém da biét (véi sy thay d6i hang s6
tuy ¥ thich hgp).

2) Khi biét A, la mét nghiém béi m cdo phuong trinh ddc trung
thi ta cting ¢é thé diung phuong phép sau day dé gidi hé thudn nhat
(1). Ta tim nghiém cua hé (1) dudi dang:

Y= P,(x)e)"x, ¥y = 1:‘2(x)e)'f(,m.,y,l = P,,(x)e)“" .

Trong dé Py(x), Py(x), .., P.(x) la cdc da thirc cua x bdc khéng
qud

m-1.

D& xac dinh cac hé s6 clia cac da thdc trén, ta thay cic nghidm trén
vao hé (1), ta duge nhing ddéng nhat thite, ti dé rit ra mdt hé phudng trinh
dé xéc dinh cac hé s& dé.

Thi du: Giai hé:
—3—': =~4x+2y+5z
Z—‘: =6x—-y-62 (a)

$=—81 +3y+0z
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Ta ¢6 phuong trinh dac trung cua hé:

4= 2 5
6 —1-%» -6[=0 havi® -42+5%L-2=0
-8 3 9

Phudng trinh dac tring ¢6 cac nghiém », = 2, », = ); = 1, véi nghiém
X, =2, ta ¢6 nghiém riéng ctia hé (a) la:
x, =e® y, =-2* z, = 2" (b)

(hy =1, hy; =-2, hy = 2) v6i nghiém kép &, = k; = |, thea trén ta tim nghiém
riéng clia hé (a) dudi dang:

x= (At + Ay)et y = (Bt + Bye* z = (Ct +C,)e* ()
Thay (¢) vao hé (a) va rit gon ta cé:

At+A +A, =(-4A, + 2B, + 5C)Ht — 4A, + 2B, + 5C,

B\t +B,+B,=(64, - B, - 6C))t+ 64, - B, - 6C,

Cit+C, +C,= (-84, + 3B, + 9C)t 84, + 3B, + 9C,.
Déng nhat cac hé s& cia £ & hai vé& ta duge:

-8A4,+2B,+5C, =0

-6A, -2B,-6C, =0

-8A,+3B, +8C, =0

-0A, + 2B, + 5C, = A,

64, - 2B, - 6C, =B,

- 84, + 3B, +8C, = C,

Dod6A,=C, B, =0,4,=C, +C,, B, = 3C, trong d6 C,, C, i cac hing
s6 tUy ¥. Vay nghiém (¢) c6 dang:

x = (et toyteye y = 3ce 2= (et + el



va cac nghiem riéng ddc 1ap (uyén tinh cia hé (a) dng vé s§ dac tning
b, = kg = 1, ¢6 thé lay la:

x, =(t+ Vet y, = 3e" 2z, = te'

x3=e y;=0,z,=¢ )
Vay theo (h), (d) nghiém téng quat ciia hé (a) la:
x =g +(eyt vy +ey)et

y= —2(:18?( +3cye’

2 =2¢,6" +(cyt +e3)et

*§9. TOAN TU LAPLACE

Trong phan nay ta sé& dua ra mot loai bidn ddi goi 1a bign ddi hay toan
ti Laplace, né cho phép giai phudng trinh vi phan hay hé phuong trinh vi
phan rat higu lye, ngoai vide giai phudng trinh vi phan bién déi Laplace con

¢6 nhiéu tng dung trong cac nganh khoa hoc.
9.1. Pinh nghia

Cho f(t) la mét ham ciia bién thuc t, xdc dinh véi vt € Rva f(t) =
0 vdi Wt < 0. Ta goi bién di hay todn ti Laplace cia ham f(t) la ham:

. x

F(p)= [e Pf(t)dt 1)
Q

vai p la mét bién thye hay phizc. Trong phén nay ta chi gidi han Ap dung
bién dai Laplace vao vide giai phuong trinh tuyén tinh véi h¢ s hang s nén
ta chi xét p € R vap > 0 va gia si f{t) théa man ba digu kién:

1) f(t) la mét ham lién tuc tieng phan khit >0 (Vi{a, b}, a >0, b >
0, 3 mét cdch chia [a, b] thanh mét 86 hizu han phén trén méi phéan
fv) la lién tuc).
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2) IM >0, 8,20, vt > 0: |f(t)| < Me™ s, goi la chi 56 tdng ciia
.

3) f(t) = 0 khi t < 0. Cde diéu kién 1), 2), 3) cia f(t) ddm bdo cho
tich phé'n (1) tén tai.

F(p) goi la dnh cua f(t) va ngugc lai f(t) goi la gée cia F(p) qua
phép bién d6i Laplace (1). Ky hiéu: L|f(t) | = F(p) hay f(t) 2 F(p).

Thi du:
o - —pt e

o L= jerar=—¢| -1
0 Pl P

2 L= It“e'“df:%JZ“E"dFr(a:,U (pt = 2)
D ) '

(Ham I'nmma §3, chuong 10}

1
Dachita=neN.Trh+ 1)=n! LIt"]= ':—ﬂ
p

o e . e(a—P)f - 1

3) LIG‘”}: _[ea’e_p‘dt= je“"p tdt = = (a <p)
0 0 a-pi, p-a

0 Lle "}=—0
p+a

9.2. Biang g8c va anh. Theo cong thie (1) ta ¢6 thé tim anh cia cée
han1 s ¢ap 1a cac ham goc sau day va ta ¢6 bang (trong cac thi dy trén ta da
tim anh i val ham trong bang)

Géc Anh
1 1 L
P
)
20 " —’:T (n e N)
P
3 # HasD o>
p
P 1 Jn
v VP




1

50 et
(p+a)
60 te-nl (%
p+a)
!
70 fhe®t ("ﬁ (neN)
P +a
8’ cos ——
(p"+w)
9P sina® %
(p°+w°)
10° ot (1—) @?2=-1
- p-w .
110 e "cosax (__%
pta)y +w
0 al oz w
12 e™ sinax —(p+a)2+w2
13° flat) %F(%) (@>0)
14° £t - a) e F(p) (@>0)
+ >
150 e"“f(f) F(p a) (a 0)
0 a
16 shat pQ—aQ
0 P
17 chat p2 3
18° ¢ sinaf ( 22.pa2)2
p‘+a
2 2
19° t.cosat PQ _“2 -
(p*+a®)
20° t.shat ( Zpa_
p-—a’)’
2 2
21° t.chat P9 +cz9 :
(p"-a’)




9.3. Cac tinh chit

Tit djnh nghia ta ¢6 thé chimg minh céc tinh chit cia bién doi 1.aplace:
(vai fity = F(p), g(t) = G(p))

1) ¢,f(t) + cse(t) = e, F(p) + c;G(p), ¢}y €5 = const.

2) £(&) = pF(p) - A0).

3) P@t) = p*Fp) - pfl0) - £(0).

4) f®@®) = p°F(p) - p° " f(0) - ....— "~ 1(0)

] friar = 2P
p

6) -tf(t) = F(p)
7 D* fit) = F™p).

g 1O IF@d&

9) f+g = F(p). G(p).
vii frg = j'f(t)g(t —v)dt goi la tich phdn chép ctia fva g.
0 .
10) pF(p)G(p) = [ ‘=g + f(0)gt) = g * f + g(0)f(t) (c6ng thitc
Duhamel).

Ta sé ching minh vai ¢éng thdc trong bang nay (cac coéng thic khac
chung minh tudng ty). Ching han xét 2).

Theo dinh nghia:

o= e M= e H T ep | P @t
4] 0

(tich phan titng phan). Do dé: f() = pF() AO). p> 0 Vi theo gia thiét
i <M



[f) e ¥ | sMe™ P 5 0khit-> + < npdup > s,

t
y Dal o) = [ f(t)dr, thi @0) = 0, ¢'¢) = At). Giad st o) =D(p).
U
theo 2°.
@'(t) = pdp) - (0) = pd(p)

Vay F(p) = pd(p) hay d(p)= (p")

Chia y: Tit 2), 3), 4), 5) ta thay dao ham va tich phan géc chuyén thanh
cac phép tinh dai s6 d8i véi anh tudng ing. Do d6 phép bién déi Lap]ace la
mot eong cy gtai phudng trinh vi phan ¢6 hidu lye.

9.4. Ap dung giai phuong trinh vi phan

Ta sé ap dung phép bién d6i Laplace (phép tinh todn ti) cha yéu dé
giai cac bai todn Cauchy déi vdi phuong trinh va hé phuong trinh vi phan
v8i hé s hang s qua céc thi duy:

1) Giai phuong trinh: " +4y =2 Q)]

Théa méin didu kién:

Yoo =0 ¥, =0 2

Gia slt y(x} = Y(p) theo tinh chat 3° va didu kién (2): y"(x) = p’¥Y(p).
Theo 1° bang: 2 = 3 Do dé6 (1), (2) c6 anh 12 phudng trinh toan tu:
p

p’Y(p) +4Y(p) =

w (N

hay

2 1.1 P

Yp)= —— == -
® op2+4) 2°p (p2+4)

(phén tich s6 hitu ty)
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Bay git 4p dyng cac phep bidn dai nguge, theo 1° va 8° bang: ta sé ¢o
nghiédm cia bai toan Cauchy (1), (2).

y(x)= é - %(‘0521

2) Ghal bai toan Cauchy
y' -y =4sint + Hcos2t (n
W =-1 ¥]o=-2 (2
Gia s y(®) = Y(p) thi theo tinh chat 3° va didu kién (2) ta ¢6:
Y(h=p'Y+p+2

Theo 8% 9° bang -

1sint = 7 Cost = 95p
p°+1 p’+4
Vay ta ¢6 phudng trinh anh cua (1) (2):
PY+p+2-y=—— s 2L
p+1 p’+1
do do6:
4 op p+2
Y 2 t g 2 T
(p"+Wp -1 (pPP-Wp"+4 p -1|
__ 2 2 p p p 2 -2 D

P -1 P+l P o1 pled Pl Pl prel pad
l,ai theo 8%, 9% bang ta c¢6 nghiém cla bai (oan Cauchy (1) (2):

y(¢) = - 2sint — cos2t.
3) Giai bai toan Cauchy
y +y=e¢ (H
Y=t y|,=0 i2)

r-1

RIgY!



Cac diéu kién ban dadu & day khéng phai tai ¢ = 0 do d6 phai bién d4i dé

dua vé trudng hgp trén.
bat: t=1+1,1=11=0
y =y + ) =2(1),y'(¢) =2(1)
y™(6) = 2”( 1) va bai toan (1) (2) duge dua vé bai toan:
(Y +z(ny=et! (1)

Z|1-o =1, zl'w) =0 @)

Gia st Z(p) = z(1), theo tich chat 3 va didu kién (2): Z'(1) = p’Z = p.

Mat khac theo 5% bang: e™' ' = e.e" =

Vay phudng trinh anh cta (1) (2) )a:

pZ-p+Z=_2
p-1
hay
e P e e(p+l) p
Z(p) = : + = -— +
(P (p-DP’+1) PP+ 2p-1 2Ap*+1) (pP+1)
K e p e
Z(p) = +(1--) -
s T A B R BN

Theo 5°, 8%, 9° bang ta ¢6:

e e e .
2iy= —e" +(1-)costT—-—sin 1
2 2 2

Z

trd lai bién ¢, ta ¢6 nghiém cia bai toan Cauchy (1), (2):

t-1

y(t) = eT+(l——E)cos(t—])—%sin(i—l)
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4) Giai bai toan Cauchy vdi diéu kién ban dau triét tidu:
YW +ay® P+ tay=f) 1

_ | _ (n-1) _ ¢
Ao =0 Yo =0¥""| =0 (2)

a;=const(i=1,2,...,n)
Ta sé chiing minh néu bidt mdt nghiém y,(f) ciia bai to4n:
y(“)+a.y(“'”+...+any=l (1')

vd diéu kién (2) thi nghiém cta bai toan (1) (2) 1A:
T ) .
y@&) =[f(t-vyy (1de 3
)

Thuyc vay, anh ciia bai toan (1) (2) )a:

P "+ap*t+.. +ta)Yip)= 1 4)
p

Y.(p) = y,(t) va anh cla bai toan (1) (2) la:
@ +ap'+..+a)Y(p) =Fp) ®)

voi Y(p) = y(&) , F(p) = f¢).

1 F(p) R
————=—=— hay Yp) = pY,(p).F(p). Theo cdn
2% Yp) ay Yip) = pY,(p).F(p o cdng

thie Duhamel. (tinh ch&t 10%:

T (4) (B) suy ra:

Y(p) 2y, (0fi) + y, ()% f .

Theo (2): ,(0) = 0 nén Y(p) = y',(t)* f . Theo dinh nghia tich chap ta ¢6
nghiém cha bai tean (1) (2):

[

¢
y) = [ ft-y(ndi = [f(t-Dy @t -1dr  (6)
0 0

a3
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Chang han mai bai toan Cauchy:

“ 1 , .
YoyE g A =0 Ym0

P)Au tién ta tim nghidm y, cla bai toan Cauchy:
y-y=1
ylx 0:0‘ y"x:():O

Ta co: pY, - Y, = L

)

1 __»
p(p*-1) p'-1

) _1 vay,(H) =cht -1
p

Vay theo cdng thitc (6), ta ¢6 nghiém cia bai toan da cho la;

t 1 ( 4 teli_c—t'td
tYy= shit—tdr=| ———dr
A gnet g 20 +¢%)

e'dr e’ ld(e’+1)
1+e¥ 24 e T+1

_ T, -
e 1+e etftede

—

l —_—
2 2 2Qe(+].

-t [ t to¢ -t
=——e_[n1+e _e_(e‘_]_)+e J‘M

2 2 2 20 €5+1

e! 1+ 1 & ¢ et+l
=-%_ LI

5) Giai hé;

'ty —z=2¢
{y Y (O

2'+3y — 2z = 2¢*

yL:o =1z =1 2



Giasuy = Yip),z = Zitp) thi:y = pY 1.2 = pZ 1 vata o hd
phuong trinh Anh ca (1) (2) 1a:

pY -1+Y-2Z - -1
p-1

2
pY -1+3Y-2Z=—"—
p-1

Gidi hé nay ta c6: Y(p):-l—l, Z(p)=—-1—-1a No 6 nghiem cda bai
e -
toan (1) (2) ia:
y) =c' z(t) = ¢

Chu y: (6 thé ding toan tit Laplace dé giar mdt s§ phudng tr¥inh vi
phan tuyén tinh vdi hé s§ bién thién, mot s6 phuong trinh vi phan dao ham
riéng, phudng trinh tich phan hoac tinh cac tich phan, .., chang han, tinh
tich phan:

' 1—cos xt
I(x) = E{)Tdf.
Ta ¢b:
L= e (jﬂ]dx
D 0 t
= [J'e P —(:()sxt)d_t\d_:
ONO0 Jt
:le]—(:osztld—::I L_% d_;
‘ t a\p p +t° )t
TIL_LarctgL— z
o p(p*+#*)  p’ p  2p
Do do:
n
I(»ﬂ—;x_

RUHY



BAI TAP

1. Ching td réing cAc ham s& hoac cac hé thde sau day 1 nghiém hay
tich phan cda céc phuong trinh vi phén tuong tng:

el 22

1) y= ;(x+y)dxtxdy=0

2)y=3sinx - 4cosv; y"+y=0
Pl-ay+y’=ch @ Wy =2x-y
Hy=In@y), @y Dy +xy?+yy -2=0
2. Giai céc phudng trinh bién s6 phan ly:
1) tgxsin’ydx + cos’x cotgydy = 0

xy - y=y°

Jy-1y=a(l+2y)

H (1 +eyy =e’ y

x=Q =1

5) y'sinx =ylny, y|_» =1
2

6)y = (8x + 2y + 1)?
7 (2x+3y - Ddx+ (dx+ 6y - 5)dy=0

)y =(yei+y? ~x) L
y

9) (y? + xyPdx + (x* —yxPdy =0
10) (1 + y*)(e™dx — e’dy) — (1 + y)dy = 0

3. Chung minh ring cac phudng trinh sau day khéng ¢6 nghiém bat
thuong:

DY =@ -01+y)
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sin y
2

2) ¥=
Y 1+x

\ 1
Ny =(x+y)-
X

4@y +y -y +yNdx+(x’y -8y *+8dy=0
4.

D Tim mdt dudng cong c6 doan 13&p tuyén gém gitta Li€p diém va tryc
hoanh bang khoang cach tit tiép diém dén gdc toa dob.

2) Theo djnh luat Newton: toc do gidm nhiét clia mét vat ty 18 voi do
chénh 1éch nhiét do ctia vat va khong khi.

Tim quy luat giam nhiét cda vat bist ring sau 20 phit nhigt d3 cla
vat gidm 1 100°C xudéng 60°C va nhiét dd ciia khéng khi 12 20°. Sau bao lau
thi nhigt dp cia vat giam xudng 30°C ?

5. Giai cac phuong trinh ding cAp c&p mot:
1) (x - y)ydx -2y =0

2) ydx + (2 Jxy - ©dy = 0

3) (4x® + 3xy + yHdx + (dy’ + 3xy + x8)dy = 0
4) (- 3y"dx + 2xydy =0, y|_, =1
5)(2x -y +4)dy+(x -2y +5)dx=0
B)(x~y)dx+(2y—x+1)dy=0

7) (& - yH)dx+dy =0
x

8y +y J.rﬁy“ -1)dx +2xydy =0

*6.

1) Tim mét dudng cong ¢6 hinh chiéu cta doan ti€p tuyén gdm giila
tiép diém va tryc hoanh trén truc hoanh (goi 12 ti€p anh) bang trung binh
edng cic toa dd cia tiép diém.



21 TIm dang ctia mol gudng biét rang moi chGm tia t8i song song chiéu

vao guang Lhi cae tia phan chidu déu hoi 1y tai mot didm.
7. (Giai cac phuong trinh tuyén tinh ¢ap mét va phuong trinh Bernoulli:
Yy  ysinx = sinx cosx
Dy tay=e™

DA+L)y  20y=(1+2Y

Dy ey = cos y

5) (1 +yhdx = ({1 +y? siny xy)dy

3 2
By + —y=—— . =0
S .,
Dy -ytgx= |, =0
o8 x

8)2xyy -y +x=0
9 Sady = y(1 +xsimx 3y’ sinv)dx

10) ay’ +y =y’Inx, yll_] =1.

., 2
Iy 9% ="+ Vye, y =0

-0

2

12)y' =

xcosy+asin 2y
8,

1) Tim mot dudng cong biét rang dién tich tam giac gidi han bdi truc

Ox, ti&) tuyén va ban kinh vecteur cia tiép diém bing méat hing sb.

2) Tim cung AM , biét rang hoang dd cta trong tdm cia hinh OPMA
JdH19 1 bang % hoanh do caa didm M.
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3) Tim mdt dudng cong, biét rang

hinh ¢hidu cla doan phap tuyén gdém
gida 1iép didm va truc hoanh (goi la
phap anh) 1ai mdi didm coa dudng bang
trung binh cong céac binh phuong céc toa
do tigp diém.

9. Gial cac phuong trinh vi phan

toan phén hodc cac phudng trinh dua vé
phudng trinh vi phan toan phan:

1) @ +y?+ 20)dx + 2xydy = 0

2)(2x y+UVde+{(2y—x— Ddy=0

D (x+e)dx+e’(1-Hdy=0,y|_, =2

4) xdx +ydy + 22275
X +y

5) xdx + ydy +xd_)l'—ydx=0
\ﬁ+:d:2+y2 P +y?

6) (x+2y)dx+ ydy _
(x+y)2

0, y =0

x=1

7 (x + y)dx — 2xydy =0

8) Ldx +(° —mody =0
y

9) (xy?+ y)dx —xdy =0

Hinh 194

10) (xcosy — ysiny)dy + (xsiny + ycosy)dx =0

10.

1) Tim ho quy dao tryce giao cia cac ho dudng cong:
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a)y = ax’

b)(x-a)+(y- b =R’ a, b=const
¢) r = 2asing

QD EP+y) —d’xy =0

2) Tim ho quy dao goc a = — cua cac ho:

z
4
a) o tat ca cac nita dudng thing qua gdc toa do.
b) Ho dudng xoan 6c¢ logarithme: r = ae®.

*11. Giai cac phudng trinh Clairaut va Lagrange

Dy=xy +y.

Dy =xy'+ ‘/1+y'2

3) le.+—l|2—
Yoy

1 4
D y==x(y+-=)
2 y

Hy=Q+y)x+y”

> 1 1] 1
6) y=-§y(2x+y>

*12. Giai cac phuong trinh cac loai khac nhau:

1) xlnidy—yd:c:O
Yy

Dy +y=xyInx
DNy=xy +y Iny.

3x’

4) ¥=—
)y xg+y+1



-,V
D) VE— 4+ fIg

v
X A

6) Zypd—pz‘s,p) +4y9
dy

Tyy'colge +y = 2, yl 2

x=0 =
3 | 2
gy ¥ -4xyy'+8y° =0

13. Giai cac phudng trinh cap cao ¢é thé ha cip:

1 1 1

) yem— 1
VYT Gy

&

x93
2) y'=e +ZI2
3y x—siny” +2y" =0
) x=e? +y"
5 1+2)y"+y%2+1=0

&) xy'=fl+y?: 3 =0, 5 =1

" 1 L. —1 ! =
Dy +1nx) + ;y =2+Inx, y|¥=1—5. Yo =1

8) 2yy" - 3y? =4y’ y| =1 y|_, =0

9) 2yy" + 9?7 +y* =0

10) yy"= y2+y' \¥2 + 57

1)y = 4y”

*14.

1) Tim cac dudng cong ¢6 ban kinh cong (kKhdc ban kinh) khong déi.

2) Tim cac duong cong ¢6 hinh chifu cia ban kinh cong trén true Oy 1a
khéng déi.



3y Tim quy luat chuyén dong clia mdt vat khdi lugng m roi trong
khong khi, biét TAng sdc can ciia khdng khi ty 1& vai binh phuong tdc do va
13¢ 4% ban dau clia vat bang khong.

158. Lap phuong trinh vi phan tuyén tinh thudn nhit cap hai bidt

nghiém cd ban:
Ny =28y, =2
Dy =2y, =xhnx
Dy =x,y,= \/1—:;

cos x sin x

Dn=—F—, yo=—F
1 J‘; 2 J;
18. Giai cac phudng trinh tuy&n tinh thuén nhat:
1) (sinx — cosx)y” — 2sinx.y’ + (cosx + sinx)y = 0 bisty, = '

2 (1 - xYy” —xy' + %y=0 biét y, = Jl+x

3) (x - 1)y” - (x +1)y’ + 2y = O biét nghiém riéng c6 dang da thuc.

*4) (1 —xD)y” ~ 22y’ + n(n + 1)y = O (phudng trinh Legendre, r € N) biét
nghiém riéng:

n 2 n
P e L diE -]

n = e o (da thie Legendre)

Tim nghiém tdng quéat clia phudng trinh khin=1,n =2

*5) xy" + (1 —x)y + ny =0 (phuong trinh Laguerre, n € N) biét
nghiém riéng:

L. (x)=¢" i(ie—) (da thuce Laguerre)

Tim nghiém tdng quat ctia phuong trinh khi: n = 1



17. Giai cac phuong trinh tuyén tinh khong thudn nhit

D x%y" + xy' —y = x? biét y, = x: nghiém riéng cha phuong trinh thuin

nhat.

2) y” +y = secx bigl ba nghi¢m rieng y, = 1, y, = sinx, y, = cosx cla

phuong trinh thuadn nhat.

2 .. . ; . N
3)y" - 2y = 4x*e* Dbigt mot nghiém y, = e*¥? cua phuong trinh thuan

nha’tA:

~

SO

“ ,_ 2-x
DY Y= —5e
X
) > SinI
5y +y = —
COs™ X

18. Giai cAc phudng trinh tuyén tinh thudn nhat vdi hé s6 hing so:
Dy -6'+8 =0

2y"-2y'=0

Ny -y+y=0

4y" —y=0

5)y™ - 2" + 9y —18y =0

6) y¥ + 105" + 9y = 0

Ny -y=0

8)y“Y+y=0

19. Giai c4c phudng trinh tuyén tinh khong thudn nh&t véi hé s4 hang

Dy' -4y =-12x"+6x - 4

2Dy’ -2y - 3y=-4e*+3
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)y -3y + 2y = 3e* + A’

4) ¥+ 8y” + 12y + By = 3o

5) y* -y =4e

B) y” +y = 6sin2x

Ny +y=cosx+ cos2x

8) y” — 4y = e*[(-4x + 4)cosx — (2x + B)sinx]
9Dy’ -2y + 2y = e*(2cosx - L1 8inay

10) y - y = 4sinx - 8e* + 1

1y +4y=
cos 2x

1
12y +y = —————
sin 2x4/sin 2x

*20. Giai cac phudng trinh Euler va cac phuong trinh dua duge vé
phuong trinh tuyén tinh vdi hé s6 hdng sd:

1) x2°y" +8xy’ + 13y =0

2) x®y" — 3<%y + 6y’ — 6y =0

H@x+ DYy 42+ 1)y +8y=-8c—4

4) 2y + xy' + y = 28in(Inx)

B xty’+28%y +ny=0

6) (1 — x%)y” — xy° + n’y = 0 (phudng trinh Tchebichef)
7) y’sinx cosx —y' + mPytge sin’x =0

8) x’y” + xy' + (x - %)y = 0 (phuong trinh Bessel)



*21 Mbt chat didm M khd) lugng m = 1 chuyén dong theo truc Ox
dwdi tac dung ciia:

a) Lt kéo vé goe O ty 16 khodng chich OM =x

b) Lude can cua méi trudng ty 18 v3i van tdc chuyén dong.

¢) Ngoai luc hudng theo Ox va cb d6 1dn la F(¥) tai thdi diém .

1) Lap phudng trinh chuyén déng cia M.

2) Xét F(t) = 0 va lyc can cia méi trudng bang khéng. Tim chu ky, tin
s0, bign do va pha ban dau ctia dao dong, biét:

dx
=y,

. ax)
=0 dt

=V,.
=0

3) Xét F(¢t) = Msinat, va lyc can clia méi trudng bang khéng.

22 Giai cAc hé phudng trinh vi phén sau (biing phudng phap khi hoac
13 hop)

ﬂ—ZZch2
dx

1)
E_z—x
dx x
f,‘i_y: =y
dx

2

) 1dz_ 2z
dr 9x-2°




5 dx_dy _dz
ooy 1
2
o dx_dy_de
x 0 z

7 dx _ dy _ 4z

2= 2yy'+y
y 2 _ Ty
9 y,=z+e ' ,z‘:z e
z+e" z+e"
2
—d‘g+2y+4z=e‘
10) { &
dz—y—BZ——x
dx? B

*23. Giai cac hé phudng trinh tuyén tinh cAp mét (theo phuong phap

Euler) :

) {”:y” y=0,z=-1khix=0

2'=-2y+4z
£=4x+5y
2) at
dy
Lo 4x-4
a0
9x gy 12y-4z
dt
3) %=—x—3y+z
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dx
— ==y +z
dt Y

4)1d_y=z x:[’y:l. z=l‘khit=0
dt 2 2
dz
— =—x+2z
di
ﬂ=—y+z

5 {%
gz __ -3z
dr y
E:Bx—y—Bz

6) %=—6x+2y+62
%=6x—2y—6z

7 y'=2y-z+2e"

7
2'=3y -2z +4e"
E:x—y+40052t
%=3x—2y+80052t+5sin2t

*24. Giai phudng trinh sau theo phudng phap toan tit Laplace:
Dx"+ 2 +x=t%, x(0)=x(0)=0
2) £” + 4x = 3sint + 10cosdt; x(0) = -2, ¥ (0) =3

3)x" + 2" + x = 2cos?, x(0) = x(0) = 0.
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TRA LOI BAI TAP
2.

bDeotgly =tg’x +e

2)x=i,.y=0
1+y2

X
Hy=-2 4 a

1+aa
J’)
1) 27 =Je(l+e")
NHy=1
0) (Bx + 2y + 1) = 2tg(4x + ¢)

Hx+2 +3n@e+3y-T=c

B r= hay y?= Zcx + ¢?, (chuyén sang toa dé ddc cyic)
1-cos@
9y l+l+ In=¢
x y x

10) 2¢” - e* + 2arctgy +In(l+y’) =c

4.

)y =cx hoge y==
x

zin2
2)T=20+80e 2 , 60 phut.

5.

K1

1) x = ce”

9) JE++ln|yI=c
Y



3@+ yhHix+y)’=c

3
4 =xJ1-—x
)y 1’ "

Bty -1 =clx-y+3)
6) £’ +2v 2uy+ By=c

c+2x° .
N y=—""_ Dt y=
(c-x")x

® N

t1

8) Inx + arctg \I12y4 ~1 =¢, nghiém bdt thudng: y = J_
X

6.

DEx-yt-cy=0

2) paraboloide tron xoay
7.

1)y=ce ™ -cosx+1

1
m+a

y=ce ™+ e™ ., m=-a

y=ce®™(1+x), m=-a
Hy=A+xDc+x
4) siny =ce*+x - 1. Datsiny=u

5) x4l +y* +cosy =c. Giai theo x = x(y)

-1 2
6) = — —
Y IB 12
N y=
cos x

(Dat y=jé
x

)



8) yZ=xIni
x

9) yR(B + cecusl) =x

10) l=cn::+lr‘.ac-¢-1, l=ln::+1
y y

3
2
11)y=[§e‘3—%x3—§] ,¥y=0

12) x? = ce®™™ - 2a(siny + 1)

8.

D ay =cy’ + a?

f::ydx
2)y =cx’. Hoanh 4o trong tam x; =2
[ ydx
0
2% 4+ y?
3y’ =ce*—x* - 2xr -2 (c > 0) (phudng trinh yy = —)

9.

3
1) Jc?+:.y?+x2.—.c

ND2+y —xy+x—y=c
2 x
x z

3H —+ye’ =2
9 Y

4« +yt + 2arctgt =c¢
y

5) \/14ch2 +y’ +arctgl= c
X

& Inx+y) - 2 =0
X+y

e,
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Y
Ninlxl - L=¢
X -

8) llnac+ly2 =c
y 2
2
9) x_ +£ =c
2
10) (xsiny +ycosy - siny Je* =¢

10.

1) a) §+y2 =c
b)y-b=clx-a),x#a.
c) r = 2ccosq.
d) &* +yD* = el - y)
2) a)r=ceo
byr=c
11.

1) y =cx + ¢, khong ¢6 nghigm bat thudng

2) ysex+vl+c? jx?+y'=1

2
3)x=cy+c2,x=—yT

2
Hyz=c+ =, y=+9
[

x=cef-2p+2

5) |
y=c(l+ple® - p?+2
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! 1

! Y
x=—=(cp? -p)
3(p p

6)
1 1 .
y=—(cp’+p’)

6

12.

cy + 1

Dx=ye

2) xy(c—%lrﬂx]=l

3iy=cx +eclne, y =-e®*", nghiém bt thudng
Hal=ce’ —y-2

3) y = xarcsincx

6y p’ + 4y =cy®

Ny =2

4 . . .
By=cx—c), y= Ex:* , nghiém bat thudng

13.

1
1) y=x2 _1+c1x+c2

2) y=e* +L+clx+02

Jr
3)x=sint 2t
3 . t 9. . 1 23
=—8in2t——cos2t+(¢c;, ~2-t)sint +(—-2¢, )t +=¢t>+¢c,.
¥y 3 " (¢, ) (2 DE+ 9

Daty” =t

fHx=e'+t y= (£+§)e u +(£—1 +¢e +£+c|t+c9
2 4 2 6



Dy=-cx +(c';2 £ Dinge, + 1)

x’ -1 -1) 1-x" e+l
(5)y=——- ——In|x| hay =——+— " Inlx
2e? - 1) 4 d A2 +1) 4 |
Ty =éx9
8) y = sec’x

3
%(qy—U2=i%?x+@

10) x=¢ + 22
Y +o

1
11) yzizr—(cl+:r)4 +eyx +Cy

14.
1) Pudng tron

2) €™ = gee(ax +¢y)

; / K
3) s 'z%lnah(f g-—) phudng trinh chuyén déng:
md) K 1~ |)
nm
ar £ | . dt
15.

1) x%y" — dxy’ i 6y =0
Dy —xy+y=0

NA -2y xy+y=0
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Dy —xy + - %)y =0

18,
1)y = ¢,e* + ¢ysinx

2)y=c,dl+x+c2 1-x

By, =2+ 1, y=c(a? + 1) +cpe”

x-1

4) n=1,yl=x‘y=c,x+02[l+£ln }
2 x+1
3 5 1 ; - , -
n=2,y,= —xz—-, y = (3>~ 1) + ¢y 82 + (3x% - 1) in = 1]
2 2 x+!
x
dx
Ny, =-x+1, y=(x—]){c,+cgj072]
x(x-1)

17.

i

Dy=c¢x+ f2,.x
x 3

2)y = ¢, + ¢y8inx +eycosx + In|secx +tgx| + sinx In|cosx| - xcosx

2
Gy gl 4

3 Y= cre™v" +ege

e.!

Hy= * 4+t

BYy = ¢, + ¢,co8x + ¢g8inx + + cosx In{cosx| + sinx(x- tgx)

COS X
18,
1) y =c,e™ + ce”

Ny =c, +ce™

381



e o e

3) y=e?(e, 08— & +¢, Sin — x)
1 9 2 )

- 3 . V3
Dy=ce" + ¢ (¢, cos7x +oy s T—x)

DYy = ¢e” + c,co8dx + epsinsy
6) y = ¢,c08x + ¢ysinx + cc083x + ¢,51in3x

Ny=ce tce”+c,cosx +csine

:2 9

8y= c?x(c1 cos

)
X+ C, SIn T x)

2 2

2 f

SN2y 2 . ¥2
+ e 2 (cyc08—x+C,SIN— x)
3 v 4 2

19

Dy=x'+ax +¢, +ce™

Dy=ec" | +ee*+ce™

. . . 7 . .

3y = e v B3+ 3 tee toe
1 2, 2x 2

N yv=—xe ' +te (e +cyx +cyx”)

3)y = xe* + ce” +c,et + e c08x + ¢, 8ine

6) y = -28in2x+ ¢,cosx + ¢,8inx

- 1 . 1 .

) y=—xsmax+—cos2x +cCo8x + ¢, 8inx
2 3

8) y = e*(xcosx + sinx) + ¢, + e ™

9) y = x’e*cosx + e*(¢c,cosx + ¢,8inx)

10) y = xcosx + 2xe * — 1 + ¢ce* + ce™ + ¢y c08x + o5
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11) y= icost In|coslx| +—;£Sin 2x + ¢,0082x + ¢,8IN2x

12) y = —vysin 2x + ¢,cosx + ¢y8inx
20.

1) y= i?- [c,cos(3Inx) + ¢,8in(3Inx)
x

2Dy =cx + cpx? + o’
Ny=Cx+ 1 In@e+ D) +¢,(2x+ 1) +¢(2x + 1)?
4) y = -Inxcos(Inx) + ¢,cos(Inx) + e;sin(inx)

n . n
5) y = ¢, COB —+ ¢y Sin —
x x

6) y = c,cos(narc cosx) + ¢,sin(n arc cosx)

7) y = ¢,cos(mlncosx) + c,sin(mincosx)
sin x

B) yoc cosx
R S

21.

2

2 a0 b Py,

d
1) Phuong trinh chuyén déng: —
ng chuyén dong e 7

a, b =const, cac hé s§'ty lé
2) x = Asin( Jbit + ()

Vb 1a tén s6 dao déng, T = 2—: 14 chu kY dao déng.

vy

2
b .
A= 1’xf, + %0. ¢ =arctg bz, 12 pha ban ddu.
Vg

3) x= M 5
b-w

sinat + Asin( JZ! t@), o= Jb
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x= M r<:os1/b—.t +Asin(q,/g_t +q:-),a)=\/g
-2
22
1
1) y=—— L z= v, Injx])

A Ay
Xt

e’- e =¢ ,x=2z(, - %z)

3
3)y=c1x?+—-1—, i——:cz—c—':c:‘--isvrm:2
4c; 3 3 4c,
y=x i—zz—x2~c y=-x zg—.tz%- 2-6
"3 2 © 3 2

dy=c +ce¥, z=-c, - Bee?

5) J;—J:::cl, Z-yx =¢y
6) y =cy, i:CQ
x

Nal+y’+22=¢] lx+my+nz=c,
8)y=e* z=¢e" -e’™.

Nze*t+ty=c,ze?+x=¢c,

‘.

1) y=ce™+ c2e"ﬁ + ¢3c08x + ¢, 8inx + " — 2x
o B c ¢ . 1
z=-ce"l - e - 2 cogx——Lsinx- e +x
4 4 2
23.

2 a
y=ce 7+ y=e?* -
]) 2x ax ' 2z 3x
z=c e+ 2c,€ z=e""-2e

2) x =8¢, cos 2t +5cy 8in 2
y =(-4¢c; +2¢,)cos 2t - (2¢, + 4¢y)8in 2t
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!

[x = -9, ~8ee”" - Bu,e

. p 4
A y= c]el + 3026“ + et

2=2ce + 7c262‘ +3cge!

x=(¢y +eyicost+(—¢, +¢;)sint x = cost

1) {y=ce +ec,cost o sint , y=7;—(cost+s'mt)

z=ce' ¢, sinf+¢, cost 1 _
y= E(cost—sm t)

5) y= €2 +cyx)
[ ,
z=e e +co(l - 1))

x=c¢ +ege '

8) {y=3c, -3¢y — 2c,e”’

z2=¢y +2ce !
=xe* + ¢ e" +ce ”

7)‘3’ 1 2

z={x+1)e* + cie” + e

A

. 3 . 3
x = 208 2f +3 5in 2t +2e ? (¢, cos — f + ¢y sin — 1)
2 2

8)
=1 b . :
y:7sin2t+e2[(c,—\/gcz)cosgtﬂcl 3+c2)31n—\(2—;t]
24.
2t
D x= te
12

2) x = sint + sin2f - 2co0s3t

3) x=1 —ﬁe" —Ete" ——3-—cos2t+isinf£t
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Chuong 13

LY THUYET VE CHUOI

Trong cac chudng trudc, ta da nghién ciu cic khai niém cg ban, ciang
nhu cic quy Iuat cha gidi tich toan hac. D& k&t thic gido trinh nay, trong
chuong nay (a sé nghién ciu mot 19 thuyét, cho nhitmg k¥ thuat tinh toan dé
phuc vu cho gidi tich toan hoe va cac khoa hoc dya vao né, goi 14 1v thuyel

vé chudi.

A. CHUOBI 8O

§1. KHAI NIEM CO BAN

1.1. Pinh nghia

Cho mét dday vé6 han cdc 86: u,, ug ..., u,... Ta goi biéu thitc u, +
Uy * .+ 1, + ... la mdt chubi 86, cde 86 uy uy ..., u, ... goi la cdc 86

hang (hay cdc tw) cua chuai.

o
Ky higu: Su,=u vu, +... tu,+.. (1) (c=+x)
n=1
Thi du:
Z—'—=—l—+%+ —1-+
”:ll t 2 2 on
e} day

384



1
BPYES

_ 1
Ly, = Uy Un—A)TH.

7"

~ -~ v~ . -t » A - .,

Vi u, thé hién dang chung cua cde 86 hang ctia chuséi nén nguoi
n € ang g ang

ta goi u, la 86 hang téng quat hay sé hang thit n ctia chuéi.

A a” A - £y X - ~
Téng cia n 56 hang dau tién cua chubi: up+ uy + ... + u, goi la
téng riéng thit n cua chudi, ky hiéu:
n

S,=Yu=utuyd vy,
i=1

Theo djnh nghia thi:
S, =u1,Sz=u,+uz,Sa¥ul+u2+ Uy, ...

Bay gid ta dua ra khai niém téng cia chudi. Theo dinh nghia thi chudi
56 1a mot tdng gdm vo 86 s6 hang, cho nén néu quan niém téng cta chudi 1a
téng thong thudng thi khong thé duge, vi khéng thé 1am dugde phép cong vd
s6 86 hang. Ngudi ta dua ra dinh nghia téng clia chudi nhu sau:

Néu lim S, ton tai thi ta goi gidi han nay la téng cia chudi, ky

n—H>wo

hiéula S= lim S,,.
now

Lic d6 ta ciing néi chuéi la héi tu (vé S) nguoc lai néu gidi
han d6 khong tén tai hay bang o thi ngudi ta néi chuéi la phéan ky.

Tacinghky hiéu S=zu;+uy+..+u,+ ...
Thi du:
Xét chudi nhan {cAp s6 nhan)
i 1
Yag"" =atagtag’+t..tag”' +..,a=0
n=1
< . 1-4"
g goi 1a cdng bdi cia chudi. 3 trung hoc ta da biét: S, =« 1
—-q

N&u {ql <1thi lim ¢"=0va lim S, =—= : chudi hdi tw.

n »x n o -q
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Néu [g] > 1.thi lim ¢"==x, lic d6 S, - »: chudi phan ky.

n s

N&u g = 1 thi chudicé danga+a + ..+ a + .., luc d6 S, = na va
lim S, = lim na =x: chudi phén ky.

n—c ROX

Néu g =-1 thi chudi ¢6 dang:a -a +a a +... X6t tong S, néu n chén
thi S, = 0, néu n )& thi S, = e, nhu vAy khi n — « thi S, > 0 hoac S, — a,
theo dinh nghia giéi han thi lim S, 1A khéng tdn tai, do dé chudi phan ky.

n—mo

T6m lai, chudi nhan chi hdi ty khi |q| < 1, lac d6 tdng cha né 1

§=_%

1-4q

1.2. Piéu kién héi tu: Cho chudi Y u, )

n=L

vdi didu kién nao thi chudi hdi ty, dinh 1y sau day cho ta diéu kién cén cla
sy hoi ty.
Dinh ly: Néu chudi (1) héi tu thi s6 hang téng qudt u, — 0 khi

n - w.,
Thyc vay vi:
S,=u, tu,+.. tu =S, ,+tu,

nén u, =S, - S,_,, theo gia thiét chudi hoi tunghiala s, » 8, S,., =S
khi n = = do dé:

u, > 0khin —» o

Dinh 1¢ nay chi 12 didu kién cdn ciia sy héi ty, vi o6 nhing chudi 06 u, — 0
nhung chudi vAn phan ky.

Thi du:

Xét chudi Z—=1+—+§+...+—...

goi 12 chudi diéu hoa.
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J dav w, = 1 — O khin - x xét S, = 1+1—+l+.;. +l . Ap dyng bat
n 2 3 n

déAng thite x> In (1 +x) v3i ¥ x > O thi:

Isma+n, Lsma+dy, L tsma+ L),
2 2 n n
lae do
S, = l+l+l+...+l > In(1 + 1)+ln(1+l)+ L +HInQ+ l)_
2 3 n 2 n
.34 n+l_ °
=In(2. —. —.. =Inn+1
( 53 n) n+1

khin = e thi In(n + 1) = =, do d6 S, — « va chudi phan ky.

Vi dinh ly trén chi 1a diéu kién cAn cda sy hoi ty nén cé {t tac dung
trong thye tién, thye tién cAn biét vdi didu kién nao thi chudi hoi ty (didu
kién dd ciia sy hot tyu ta 58 Xét 3 phin sau). Nhimg hé qué ciia ndé ma ta xét
sau day lai ¢6 tac dung 1dn trong thuc tién vi nd néi lén didu kién du cla
phén ky.

Hé qua: Néu u, khéng dén tdi khéng n — o thi chubi phén ky.

Thyc vay, cho trudc mdt chudi thi nd cé thé xay ra hai kha nang: hai ty
hoéic phan ky, néu chudi hadi ty thi theo djnh ¥ trén: u, — 0, Xhi n — o trai
vdi gia thidt 0 day u, - 0. Vay chi ¢dn kha nang th hai tdce 15 chudi phan
ky.

Thi du:

Xét chudi:
§L=l+g+§..+ z
n+l 2 3 4 n+1
n

Xét lim u, = lim
n—m n-e N+

- = 1% 0. Vay chudi phan ky.
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Dinh ly 2: (Didu kign Cauchy)
Piéu kién can va du dé chuéi (1) héi tu la:
Ve>0,3n,e N,Vn>ny Ym>n, = |S,-85,.| <¢.
hay
o1t 2y, s+ +u, | <& (m<n) (c)

Thue vay, theo dinh nghia sy hoi ty clia cbhudi tuong duong véi sy ho
tu clia day S,, theo nguyvén 1y Cauchy, day S, héi typ néu né 1a 1 day co ban,
tic 12 né théoa man didu kién (o).

@
Thi du chubdi 2—17 hoi tu (thoa min diéu kién Cauchy (trang 25 tap 1))
n=1n

1.3. Tinh chit ctia chudi hdi tu: Ta xét mot 54 tinh chat quan hong
¢Ga chuédi hdi ty qua;

Pinh ly 1:

Néu cdc chuéi: Y u, (1) va Yu, (2)
n=1 n 1

Eal
héi tu va cé tong I S va othi chudi 3 (u, v, (3) ciing héi tu va cé
n.J

téngla S # o

Chytng minh: Goi tdng ridng thi n cia (1), (2) va (3) 1an lugt 1a S, o,
va T, thi vd6 rang T, = 8, +5,. Theo gia thigt lim S, = S. lim 6, = a,

n—c n >

lim T, = lim S, + lim 6,=S + o, theo dinh nghia chudi (3) 1a hdi ty va ¢6

n-»o n—wo n—»w

téng S +o.

Dinh ly 2:

Néu chudi Y u, (1) hditu va cé téng la S thi chudi ¥ Cu, (2),

n-J n=1
C = conat # 0 ciing héi tu va cé téng la CS. Nguac lai néu chuéi (1)

phan ky thi chubi (2) ciing la phén ky.
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Chitng minh: Goi tdng riéng thd n ctia (1), (2) 1an gt 1a S, va T, thi
rd rang T, = C.8,, theo gid thiét néu chudi (1) héi tunghiald S, > Sthi T, > C.S.
Do d6 chudi (2) 14 hoi ty va ¢6 téng la €.8. Néu chubi (1) phan ky nghia 13
S,, khdng ¢6 gidi han hoac din 131 « luec d6 T, cing vay, do dé chudi
(2) phan ky.

Dinh Iy 3: Sy héi tu hay phén ky ciia chudi khéng thay déi khi
bd di mét 86 hitu han 6 hang dau cua chudi.

Ching minh:

Cho chubi

o
Su,=u, vu, t. o tut o (1)
n=1

b6 di k s6 hang ddu u, +u, + ... + 1y, ta cdn chudi

@
U oy YU ¥ U v = Yy, (2
n=1

Goi t3ng riéng thi n ciia (1) va (2) 14 8, va o, thi 15 rang: 8, ., = S + 5,
trong d6 S, =u, +u,+ .. +u, 12 1s5¢hddinhnéu (1) hoi ty thi §,,, — S, do
d6 6, = S - 8, lic d6 chudi (2) hdi ty. Néu chudi (1) phan ky thi S, , , khing
din tdi mot gidi han nho hodc dan tdi «, do do &, cing vay, nghia la
chudi (2) phan ky.

Chu y: Trong djnh Iy bo mét s hitu han 88 hang ddu nhung c6 thé b
di mot s& hitu han s hang d quang gitta ciing thé, vi ¢6 thé bd ludn ca cac s8
hang tif ddu dén hét quing gida nay tie 14 cing chi bd di mot s6 hitu han s8
hang dau.

§2. CHUOI DUONG

Trong § nay ta s& xét mat loai chudi dac biér, goi 1la chudi duong, loai
chudi nay ra't quan trong vi nhidu khi xét mét chudi bat ky dua duge vé viée

xé1 mdt chudi dudng.

RN



2.1. Pinh nghia va diéu kién héi tu

Chuéi duong la chubi ma cdc 86 hang cia né déu la nhitng s6
duong:

Mas

u, =, vug ¥ tu g+ ) u,>0bn=12.,n,..

n=1

SUy ra s, <s, < 5,... <, < ... Nghia 1a day s, ting, néu s, bj chén trén thi
theo tidu chuan tdn tai gidi han Weierstrass, s, s& d&n tdi mdt gidi han nao
d6, luc d6 chudi la hoi ty.
Mat khac, néu chudi hsi tu thi §, - S suy ra S, phai bj chan,vay ta c6:
Dinh ly: Piéu kién cédn va di dé chudi duong (1) héi ty la téng
riéng S, cua no phai bi chdn trén.

Thi du:
Xét chudi
Zl=l-i»21+..4+1
1241 2 41 2941 2" +1
Ta co:
S, = 1 + 21 +o+ L —+i2 1
2 +1 2°+1 2"+1 2 2 Al
nhung
1,1 11" 2,1 o
2 22 2" 21-4 2"

(vi chudi nhan a = %,q =

Do dé S, < 1, nghia 12 S, bj chan trén theo diéu kién trén chudi da cho
13 chudi hoi ty.

Nhu da biét, theo dinh nghia mudn xét sy hdi tu clia chudi ta phai tim
lim S,, nhung viéc tim gidi han nay nhiéu khi khéng thé lam duge. Thye

n X
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1181, nhiéu khi ¢hi ¢dn biet chudi cé hdi tu hay khong ma khang can doi hoi
tinh tdng S mdt cach chinh xac. Do d6 déi voi chudi duong, dung didu kifn
trén thi thuan 191 han nhidu, Nhung xét sy by chan ¢tua S, nhidu khi cling
rAt phuc tap. Do da dF xét duge thuan lgi hon, ngudi ta dua vao diéu kién
trén va dua ra cae Liéu chuan hai ty cla chudi sau day:

a 2 ,
2.2. Tiéu chuan so sanh

Cho hai chudi

Su, @) va Tu, 2
n=1 n=1

a) Néu vn > n, (n, € N) ta cé u, <cv,, ¢ > 0, va néu chudi (2) héi
tu thi chudi (1) héi tu, chudi (1) phén ky thi chudi (2) phén ky.

b) Néu lim2n= b, 0 < k < +o thi hai chudi (1) va (2) déng thai

nor L,

hoitu hay phan ky.
k=0 (2) héitu thi (1) héi tu.
k= +o (2) phan ky thi (1) phén ky.
Ching minh:

a) Goi 8, va o, 1a tdng riéng cua (1) va (2). Gia st u, < cv, tit n =1 (13
di, vi néu khéng ta bé di quing dau cta chudi va lai danh 86 lai ttn = 1 trd
di,suyraS,<ca,n=1,2, ...

Theo gia thigt, chudi (2) hoi ty thi 6, bj chan: o, < M, do d6: S, < cM,
nghia 12 8, cling bj chan, theo diéu kién trén, chudi (1) 14 hdi ty.

Néu chudi (1) phan ky thi 8, — =, do 46 6, - = lic d6 chudi (2) 13
phan kv.

b) Xét 0 < kb < +o, gid s (2) hadi ty, theo djinh nghia: gidi han va theo
gia thigt thi Ve > 0,
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u . U =,
Yn>n,= | L-k| <, dodd <k +s hay u, <k + &)y, chudi

Un Ly

(2) héi ty thi chudi 3 (k+€ Ju, hoi ty (tinh chat cia chudi hai ty) do @6 theo

n=1
a) thi chudi (1) hé 1y, Bay gid gia s@ (2) phan ky, tir gid thiét suy ra:

. ; 1 .. . .
lim 2.~ n (0 <—<+e¢). R3 rang (1) phai phan ky vi néu né hdi tu thi

1
k
theo chitng minh trén, chudi (2) 1a hdi ty, trai vdi gia thiét. D& dang suy ra
céc truong hgp sau caa két luan.

Thi du:

1) Xét chudi

e 1

n 171!

(N

facon'=1.23 . n>2 2.2=9 (n>4) nén i'<% (n > 4). Ta biét
n. 2

. o« |1
chuoi 2 —
n12

13 chudi nhan g = % < 1, nén né hoi tu theo tidu chuan: (1) la
hdi ty.

2y Xét chudi

s 1 %

Lnn

n 2

o0
tacs 1 >1 (n>2) tabist chudi 3 12 chudi diéu hoa phan ky, do do
Inn n oy 3

chudi (1) 1a phan ky.

3) Xét chudi

© x
Ysin— M)
n=| 2n



. n
sin - -
Vi lim —2 =§ >0, machudi T2 phan ky do dé chudi (1) phan ky.

n—owe 1 n N

n
Chu y:

~ . u T Y (3
Hé qua: Néu ¥n > ny(ny € N) ta c6 Znrl o Zadl oy, o v, = 0) va (2)
u’n v’l

héi tu (1) phén ky) thi (1) héi tu, ((2) phén k).
Thuye vay, theo gia thiét thi:

_ul < 1’2 _ui < _v_3. u_’l < )
- » = [ERERY
Yy Y U U Up 1 VUp

nhén vé véi vé ta cé:
Yoo fn hay u, SﬂAvn
Yy 1 U
Ti phan a) cha djnh 1y ta suy ra k&t luan ctia hé qua.
2.3. Tidu chuin D’ Alambert
Cho chudi Y u,
n=1
1< thi chudi héi tu

Né lim Zntl o ] pa
“ e ve {z>1 thi chudi phan ky

now U,

Chiing minh:

Xét 2 <1, theo gia thiét; va > n,, Yntl o14E Chonesaochol +g<1
un

vadat I +e=q thi ii<q hay #,., <qu, (Vn>ng) suyrau,,, <qu,,, =
un

2, . R -
q Uy Upezg =g Uy

a0
Do d6 ta thay céc s6 hang cia chudi Y u,,; nhd hon cac s6 hang tusng
i-1

dng cla chudi 24:;"u,l , ddy 14 mot chudi nhan hai ty vi cdng bdi g < 1, theo
i=1
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. .
1iéu chudin so sanh chudi Y u,.; 1a hoi ty, theo tinh chat ciia chudi héi ty
i=1

thi chudi Yu, cing hoi .

n={

n L N s . Up.
Bay gig xét 1> 1, thi Y¥n > nota 88 6 —2-L > hay u,,, > u,, suy ra u,
uﬂ

tang, do 46 khong thé din tdi khéng, theo didu kién dit ciia sy phan ky
chudi Y u, la phan ky.

n=1
Thi du:

1) Xét chudi Y = . Ta cé:

n-1

on
lim #2411 _ Gim 127 _ lim 1(m+h 1

= <1
noo U, nox 9htly, nsx2 n 2
do 46 chudi 12 hoi ty.
0 2"
2) Xét chvdi ¥ ta cb
n=11Un
n+1
lim Yol o gy 2 10m 2 oy

. m
noo Uy n—x<10(n+1) 9" noon+
Do d6 chudi 1a phan ky.
Cha y:
1) Trong tiéu chuén khong xét trudng hgp I = 1 vi ¢6 khi chudi hoi ty,
ciing ¢6 khi chudi phan ky.
Thi du:

Xét chudi

2
iL m:[ n -1
n=1n2 ’ U, n+1
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nhumg chudi hoi tu (theo thi du @ [.2),  mat khac xé chuin Jidu hoa

o1 U, . C et PN R . .
S —, Znil 51, nhung khi dd bidt chudi didu hoa phan ky.
n 1k Uy

S n N o o
2) Néu lim 221 = x {hi chudi phan ky. Vi khi dé: 3ng, n > n,, 2271 > 1
n s u.n u

n

hay u,., > u,.

2.4. Tiéu chuin Cauchy

Cho chudi >u,

n=1

Néu lim "‘/un =1 va

n

l1<1 thichubi héi tu
I>1 thichudiphdnky

Chirng minh:

N&u ! < 1 theo gia thiét va tuong tg nhu ching minh tiéu chuln
D’ Alambert, ta ¢6 Yn > n,: ",fun <! + ¢, chon e sao chol + ¢ <1 vadat

!+ ¢=q thi "‘}u.,, <g hayu, <qg"
Suv ra

n+l nt

ul’!l|<q vunn<q yrevs

o
do d6 chudi Y u,,; cbcacsd hang nhd hon cdc s6 hang tueng img cia chudi
i-1

on - o .
nhan hdi ty. g~ (vi ¢ < 1). Suy ra chudl Y u,,; héi tu theo tinh chat
i=1 1 !

0
cta chudi thi chudi Y u, ciing hoi ty.
i-1

Néu I > 1 thi tit malL n nao dé, ta s& ¢6: Yu, > 1 hay u, > 1 do do u,
khong thé dan dén khéng va chudi Y u, 1a phan ky.

=]
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Thi du:

1) Xét chudi Y L,.,
n={n
. . 1 .1
Ta ¢ hm Yu, = lim 2f— = lim —=0 <1
n-»> nae Yn nooen
vay chudi hoi tuy.
2
= & +1Y
2) Xét chud Z[" 1) L
n-I\ N 2n
Ta ¢é
n
)
lim 2, = lim ~—22 = lim £>1
n s n—ox n oo

vay chudi phan ky.

Cha y:

1) Tidu chudn nay ciing khong xét (rudng hgp I = 1, vi tudng ty nhu
tidu chuan D’ Alambert ¢6 kKhi chudi hdi tu cting ¢6 khi phan ky.

2y Néu lim %u, == thi chudi phan ky.

n—X

#9.5. Tiéu chudn Raabe

Cho chubi > u, (1)

n 1

Néu Iim . ”"~-1]=R i {R>1 thi chuc‘ii héi ty
noyo \u R <1 thi chudi phan ky

na

Ching minh:

Xét R > 1 theo gia thiét ¢6 Vn > ng: Irin ( "n 1] >r>|

My
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Yn_ 14l ()

U, g 1

hay

LAy mot 86 s bat k9: r > s > 1 thi nhu ta da biét:

(1+i] -1
n
AL

lim
n—omw 1
n

hay [1 +i] <1+L @)
n n

B
So sanh (2) va (3) ta cé; —2o >[1+i] hay

Uy ey n
1
py (0 Y _(n+lf
u, n+l 1
8
n

. . &1 < LA A v e s °
RG rang chuéi Z—s , 8> 1 1a hai tu (?) theo hé qua cua tiéu chuan so
i=jn

sanh thi chudi (1) hai tu. Tudng ty dé& dang suy ra két qua cho R < 1.

Thi du:

1) Xét chudi:

E n! > 0)

i (x+ D(x+2). (x+n)

{02



Theo t1éu chuan D’ Alambert:

LUy, . n+l
lim 2t = i —— =
nom 4, nasowx+n+l

khong két luan duge chudi hai ty hay phan ky.
Theo ti¢u chudn Raabe.

lim n[L—1]=lim nx =X
Uny)

n n o n+]
"y

x>1 chudihoity
x<1 chudiphéan ky
x=1  chubi diéu hoa phan ky

2.8. Tiéu chuin tich phan Cauchy

™Ms

Cho chubi u, , néu lép duoc ham f(x) > 0 lién tuc va don diéu

n=1

gidm VYx > 1, sao cho f(1) = u,, f(2) = uy...., f(n) =U,,.... v& néu tich

phan jf(x)dx héi tu (phéan ky) thi chuéi héitu (phdn ky).
7

Chi'ng minh:

Vé dudng cong y = flx) trong Yy
khoang {1, n] va goi S 1a dién tich
hinh thang cong Ung v4i canh cong y
= f{xz) trong khoang 46 thi theo hinh

Vvé ta co (H.148)

up ltu, l+.. . +uy,1<8<

<u ltu, ) +.tu, 1

nhung:

Hinh 195
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uy Yugt otu, =8, - uy, uytu,t.ootu, =S,y

n n
dodé: S,-u < ff(x)dx <8, -u, hay: 8, < | flxdx +u, (1)
1 1
n
va S, > jf(x)dx +u, (2)
1

T (1) ta thdy, néu tich phan hoi ty thi chudi hai tu va tix (2) ta thay
tich phan phan ky thi chudi phan ky.

Thi du:

1) Xét chudi ¥ ;2 ta thay u, giam dén.
n—2nln°n )

Lap ham flx) =

5— thi rd rang f(x) thoa man cac digu kién cla
xIn” x

tiéu chuén:

fy=—L =u, m=2,3,..)

nin n

Tinh

2

? dx :'xdln.'c: —1)[nc
yxln®x 5 In?x lnxl2 In 2

nghia 12 tich phan héi ty, vay chudi hoi ty.

L 3 £e e s I .
2) Xét chuai Z—la ( &> 0chuéi Dirichlet), lap ham f(x)z—u . 15 rang flx)
no1nl X

théa man cic didu kién cha tieu chudn: fin) 2% ,... nhu d3 biét (chuang 8):
n

| fodx hoi ty khi o > 1, phin kY @ < 1. Vay chudi Dirichlet hoi ty khi
1

o> 1, phan ky khia < 1.
Tém lai: mudn xét sy hoi ty hay phin ky cia mét chudi duong:
Truéce hét ta xét lim u, néu gisi han nay = 0 thi két ludn ngay
n »0

chudi phén ky, néu gidi han bang 0 thi tiép tuc xét.
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Dung tiéu chudn so sénh, D’Aalmbert, Cauchy, Raabe hay tich
phan Cauchy, néu ding tiéu chudan so sdnh thi c6 thé dua vao cdac
chudi héi ru:

Chuéi nhéan > ag" (g <1) va chuéi > La(a> 1) hode cdc chubi
n=1 n=1N

«
Cho chuéi duong S u, =u, + up + ... + u, + ... (1). Xét chudi
n 1

@
Zu,’1 = W +u)+..+ U, + ... (2), c6 duoc bang cdch thay doi tuy ¥ thir ty
n=|

cdc sd hang cia (1) néu (1) héi tu thi (2) héi tu va ciing c6 tong nhu cia (1).
Thye vay, xét ong thi n cla (2). S, =uy +ug +...+u, . RS rang In, €
N sa0 cho S, <8, (3) S, latdng riéng thit ng cia (1).
Theo gia thidt (1) héi ty, do d6 tit (3) suy ra chudi (2) hoi .

Gia st (1) (2) 14n lugt ¢6 tdng 14 8, 8. Theo (3) ta suy ra 8’ < S. Ly luan
tuong tu (theo cach ddi xng) tac6 8’ > 8. Vay 8’ =S,

§3. CHUOI CO DAU BAT KY

3.1. Dinh nghia

Chudi c6 ddu bét ky la chudi ma cdc 86 hang ctia né ¢6 dau bdt
ky.
X0

Nu, suy+tuy+ ... vu
n=1

nt .. 1)

V61 u, 6 ddu bat ky.
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Thi du:

]+1 1 1+1
29T g

Pdc biét chudi ¢6 dang:
- 1
SN(-D" "y, muy-upt ug -ug. o+ G u,
n=1
véiu,>0,n=12,.., goila chuéi dan déu.
Chuéi ¢6 cdc 85 hang la tri 86 tuyét d6i cua cde 86 hang cila
a
chudi cé déu bat ky (1): S |u, | (2) goi la chudi tri s6 tuyét déi ca

n 1

2

no.

Néu chuéi (1) héi tu ma chuébi (2) cung hoi tu thi chudi (1) got la
héi tu tuyét déi.

Néu chudi (1) héi tu ma chuéi (2) phén ky thi chuéi (1) goi la
bdn héi tu hay héi tu cé diéu kién.

Céc didu kién va tidu chudn hdi ty d6i vai chudi duang t4t nhién khong
ap dung duge cho chudi c6 dau bat kY, nhung mdt s3 trudng hgp ¢6 thé dua
vide xét chudi c6 dfu bat ky vé vide xét chudi duong. Sau day ta sé dua ra
cac didu kign hoi ty d5i vdi chudi c6 dau bat ky.

3.2. Diéu kién hai tu

Dinh ly 1: Néu chudi tri s6 tuyét déi Y |u, | (2) héi tu thi chudi

n=1

o
cé déu bt ky S u, (1) hgi tu tuyét d6i.

n=1
Chitng minh:
Theo gia thi€t (2) hoi tu nén theo didu kién Cauchy (§1-dinh 1y 2)
Ve>0,3n,,Yn>n, Vm>n, m<n

= Hlug ool + lug o)+ +Hlu ) < 2
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mat Khac.

IU. +um<?+ - +U.n| < Iumy1 |+ I um+7| +.. iun| <e.

mil

Vay chudi (1) théa man didu kién Cauchy nén né hét tu, theo dijnh
nghia, né hoi tu tuyét dai.

Thi du:

1) Xét chudi

chudi trj s8 tuyét dsi clia né Ia:

1 1 1
1+—+7+...+—+...

2 2 g

day 14 chudi nhan héi ty (vig = % < 1). Do 86 chudi da cho hét ty tuyét dai.

2 Xét chudi 3257 ca 6 “57|<— ma Z% hoi tu (chudi dang
nl n n
@ 1 .
Z—:sa =3>1: hoi ty).
n=11n

Vay theo dinh 19, chudi da cho hol ty tuyét dai.
Dinh ly 2:
- - » hd >
Néu chuéi dan déu 2(—1)"'1.11" (1) ¢6 u, don diéu giam va dan
n=1
dén 0 khi n — o thi né héitu va cé téng S < u,.
Ching minh:

Xét tdng riéng cua 1 sb chan s6 hang.

S, =~ u) YUy —u) ¥ .o (Ugy | — Usy).
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Theo gia (hidt u, don diéuv giam nén w, - u, > 0, vy — u, > 0,

o

Upy .| ~ Uyy > 0. Do do S, >0 S, 45 = Sep + Uy 11 — Ugy 4 p) NEN

S,. <8,,.,nghiala S, tang. Mat khac:

Som T Uy — Uy —uy) = Uy —ug) — o — (Ugy -y — Uyy).

cong theo gia thiét cac hiéu trong ngoac déu duadng, suy ra: S, < u,, nghia
1a S,a bj chan. Do d6 S,, — S khin — ». Xét Sy, ., = Sy + Usm,, theo gia
thiét u,y ., — O theo trén, S,, — 8, do d6 S,.., — S. Nhu vay tong riéng S
cta chudi dan dau (1) dit » chin hay 1¢ déu dan tdi S, theo dinh nghia thi
chudi dan dau (1) hdi ty.

Thi du:

1) Xét chudi

x a1 1 1 1 1 1
(_l)n IA—= 1——+—_‘-'—+——“‘ y un: _—
E n? 92 32 42 g2 n?

15 don diéu giam va dan téi dén khdng khi n - «, vay chudi 1a héi to. Ta

oo i gan = p 1 - - . &1
biét chuoi tr) 86 tuyél do1 cua né Y —- cong hoi tu (chudbi Z—u, «> ).

n:ln2 n-1N
Vay chudi da cho hdi tu tuyét dai.
2) Xét chudi
X q 1
TEDTh—= LI >+(—1)"l+
n=1 n 2 n

goi 12 chudi dan diéu hoa. 8 day u, = 1 ddn diéu giam va din téi 0 kh
n
n > o, do d6 chudi héi tu, mat khac ta bi&t chudi trj 6 tuyt dai cia no 1a
o
chudi didu hdpa phan ky: Zl— .

n=11

Vay theo dinh nghia chudi dan diéu hoa 13 chudi ban hai ty.
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Chu y: binh Iy 1 chi 1a diéu kién da cOa s¢ hdi ty vi khi chudi Siw,, |
- no |
phan ky thi khong két luan duge chudi ¢6 dau tay ¥ T u, 6 hdi g hay
n=1

khong.

. , . T | . N .
Thi du 2) O trén cho ta thay chudi Y = phan ky nhung chudi
n=11

S(- D" van héi ty.
n=1 n

a0
Néu dung tiéu chuaén D'Lembert hoac Cauchy xét Z]un] ma chubi
nay phan ky thichudi Y u, phan ky. n=l

n=1 _ = . )
Dinh ly 3: Néu chuoi Y u, (1) héi tu tuyét déi va cd téng la S
. = .

thi chuéi YV, (2) ¢6 dugc bdng cdch thay déi bat ky thiz tu cdc 6

n=1

hang ciia chudi (1) cing héi tu tuyét déi va cé téng bing S.
Chitng minh:
Theo gia thi&t thi chudi duong:
lug 14 u,l + 0+ Jug [+

héi ty, theo cha y sau §2 chudi {V,| + [V,| + ...+ |V, | ... cing héi tu. Do
d6 chudi (2) 1a hoi 1y tuyét dbi. Bay gid xét hai chudi phu:

buy | +u lugy | +u lu, |+u
vy | gl 2+...+—"|—"+... (3
2 2 2

|u1|-u1+|uzl—ll2+ +lu,,|—u,l+
3 3 -

h

Cic chubi nay 1a cac chudi dudng.
R& rang cac chudi nay héi ty vi:

lu, | +u, < lu luy, | —uy, < lu,|

2 < luat. 2 -

<

=«
ma theo gia thigt: 31w, | hoity,
n-1

{04



Go) 18n¢g ctia chung 18n lugl 12 8, va S, thi 8§ = 8, - S, thay déi (hit ty
trong chudi (1) ciing 1a thay d6i that ty trong (3 va (4), va ta ¢6 chudi (2).
Theo chid y sau §2, sau khi thay doi thi ty cac sé hang, ching van héi ty va

¢6 tong 12 S,, S, va do d6 S, - S, = 5 1a (dng cia chudi (2).
Ché y:

1) D1 v chudi hai ty khong tuyét d6i (ban hél ty) Riemann da chimg
minh duge djnh ly.

0
Néu chudi Y u, héitu khéng tuyét déi thi cho mét s6 I, ludn
n-1 :
luén 6 thé tim duge mét cach thay déi thit tu cdc 86" hang cia chuéi
dé no héi tu vélL

Thi du:

Nhu d3 biét chudi dan diéu hoa: 1- -;- + lﬂ - % +... 12 hdi ty khong tuyét

461, gia st tdng cland 14 8: S = 1-%+%—%+.._ (1) nhan hai v& dang thae
R .1
nay véi — tacé:
2
§=l—l+l—l+L+... (2)
2 2 4 6 8 10
edng (1) va (2) ta ¢6:
38 1 1 1 1 1 1 1 1
—=(A+(-=+=Y+—+ (== +=+(—=+=)+...
2 ( (22 3(44)5(66
=1+l-l+l—l+l+.“ 3)
3 2 5 4 7

Chudi (3) chinh la chudi (1) do cich sap xép thd ty cac s6 hang mat
cach khae, né hai ty dén %‘E , trong dé chudi (1) 12 hoi ty t8i S.
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*2) Ta da ¢6 cac tinh chat vé tong va nhan vdé) 88 clia céc chudi, dé cing
la cac phép tinh tuyén tinh déi vdi cac chudi. Bay gid ta dinh nghia phép
nhan cac chudi nhu sau:

Cho hai chudi Yu, (1), Y.v, (2) chudi Yw, (3) goi la tich
n=1 n I n=1

ctia cdc chudi (1) va (2) trong dé w, = a,b, + azb,, , + ... + a,b,.
Dinh nghia nay suy réng phép tinh tich cua 2 da thic:
(uytu; + .o+ u)dw, +uv,+ .. o).
a3 vai tich (3) ta c6:
Dinh ly:

- Néu cdc chuéi (1) (2) ldn luot héi tu vé cde 86 S, va S, va mét
trong chung la héi tu tuyét d6i thi chudi (8) héi tu vé 8, S,. Néu cd
hai chuéi (1), (2) déu héi tu tuyét déi thi chudi (3) cing la héi tu
tuyét dét.

Thi du: Xét hai chudi

o 1 o LN

2 e z—l,a,b eR

n ot p-o?
hai chudi nay héi tu tuyét doi.
Xét chudi tich:

2 2
]+(5+£)+(1_b—+£.£+a—.1)+...
o 20 1 2

hay

14 a+b . (a+b)2 - (@+b) .
1! 2 n!

Theo dinh 1y trén, chudi nay cting hai 1y tuyét ddi va cd 1ong 1a tich cla
céc tong cua cac chudi da cho.
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B. CHUOI HAM
{1. CHUOI HAM TONG QUAT

1.1. Pinh nghia

Cho mét day vé han cdc ham 667 uy(x), uy(x), ... u (x) ... trong
mét mién X nao do. Ta goi biéu thite: u,(x) + uy(x) + ... +u,(x) + ... la
mét chudi ham sé.

an
Ky hiéu: Y u, (x), u,(x) goi la sé" hang téng quadt hay s hang

n-1
thiz n cua chudi. Ta thay tai mdi diém x € X xac dinh thi chudi ham trd
thanh chubi s8, do d6 moi 1y Juan clia chudi s6 déu dung vdi chudi ham khi
xét tai mot didm xéc dinh. Néu tai diém x € X ma chubi ham héi tu
hodc phén ky thi x goi la diém héi tu hay phdn ky cua chuéi ham.
Tép hop cdc diém héi tu hay phin ky cia chudi ham goi la mién hji
tu hay phén ky cua né. Ddc biét: Néu Vx € (a, b) chubi ham héi tu
hodc phéan ky thi khodng d6 goi la khodng héi tu hay phéan ky cua
né. Téng cia n 86 hgng déu tién ctia chudi ham ciing goi la téng
riéng thiz n ciia né, ro rang tong nay la mét ham sé ciia x trong X, ky
hieu:
S.(x) = u(x) + uy{x) + ... +u,(x)

Gidi hgn lim S, (x) trong mién héi tu goi la tong cia chudi ham
n >x

« - » - Y l’ ~ hed 4 ~ Ly e A
trong mién héi tu cia né, ro rang tdong nay cing la mdt ham sé cua
x, ky hiéu la:

S(x) = lim 8_(x). Liac 46, ta ciing viét:
n o

S(x) = u,(x) + uy(x) + .o + 1, (x) + ...
va ta cing goi chudi ham la héi tu vé ham S(x).
Thi du:

.
Xét chudi ham T " =1+« +x*+ ..+ 2" + .. Day 14 chudi nhan,
n=1

cong boi ¢ = x chi héi tu khi lx] <1 hay - 1 <x < 1, do d6 mién hoi ty cua
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chubi 13 khoang (<1, 1) va luc d6 téng clia né la: S =

nghia la
- X

tiong khoang dé ta viét duge:

1

1-x

Sl+tx+a?+ . +xX"+

Ta c¢ing biét, chudi nay phan ky khi [x] 2 1 hay -x <x < -1, va
1 <x < +x. Do d6 mién phan ky cGa né gbm hai kKhoang (- o, -1]. [ 1. +e0).

1.2. Sy hbi tu déu

Cho chudi ham

iu,‘(x) Tu(x) Yuy(xr oL () + (H
n={
ta cb: Sy = u(x) +uxx) + ..+ u ()

Dat R (x) = u, () + u,, () + ... va goi R (x) 1a s6 hang du cta chudi.

Do d6 néu S(x) 14 tdng clla chudi ham thi trong mién héi tu ta o
S(x) = 8,(x) + R (x).

Tit dang thae nay ta thay chudi hoi ty tai x € X, néu

lim (S(x) - Sy(x)) =0 hay lim R (x) = 0.
n—o0 n-x

Nghia la: Ve > 0, Ing e N, Vn>n, > 1S - S, (x| <¢
hay IR,(x)| <t ().

N6i chung ta thay tai cac diém hoi ty x khac nhau trong mién héi tu X,
(1) sé dat tai nhitng ny khac nhau, nghia 1a n, khong nhilng phy thuée vao =
ma con phy thude vao x € }(, dac bigt néu ny chi phu thude €, ny = nys)
(khong phuy thude x € X) ta ¢6:

a) Dinh nghia: Chudi ham (1) goi la chudi héi tu déu vé ham

S(x) trong mién X, néu:
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Ve> 0, Ings), Vn>ng Vx c X = |Slx) - S,(x)| <& hay |R, (x)| <&
luc 86 X goi la mién héi ty déu ctia chudi.

T |1S(x) S, < &

Suyv ra:
y
S(x) —e <S8, (x) < S, (x) +e. :
+
~ — ST~
V& hinh hoc nghia 1a tir 7]
n > n, cac dudng cong S, (x) 8 71
gitia cac dudng cong S(x) - & va /_ﬂ)/‘é—\_/
S(x) + € va vdi n kha 18n.c6 thé —
coi dugng cong. S,(x) 1a dudng
cong gan ding ctia dudng cong
S(x) trong mién héi g X Hinh 196

(H.19¢y

Thi du:

1) Xét chudi ham Y. (-1)""' Z— . R5 rang chudi nay hoi ty Vx e [0, 1).
n

n=1
Ta ¢6:
n+l n+2
R =D —-X 4]
=D +1 n+2
xn+1 1
Theo dinh Iy Leibniz (§3) thi |R,(x)|< <= (1 0<x<)).
n+l n
VI lim £ =0, do d6 Ve >0, 3ny, Yn > no, |Ru(0)f <.
n—©c N
Vay chuéi da che hoi tu déu trong [0, 1].
2) Xét chudi
cH@E -0+ L+ Y+, 0<x<],

Ta c6: S, =2+ 0D+E hH+. +E@ -1 D=



Néu0sx<{thiSx)= lm S,(x) = lim v = 0. Néu £ =1 thi S, (1)=1,

n »

do d6 S(1) = lim 8,(x) = I nhu vay chudi hin 1u vx € [0, 1] va

n >

0: néu 0<x<|

1: nfn x=1

Sx) = {

Bay gig, Ve > 0 xét {S(x) S @) = (R (x)] <e (Dtaix=0va x=1
thi (1) théa mén vdi moi n vi R(0) =R, (1) =0. Vaychicon xét 0<x<1.
IR (x)| = |0 —x"| =x" <& hay nlgx<lge

n>—]ge

O<x<1,lgx <0).
lg x

hay
; _ lge . . .
Lay n, _E(l—) thi ny phy thudce € va x.
Bx

Vay chubi di cho hdi ty trong [0, 1) nhung khéng héi ta déu trén doan
d6, ta ciing néi né hoi ty khong déu trén doan dé.

Cha y:
Tit dinh nghia suy ra: Piéu kién cén va du dé chudi ham (1) héi tu
déu vé ham S(x) trong mién X la:

lim (sup |R,(x)]) =0, (R (x) = 5(x) - S,(x))

noo  xeX
Thuyc vay, gia stt chudi (1) hoi ty déu dén S(x) trong X, nghia 13

Ve> 0, 3ny(e), Vn>n, Vx e X > |R,(x)] <t

suy ra sup | R {x)| <=, nguge lai, gia s¢t lim (sup |R,(x)|)=0

xc X no®  xr X
Khi dé

Ve > 0, IngE), ¥n > ny— sup | R (x)| <e.

xc X

suy ra [R (x)] <g, Vx € X, chitmg 5 chudi (1) héi ty déu dén S(x).
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b) Tiéu chuin héi tu déu

1) Tiéu chuin Cauchy

Diéu kién cdn va di dé chubi ham iu,,(x) (1) héi tu déu dén
n=1
ham S(x) trong mién X la:
Ve>0,9n, e N, Yn>ny, Vpe N =S, (x)-8,(x)] <¢
hay-
[24, . (2) + 1, o(x) + i+, (X)) <€ (2)

Chung minh:

Piéu kién cdn: Gia st (1) hdi ty déu dén S(x) trong mién X thi theo
dinh nghia:

Ve > 0, Ing, Yn > ng 1S,(x) - S(x)| < % Vx e X.

v (S, ,(0) - S| < % E=12 )

Do d6:
[Saypx) = S (@] <18, () - Sx) | +S(x) - 8,0 < &
hay

lup, @ty , )+ +u,, @] <t

n+p

nghia la ta ¢o6 (2):

Diéu kién di: Gia st didu kién (2) thda man xét x c¢d djnh thude X thi
diéu kién (2) chimg t6 day S (x) 12 mot day co ban do d6 né dan téi mot gisi
han S(x) nao dé6. Bay gid ¢6 dinh n va x thi tir (2) ta ¢6; [S(x) - S, (x)]| <=
(3). Vi x ¢& dinh tdy y thude X, nén bat ding thie (3) dung Yx € X nghia 1a
chudi (1) hai tu déu téi S(x) trong mién X.
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Thi du:

., .. Zsinnxy . . - .
Xét chudi Y ——— trén [0, 2x). DAng tiéu chuan Cauchy, 1ay £ = 0,1
n=l 1
va xét:
sin(n +1)x sin 2nx
|Sizn_sn(x) |_L = ) +...+ | '
= n+1 2n x
sinl+L1)y sin(1+2 e ‘
- ( n’ ( ,,)+“_+sm225m1 > e
n+1 n+2 2n 2

vn e N, do d6 chubi da cho khong hoi ty déu (0, 2r 1.

2) Tiéu chuian Weierstrass

0

Cho chuéi z a(x) (1).

Néu 3M, > 6, vn e N, vx € X, |u (x)} < M, (2) va chudi sé
f;M,, héi tu (8) thi chudi (1) héi tu déu trong mién X. Chuéi (3)
goi la chudi tréi hay chuéi gia cia (1).
Chiing minh:
Xét:
fupo @ Fug @)+ g @) | S ey @]+ ug, )]+ ]y, () |
SM, M+ tM,,  VxeX (theo (3).

Mit khac theo gia thiét, chudi s (3) hdi tu nén theo didu kién Cauchy
(1.2)

Ve>0,3n, Yn>ng, Vp = M, + M.+ + M, | <g
Vay
w0 ¥ U, + L Fu,, 0] <eg, VxeX

Theo tiéu chuin Cauchy chudi (1) hdi tu déu trong X,



Thi du:

©cosnx & s8innx

P P X
Xét cac chudi 2 a, 3 Pt (a >0
n=1 R n=1 R
x z. 1
chubi trdi cua cac chudi nay la: Y —,
n=1n
. |cosnx 1 sin nx 1
W —{<— o PRt Vx € R)
n n n n

Ta biét chudi Z% hoi ty khi o > 1, vay theo tiéu chudn Weierstrass
n=17

cac chudi da cho hoi tu tuyét d61 va déu trong R khia > 1.

Trudng hgp 0 < o < 1 chudi Z % phan ky, ta khong thé k&t luan.

n=11

*Pé& giai quyét trudng hgp nay ta ¢6 thé ding tiéu chuin sau day (suy
tit tiéu chudn Cauchy).

8) Tiéu chuin Dirichlet

Cho chudi Zu,,(x) (1), trong do u,(x) = v, (x).w,(x).

n_-l
Néu
Fe >0, |S.(x) ]| = |vx) + v(x) + ... +v,(x)] S, (Vx e X, YneN)

vé ddy ham w,(x) la don diéu khéng tdng va ddn dén 0, Vx € X thi
chudi (1) héi tu déu trong X.

Thi du:

X6t cac chudi 3 thi dy trude vdi 0 < a < 1 . Ap dyng tiéu chudn

Dirichlet, vdi v,(x) = sinnz, w,(x) = — (0 <a < 1) 6 rang w(x) 14 don digu
n
khong téng va ddn t8i 0, Vx € R, dac biét

Vx ele, 2n-e], 0<g<m.
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Mat khac:

[8,(x)] = |sinx + sin2x + ... + sinnx|
.onx . n+l
sin —sin —  x 1 1
= 2 2__|< < (Yn € N)
L x . X . &
sin — sin= sin —
‘ 2 2 2

nghia 1a S (x) bj chan Vx e [e, 2x - €]. VAV theo tiéu chuan Dirichlet, chudi
& sinnx
2z

n=1 n®

132 hai tu déu trong [€, 2 - €] dac bidt 12 trong (0, 21, (¢ - 0). R3

rang tai x = 0 va x = 21 chudi da cho cling hoi tu.

y
Vay chudi S 2™ 0 < <113 chudi hai tu trong 10, 2zl, nhung
n=1 n

nhu da biét 3 thf du phén 1), vdi « = 1 chudi hdi ty khéng déu trong [0, 2x).
1.3, Tinh chit ctia chudi ham héi tu déu

Cac chudi hji ty déu ¢6 cac tinh chat quan trong sau day ma céc chudi
hdi tu khdng déu, khong cé.

Pinh Iy 1:

Néu chudi Y u,(x) (1) c6 cdc 86 hang u,(x) (n =1, 2,...) la cdc
n=1

ham lién tue trén [a, b] va chudi héi tu déu trén [a, b] vé ham S(x)

thi S(x) 16 mét ham lién tuc trén fa, b}.
Ching minh:
Theo gia thidt chudi (1) hodi tu déu vé S(x) trong [a, b] nghia 1a:
Ve >0, 3n,, Yn>ny, Vx e [a, ] 5 |S@) - S (x)] <e¢
cho p > n, thi 18(x) - S, < % va dac bigt  1S(xp - S,xp) < %

(x; € la, b)). Xét,
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[S(x) - S(x) | < [S(x) - S| + [8,(x) - Splap) | + [S(xe) - Sxg) |
Theo gid thiét: S(0) = u(x) + uy(x) + .. +uy(x) 12 lién tue tai x, (v
u (%), uy(x), .., ulx) 1a lién tuc trong [a, b)) do d6 35 > 0, !x—x0| < &=

1S,(0) - 8,0 < EE

Vay [x - x,| <3, tach:

S() - Syl < 4 L4 Loy
[ S(x) (x) | 373t 3
nghia 1a S¢x) 1a 1ién 1ye tai x, va vi x, 1a diém bat ky trén [a, &] nén S(x) la
lién tue trén {a, bl.

Thi du:

1) Ta biét chudrx + (2 x)+ ... + @& —x"" Y+ ... 12 hdi ty vx € [0, {]
vé ham:

{0 néu0<x<1
Sx) =

néu x =1
(thi dy 2) 1.2)

Nhung chudi khéng hai 1y déu trén [0, 13, ta thay téng S(x) cia chudi
la mét ham gian doan trén [0, 1].

Ca . inx sin2x in nx .. 5
2) Ta bidt chudi snx .3 443202 theo tidu chuén
12 52 2
b a)
. . . N N L ae s PN 1 .
Weierstrass, chuéi nay hdi tu déu vz € R vi chudi trdi cua né la Z—Q hoi
n=1n

tw@=2>1).

Cac s6 hang cua chudi 13 cac ham lién tuc Vx € R. VAy theo djnh 1y 1,
téng S(x) ctia né la 1 ham lién tyc ¥r € R.

Dinh ly 2: Néu chudi ¥ u,(x) (1) c6 cdc 86 hangu,(x) (n=1,2, ...)

n=I

la eac ham lién tuc trén [a, b] va héi tu déu vé ham S(x) trén [a, b]

thi chuéi Z fun(t)dt héi tu déu vé ham IS(t)dt {(x, x, € [a, b))

n:l;o Xy

nghia la:
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X

(Sthdt= S [u,madt (2)
X n=Ix,
Pdc biét
b b
[Sdt = ¥ [u,)dt.
a n lg

Néi cach khae, vdi cac gia thidt cda dinh 1y, tich phén cia mot téng vé
han bing téng vé han céc tich phan cua timg s8 hang (difu nay da mé réng
tinh chat cia mot téng hitu han trong tich phén xac dinh).

Ching minh:
Theo gia thiét va theo djnh 1y 1 thi S(x) 12 mot ham lién tuc trén [a, b]

do d6 [S(tidt ton tai Vx,, x € [a, bl

Xo
Cuang theo ¢ma thiét, chvbi (1) héi tu déu vé S(x) trén [a, ] nghia l1a:
Ye >0,3ng, Vn>ny— |5,(x) - S| <¢g, Vx € [a, b).

do dé:

| §8,(t)dt - [Sdti< {18,(t)-St)!dt

X0 Xp X0

b b
< i8,@)-St)Idt< [edt=g(b-a). Vxela, bl

a

nghia la chudi Z funt)dt hoi tu déu vé ham §S()dr vataco dang thie (2).

n- lx, xp
Thi du:
Xét chudi

Sx'=1+x+xPF o Hax+ L
n-u
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Nhtt da bigt (1.1) chudi nay héi ty Vx e (-1,1) va tdng clia né la
1
S(x)=

1-x

R6 rang chudi nay cing hdi ty déu trén (-1,1) (theo tiéu chuan

o)
Weierstrass, chudl trdi cia n6 1a Y q" véi |x] < lgl <1 hdi tg) cac s6
n=1

hang ctia chudi u(x) =x", n =0, 1, 2,... 1a cac ham lién tyc Vx € R diac bigt

lién tye trén (1, 1) Vay theo dinh 1y 2, trén (-1,1)ta co:

X X
= Jlde+. +[x"dx+...

i
ol-x 0

Wi Oy x ela,bl,-1< a<b<l)
hay

2 n+1
x x
-In]l x| =x+ —+... +

+...
n+l

va chudi d v& phai hai tu déu vé -Intl1 -x] vdi |x| < 1.
Dinh ly 3:

Cho chuéi Y u,(x) (1) Néu:
n=1

Du(x) (n=1,2,..) ¢6 cdc dao ham lién tuc trén [a, bj.

2) Chudi (1) héi ty vé S(x) trén [a, b].
x ' L

8) Chudi cdc dgo ham Y u,(x) héi tu déu vé a(x) trén [a, b] thi
n I

chuédi (1) héi tu déu trén [a, b] va téng S(x) cia né cé dao ham trén

fa, b] va S'(x)=ox)= Yu(x) (2
n=1
nghia [a ¢6 thé dao ham timg s6 hang cia chudi (1).
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Chi¥ng minh:
Theo gia thidt va dinh 1y 1 thi 6(0) = Yu,(x) va o(x) 12 lién tuc trén
n=1

[a, bl.

Theo gia thigt, 3), ap dyng dinh 1y 2 ta cé:

Tc(x)dx = E ]Eu;l(x)dx , X, x € [a, b].

xp n=Ix,

hay
[ods = 3 1y (x) - un(xg)] ®
i n=1

x
trong d6, v& phai 12 hoi tu déu v& [o(x)dx. Theo gia thiét 2), chubi s&

o

Yu,xp)1a hoi ty, do d6 chudi Y u,(x)12 héi tu déu trén la, b] va (d)
n=1

n=1I

x
tudng dudng véi dang thic S@) = S(xgy) + j'cr(x)dx, Do d6 S{x) ¢6 daoc ham

Xo
S' =0 (x).
Thi du:
Xét chudi E co:nx (1) va chudi cac dao ham cua céc s6 hang cia né:
n=1
oo

Ta bidt (thi dyu d 1.2) chudi (1) 14 hoi tu déu vai « > 1 va chudi (2) hoi
tu déu vdi a > 2 trén toan truc 83. Do d6 theo dinh 1y 3 khi @ > 2 ta ¢é
S’(x) = o(x).

Trong d6 S¢), o(x) 1n lugt 14 téng cta (1), (2).
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*1.4. Day ham

Xét day ham fi@), fo(x), .., fulx),. (1) trong d6 f(x) (n =1, 2, ... ) Xac
dinh 1rong mién X nao d6.

Xét chudi:
i) +{fix) fil)}+ o+ ) - fo O+ (2)

trong X.

Tong riéng cha chudi nay 1a S,(x) = £,(x).

Pinh nghia:

Day ham (1) goi 16 héi tu tai x € X vé f(x) hay c6 gidi han la f(x)
khi n-» « f(x) = ’l';_;l;D f,(x) néu chubi ham (2) héi tu tai diém x e X vé f(x).

Déy ham (1) goi la héi tu déu vé ham f(x) trong mién X néu
chuéi ham (2) héi tu déu vé f(x) trong mién X.

Tit djnh nghia ta suy duge ngay cac tidu chudn hdi tp déu va cac tinh
chat cia day ham hdi ty déu nhu chia chudi ham bang cich thay d6i ngon
ngit cho thich hgp chng han:

Tiéu chuin Cauchy:

Day ham f.(x), (n=1,2,...) xdc dinh trong mién X la héi tu déu

trong mién nay khi va chi khi:
Ve>0,3n,e N,Vn>ng, Vm > ny, Vx e X = |fu(x) - (0] <&.
Tinh chat:

a) Néu day ham lién tuc f.(x), (n=1,2,..) héi tu déu vé ham f(x)
trén doan [a, b] thi:

1) f(x) lad mét ham lién tuc trén [a, b).




2) [f,®dt hoity déuvé [fdt trén [a, b] hay

X0 Xo

X x X
lim (f,@)dt = ( limf,(0)dt = [f(t)dt.
n-oe x, xg n—o £

>y ’ » . ) ar z ~ I
(nghia la c6 thé chuyén qua gidi han duoi déu tich phéan).

b) Néu day ham kha vi lién tuc (c6 dao ham lién tuc). f,(x), (n=
1, 2,... ) héi tu vé ham f(x) trén [a, b], con day f,(x) (n=1, 2, ..) héi
tu déu vé ham ¢(x) trén [a, b] thi ham f(x) cung kha vi trén [a, b] va
f () = p(x) hay

(lim f,(2)) = lim f,(x).

n o n-ox
(nghia l1a c¢é thé chuyén qua gidi han dudi dau dao ham).
Chu y:

Diéu kién hdi ty déu trong cac ménh dé trén dé) vdi chudi ham va dav
ham chi 12 diéu kién do dé 6 cac kat luan.

Thyc vay, xét ham f(x) = nxe™, (n=1,2, ..) tach:

fo = lim fy@) = lim N _0, vxelo, 1]

n-—oe enx
hon na:
1
. 1 . 1 —xe ™ 1e—nx
Hm [ f,(x)dx = lim [nxe”" dx = lim nl( N+ dx]
n-»o 0 n 0 nor o 0 n
e—n 1 1
lim (-e™- —+—=)=[lim f,(x)dx=0
n-yoe n n On—w_\

nghia 14 ¢ thé chuyén qua gidi han dudi dau tich phan, Tuy nhién:

sup | R,(x){= sup | f(x)-f,(0)|= sup (nxe™™) = nye "™* ==
xe(0,1] xefo.1] xc(01] x- ¢



khong dan dé&n 0, theo chid ¥ sau mye (1.1), day ham da cho khong héi tu
déu dén f(x) = 0 trén {0, 11.

Mac ddu diéu kién hoi ty déu chi 1a didu kién di theo chitng minh trén
nhung diéu kién d6 cang cho thay sy han ché ciia tich phén Riemann.

Trong thyc t& can ddi hdi cac didu kién réng rai hon, va ngudi ta dd md

rong nghién ciu céc loai tich phan khac (chang han tich phan Lebesgue).

§2. CHUOI LUY THUA

Trong § nay ta s& xét mdt loai chudi ham dac biét nhung rat quan

trong trong 1y luan cing nhu trong 4p dung goi 1a chudi liy thita.
2.1. Pinh nghia

Chudi liay thita I chudi ham cé dang:
QO
Sa,x" =gt axtanx’r .. taxt . 1)
n=0
hay téng qudt hon:
@
Sanlx-xp)" =ast a)(x-xy) +ay(x—x)’ +.. +a,(x—x)" +... (1)
n=0
Trong do a, a, ay ..., a,... la hdng s8 goi la cde hé 86 cua chudi

lizy thita.

Nhu vay chudi ldy thira 1a chudi ma céc s6 hang clia né 13 cac ham s

lay thia.

Khéng kém phan téng quat ta chi xét chudi lay thita dang (1) vi dang
(1) ¢6 thé dua vé dang (1) bang cach dat x — x, = X.
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Thi du:

s <
|B) Sxt=1rxtxtt Lt
n=0

14 chudi 18y thira ¢6 moi hé s6 déu bang 1.
2) 2

14 chudi liy thita c6 hé s6:

a, = l,nZ 1,2, ..
n!

2.2. Mién hdi tu
RS rang moi chudi 13y thita dang (1) déu héi ty tai difm x =0, xét x # 0
ta co: A

a) Dinh Iy Abel: Néu chudi liy thia (1) héi tu tai diém x, # 0 thi

né héi tu tuyét déi Vx: |x| < |x,|.
Chdang minh:

Gia s chudi lay thua (1) hoi ty tai diém x, = 0 khi d6 theo didu kién

cAn cia sy hdi tu cia chudi s8: lim a, x) = 0. Theo tinh chdt cla gidi han
n—owo

thi a, x§ bj chan khi n > o, nghia 12 3M >0, Vn: {a,x§ | < M, xét |x]| <

{xy| va:
il n
2 |anx ‘:‘ao|+lalrl+...+Ia.,x"t+m (2
n=0
vi
X X
a,x" | = la,xg |} — 1°sM| — | (x,20)
Xp X0

nén chudi (2) ¢6 cac 86 hang khéng 1dn hdn cae s& hang tudng Ung clia chubi;
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MM 2l eM) v M 2 m
Xo Xy Xg

Pay 14 mot chwdi nhan hai ty vi ¢6 cong bdi g = | = | < 1 (theo gia
Xo

thiél), theo tidu chudn so sanh thl chudi (2) hoi ty suy ra chudi (1) héi ty

Luydt 361 Va: taxl < {xgl.

Hé qua:
Néu chuéi liy thita (1) phan ky tai x, thi né phéan ky vx: |x| > |x,|

Thite vay, gia st chudi (1) hdi 1y tai x ma |x| > |x,| thi theo dinh Ty
Abel né hoi ty tuydt 46l tai x,, trai véi gia thiét.

b) Ban kinh héi tu
Trude hét ta ¢6 nhan xét: ¢6 nhing chudi 1dy thita chi hai ty tai didm
duy nhat x = 0, nhumg cong ¢é nhing chudi 1ay thita hoi ty Vx € R.

Chang han chudi:

o0
Talx" =14x+ 2+ A"t
n-0

Taix =0, tong cha chudi S = 1, do dé chudi hat ty x = 0,

Up.y
u

=+ D]xl - = khin - =, do d6 chudi phén ky Vx = 0.

n

n

Chudi 3 - hoity ¥x € R vi g | 11 5 0Khin >, VxeR.

n=o 1! | u, n+1

Ngoai hai trudng hap trén, dé tim mién hoi tu cla chudi lay thita, ta

Dinh ly 1: T6n tai mét 86 duy nhét: R e R, 0 < R< + ®sao cho
chuéi liy thia (1) héi ty khi -R < x < Rva phédn ky khi-w<x < -R,

R<x<+m
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Ching minh:

Xét tap hop cac didm hdi tu © # 0 clta chudi Iy thira (1) va tap hop
A=l

Ro rang A 1a mot tap hgp by chan trén. vi néu nguge 1ai 4 khéng bj
chan tvén thi Vx € R, [udn luén ¢6 thé tim dige x, 48 x| < |x,]. theo dinh
1y Abel, chudi lay thira hoi ty Vx € B, dav 1a mot trudng hgp ma ta da xét §

frén (ta da trix ra).

Theo nguyén 1y supremun thi ton tai duy nhat s6 R = supA, rR>0
vi 4 chi gém nhing phan td dumg. néu x| > R thi o rang chudi (1) phan
ky (vi néu chudi héi tu tai £ jx] >R 2 lx,| thi R =supd. Néu |x| <R, thi
theo dinh nghia eta sup: 31x,| c A; |xf < txy] <R . Vay theo djnh ly Abel
chudi (1) hdi ty Vai x] <R,

Vay chudi (1) hoi ty tuyét dsi rrong khoang (-R, R) va phan ky trong 2
khoang (-=, -R), (R, +©).

Quy Ude ® = +x, v R = 0 khi chudi hol 10 ¥x e R v chudi chi hoi ty

talx = 0.
Dinh nghia:

86 R: 0 < R < +w (ton tai trong dinh Iy va quy wéc) goi la bdn

kinh héi tu cta chudi liy thita.

Theo trén thi tai c=+ K (0 < R < +x) ta chua khdng dinh chudi ¢6 hoi

ty hay khéng

Vav mién hdi tu cia chudi lay thia (1) 13 khoang (-R, R). Thém hai
dAu mut v= £ =, néu chudi cang hai ty tal cae ddu mat do; (-R, R) cang goi

132 khoAng hdi tu cia chudi.
D& tim ban kinh hoi tu R cia chudi oy thira (1) theo cac hé s ta cé;
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Dinh Iy 2:

ay .1

(23

Néu lim

n-

=l (lim%la,|=0 (I: hitu han hode vé han) thi
n el

bdn kinh héi tu cua chudi luy thita (1) duge xdc dinh theo cong thire:

R= % (l=+0thi R=0,l=0thi R=+x)

Ching minh:

X0
Xét chudi ¥
n 0

a,x”| (2) vdi x = const, ta c¢6 chudi s§ duong. Ap dung

tiéu chudn D’Alambert, ta cé:

1
.u ) 2 la,.x™ . la
lim 2= lim 322 = him Y x =)«
n-we U, nox g anx" noe | a,
(u, = lax"1)

Néu 0 < 1< +eo thi chudi (2) hai ty khiZlxl <1 hay -% <x< %,do

46 chudi (1) hoi ty tuydt d6i trong khoang <-% , %).

Néu Zlx| > 1 hay x < -% hoéc x > % thi chudi (2) phan ky, vi khi d6

u, =lax"| khéng din tdi khéng (theo chimg minh cla tiéu chudn
D’Alambert) do d6 e x" cing khéng dan téi khong, nghia 1a chudi (1) phan
Ky.

" R . U P X
Néul=+x thi lim —2 =+, Vx20,do d6 u,,, > M, u, - +o va

noo U,

a,x" — o, Vx # 0, do d6 chudi (1) ciing phan ky vx = 0.
N&u!=0thi lim %2t =p< 1, theo tidu chuén D’Alambert, chudi (2)

n—o un

hoi tu Va € R, do d6 chudi (1) hdi tu tuyédt déi vx € R.
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Tém lai, theo dmh nghia bén kinh hoi ty thi R = % (= +o thi R = 0,
1 =0 thi R = +x).
Chitng minh tuong ty cho trudng hgp lim "‘/i a, | =1
n—oC
Chua y:
Theo dinh nghia ta ¢6 thé viét:

an
a

R= lim

n—oae

hoédc R = lim

1
n-—»0 Ym a, |

Né&u gidi han nay ton tai hitu han hoic bang .

nii

Thi du:

1) Xét chubi

0 n+l 2 3 n+l
D" X =x—f—+£——...(-1)" x ...
n=0 n+1 2 3 n+1
8 day
. . 1 +1
a,= (-1)" ! , lim |a'”1|= lim ( D2y =1
n+l nowx | a, ’ nse n+2 1

Vay ban kinh hoi tu clia chudi 1a: R = 1, midn hai ty tuydt déi 13
khoang (-1, 1) mién phan ky 13 hai khoang (-, -1), (1, +ox).

Bay gio xét tai; x = 1 1.
Taix =1, ta ¢6 chudi

$ o1,
n=0

1
n+1l 2 3
D6 14 chudi dan diéu hda ban héi tu.

Taix = -1, ta ¢6 chubi:
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ln 1 o _ 1 -l
Z( N =. Y L:‘(I'FT‘._*L )
n: 0 n-+1 n-nn+1 2 3

16 14 chudi diéu hda phan ky. Vay mién hai tu cha chuéi lity thira da
cho 14 kKhoang (-1, 1]

Nhut vay mién hoi ty va hai tu tuyst doi eiia chudi 1 trong nhau trit tai
x=%1.

2) Xét chudi

e ph x x-z n
Y =l — L+
aon 1 n'
ad day
R )
a,= —, lim [21/= lim .—) = lim =
n' oo | g, noe (n+1)! 1 nowo (n+1)

Vay R =« tdc 12 chudi héi ty tuyét dol va e R

3 Ealx" R =0:chudichi héity taix = 0.
n 0

2.3. Mién héi tu déu

O trén ta da thay mién hoi ty va héi ty tuyst d6i cha chudi 1y thita,
néi chung 13 triong nhau trir taix = + R, Vay mién hoi tu déu cfa né thi thé
nao ? NE tra 1o ta co:

Dinh ly:

Mién héi tu déu cua chubi liy thia (1) la doan [-p, pl v6i 0 < p < R,
nghia la mién héi tu déu cua chudi liy thita nam lot trong mién héi

tu ciia né va ciing cé trung diém tai gée O.
Ching minh:

L&Y x, sao cho p < x, <R, lac dé chudi so

132



"

Sax = lab + lax |+ la,xd | + ..+ laal | + ...

n=0
12 chudi héi ty, chudi nay vd rang la chudi trdi cla chudi lay thia khi
lx} < p. Vay theo didu kidn hoi tu déu (tiéu chudn Weierstrass) chudi liay
thita 1A hdi ty 48w khi x| < p, nghia 1& mign hai tw déu cta né 14 doan
[-p.plvdi 0< p<R.

Thi du:

xn+1
n+1

-
1) Theo trén chudi ¥ (-1)" ¢6 R = 1. Vay mién hdi tu déu cia
n=0

néla [-p,plvdi O<p<1.
n

2) Cung theo trén chudi ¥ ET héi ty vx.
n=0 M-

Vay né héi ty déu trén moi doan [-p, p] (0 < p < +w®).

2.4. Tinh chit

Vi chubi lity thita ¢é cac s hang la nhilng ham s3 liy thita nén cac s6
hang nay la ciac ham s lién tue Vx € R, theo trén chudi Iy thita ¢6 mién
hoi ty déu 1a khoang [-p, pl véi 0 < p < R. R 14 ban kinh héi ty cua né.

Do d6 va ap dyng cac tinh ch&t chudi ham tdng quat, ta suy ra ngay
cac tinh chat ca chudi lay thira (1).

Pinh ly 1:
Néu chudi iy thita (1) ¢6 ban kinh héitula Rva0< p< R(R =
0) thi:
1) Téng S(x) ciia chudi la mét ham lién tuc trén [-p, p].
2 " vl

X
2) Chudi [S(x)dx =aex + a— 4. va, +... cé duge bdng
0 2 n+l1

cdch tich phédn titng 86 hang cta (1) trén dogn [-p, p] ciing héi tu déu

trén doan do.



3) Chudi S(x) = a, + 2a5x + ... + na,x" '+ .. ¢6 dudc bdng cach
dao ham ting 56 hang ctia (1) trén doan [-p, p] cing héi tu déu tréin
doan dad.

Dinh ly 2: Néu chudi lay thita (1) ¢é khodng héi tu la (-R, R) thi:

I) Cée chudi cé dugc bang cdch tich phéan hay dao ham ting sé
hang ciia chudi (1) cing ¢é khodng héitula (-R, R).

2) Téng S(x) cia chudi (1) la mét ham lién tuc trong khodng héi
tu (-R, ®). Néu chuéi héi tu tai mét trong céc ddu mut cia khodng

thi S(x) lién tuc bén trdi hodc bén phadi cua ddu mut dé.

3) f[ %anx"] dx = i funx"dx Vi xp X, € (-R, R).

x, n=0 n=0x,

a a0

4 (Ya,x" )= 3 (a,x").
n=0 n=0

*Chitng minh:

Ta chi ching minh 1). Cac phdn sav ching minh tuong ty.

Thuc vay, xét diém bat ky x, € (-R, R) thi 3p > 0: {x,| <p <R. Theo
dinh 1y, céc chudi ¢6 duge bang cach dao ham hay tich phan titng sé hang
cua chudi (1) cing ¢6 khoang hai ty déu 1a doan [-p, p] do d6é chiing hdi tu
tai x € [-p, p] dac bist chiing hdi ty tai x,, vay néu R, 1a ban kinh hai 1u clia
cac chudi nay thi R, = R (a).

Mat khac, xét chudi dao ham ctia chudi (1);
a, +2ax+ ... tnax" "+ . (2)

thi chudi (1) 12 chudi tich phan timg 34 hang cua (2), do d6 theo chimg minh
trén thi R 2 R, (b). So sanh (a) va (b) ta c6; R, = R.

Thi du:

Xétchudi (-1 x" =1 -—x+x?- .+ (-1 + ..
n=0
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va ta cb:

=l-—x+a2+ .+ DR+ V01 x| <1,

Six)y =
@ T+x

Tich phan timg 86 hang cia chudi nay tit 0 dén x ta ¢6:

2 x.’l xn+l
Inf14+x ) =x- =+ — _+(-1)) =——+... V8 lx] < 1.
2 3 n+l

Pao ham tirng s6 hang ciia chudi d6 ta cé:

S e T L TS RPTRSY
(1+x)

Chi y:
Nhu d3 néi chudi lay thita dang téng quat Y a,(x-x4)" , dua duge vé
n=0

chuéi iy thits dang (1) bang cach dit x —x;=¢: Y a,t".
n=0

Ap dung cac )y thuyét da biét cia chudi dang (1) ta sé suy ra cac két

qua cta dang tong quat.

Thi du:
s . . . Z(x+1)" . _ . P
Tim mién hoi tg cua chudi 5 (a), Dat x + 1 =1, ta ¢6 chudi
n=1 n
> " . . R _ 1 _ ) %
Z—? (b). Ban kl.nh hoi tu cua (b)) 1A R = — = 1, do d6 chuéi (b)
n=tn lim ——
n—= (n +1)

héi ty khi -1 <t <1 hay -2 <x <0, nghia 1a khoang hai ty cta (a) 1a (-2, 0).

Taix =0, ta c6 chudi s§ T~ hdi tu (dang 3 —,a=2> 1),
n=1n n=1n

\ p . 5 ) S R " LA at
Taix = - 2 ta c6 chudi s6 Y 2) hdi tu tuyér ddi. Vay mién hdi ty
n=y n

¢ha chudi cing 1a mién hol ty tuydt 461 cdia né dé 12 doan (- 2, Ol.



§3. CHUOI TAYLOR VA MACLAURIN

Ta da xét van dé: Cho trude mot chudi livy thira, xét sy hoi ty clia né vé
mét ham 88 nao d6 trang mot mién nao dé, bay gid ta xét bai toan nguge lai,
cho trude modt ham s fix), tim didu kién d& ham A) 1a téng cla mat chudi
ldy thira trong mot mién nao d6. Pidu nay md ra kha nang dé tinh gin dung
rat 15t vi 461 vdi cac ham Yy thita, tfnh toan ching 14 ddn gian nhAt.

3.1. Dinh nghia

Nhu d4 biét: ndu fix) c6 dao ham lién tuc dén cap » tai x, va c6 dao
ham c&p n + 1 tai lan can cia x,, thi trong 1an can d6 ta c6 cong thuc Taylor
cip n:

fx) = flxg) + —-—f.(ITO) (x—x0)+———-f"g°) (x-x5)% +

(1)
+ L (xO)(x %) + R, (x) N
Trong d6:
(n+1)
B el e e 50, 0€0< 1

R, (x) 1a s6 hang du dudi dang Lagrange caa cang thic Taylor cdp n,
dac biét néu x, = 0, ta ¢6 cong thie Maclaurin cap n.

Dat : Pox) = flz + L ("0) 1200 (- 1%0“)(1 -z +

(n)

P_(x) goi la da thitc Taylor cap » cita f(x) trong lan can clia diém x, khi do
cong thic Taylor cap n vigt duge dudi dang:

flx) = P (x) + R ().
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Bay gid gia st flx) ¢ dao ham moi cap va dua ra :

DPinh nghia: Chudi Taylor cia ham f(x) trong lén cédn cia diém
x, la chuéi liy thita ma téng riéng S,(x) cia né la da thitc Taylor
cdp n: P (x) ctia f(x) trong 1d@n cdn 46, nghia la chudi ¢6 dgng:

(n) )
Z f (xo) (x_xo)n f(xo) f'(xo)( xo)+f ;’;0) (x—xo)2+
n=0
(n)
i n(xo)(x W) ¥et... (I

Ddc biét x, = 0 ta c6 chudi:

£O ., 1O
1 2!

(n)
(0) o
Z f

= f(0) + () + ...+

o)
10 ... o

goi la chudi Maclaurin cua f(x).

Néu chudi Taylor ciia ham flx) hdi ty vé fx) hay <6 téng 12 flx) trong
lan can cta diém x; nghia la:

flx) = floe) + %(x—xo)+£%(x—xo)2+
(n)
+ f—(xw(x—xo)"-t-.... [6))
n!

thi ta néi : flx) khai trién dugc theo chudi Taylor (ctia né) trong lan
cén cia diém x,.

Vay vdi didu kién nao thi f{x) khai trién duge theo chudi Taylor tai lan
can didm x, hay c6 ding thie (1) trong 14n can cia diém x, ?
Trude hét: Ra rang néu Rx) ¢6 dao ham moi c&p tai 1an can didm x, thi
f(x) ¢6 chudi Taylor tai lan can dé.
Thi du:
i

X61: flx) = e’ wéi x#0
0 voi x=0
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DG 13 mot ham c6 dao ham moi ¢ap Vx & R. Do d6 ta co thé lap duge
chudi (M) ctia f(x) tai 1an can diém x, = 0, ta tinh:

1

OO O _ 8 o

Ax Ax—>0Ax_

f(0) = lim
Ax »0

1
2

fl(-’h)'f«)): Hm 29 e

=0,..,f®=0..
Mx Ax 50 Ax

0= lm
Ax—0

Vay chudi (M) clia fx) (trong lan cén ciia x, = 0) la:

0
24 r—x

o+ox+ Lz
2! n!
Chudi nay hdi ty va c6 tong bang S(x) = 0, Vx € R.

Thi dy nay cho thay didu kién ¢6 dao ham moi cap cla fix) khong da dé
fx) khai trién duge theo chudi Taylor trong 1an can diém x, = 0 vi trong lan
cén cua x, = 0 ta ¢6 S(x) = flx).

Vay phai thém diéu kién ndo dé c¢6 dang thite (1) ?

3.2. Pidu kién f(x) khai trién dugc theo chudi Taylor

Dinh ly:

Gia s ham f(x) c6 dgo ham moi cép trong lan c4n cia diém x,

Didu kién cdn va du dé f(x) khai trién duge theo chudi Taylor
trong lédn cén 46 la ;}‘_‘,‘l R.(x) =0, Vxtrong ldn cdn cia x, R, (x) 13 56
hang du ctia cong thic Taylor clla fix) ciing 1a s6 hang du ciia chudi.

Ching minh:

Gia stt ¢6 dang thie (1) trong 1an cén € cia x, nghia 1a:

lim S,(x) = lim P,(x) = f{x) tronge.

n—x n—w
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Mal khac f(x) = S, (x) + R,(x), do d6 lim R (x) = O trong lan can «.

nox

Nguge lai, gia su lim B (x) = 0 trong 1an ¢an & thi lim |fx) S.(x)|=0 hay

o n—a
lim S,(x) = f(x), trong 1an ¢an ¢ nghia la ta c¢6 (1).
n—ox
Hé qua:

Néu IM >0, |fM(x)| <M trong lan eén £ cia x, thi ta co (1). Thyc
vay, khi d6: trong lan can s:

IR0} < fx-x P! (2.

(n+1)!
Mat khac: Chudi

mlx_xorwl

hoitu Vx € R,
ngl (n+1)3 . v
Vi
R= lim |2 |« lim L D _
n— a,,H n yo n!

Do d6 s6 hang téng quat clia chudi
[x— X |n+1

Y -0 (no>x

T (2) suy ra lim R (x) = O trong . Theo djnh nghia trén, ta cé (1).
n—o0

3.3. Cac khai trién theo chudi Maclaurin ctia vai ham sd edp
1) Ham fix) = ¢*

Ta biét cong thic Maclaurin cGa ham e* 12:

x2 n

X _ X x
e"=1+ E“‘E‘F...‘F;‘F Rn(x)»
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Mat khac
O x) = (@)™ =¢e* néu |z} <M M>0), vn
tach|fPx)| <eM =M.
Do d6 theo hé qua trén, e* khai tridn dude theo chudi (M).
x° £

ef=1+ i+_—+A..+——+ .. Vx e R.
1 2 n!

viMlamyy.
2) Ham flx) = sinx

Ta biét céng thue Maclaurin cha ham f(x) = sinx la:
3 2n+1

. _x x n X
sinx = ﬁ-—3T+“.+(—l) m+ Rzm&,x).

Ta cling bist:

1A™&) | = [sin(x + ’;—"n <1,VneN, VxeR.

Do d6 theo hé qua trén ham sinx khai trién duge theo chudi (M):

2n+1
Sinx = i—-I—+A.‘+(—1)" ad +... Yxe R
3 Cr+1)!
3) Ham f{x) = cosx
Tuong td nhu 2) ta co:
2 4 2n
cosx:l———+f—+...+(-1)" Y o+ VzxeR
AR (2n)!

4) Khai trién ham f{x) = (1 + )° (chudi nhj thit).
Ta biét ¢cdng thac M) cha (1 + x)* la:

QA+ =1+ ox

" ala '— 1 21 ala— 1)...(:1 -n+1l)
n:

T+ R (x)
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C6 thé ching minh:

+ u(a—l)xg . +a(a—‘l)m(a—n+1)x,,

(1+x)"=1+ ax
2! n!

<1

* Ta da biét R, (x) dang Lagrange. Bay gid ta s& xét R, (x) dudi mdt
dang khac, ta co:

R, (x) = f(x)- P,(z). D& dang suy ra:

R,(0)=0, R,(0)=0,.R"0)=0,R™PD(x)= " D(x) )

Mat khac: R, (x)- R,(0)= J‘R;,(t)dt hay theo (1) va tich phan ta cé:
0
R, (x)= [R,(t)dt = -[R,(d(x - 1) =
0 0

= —R;<t><x~t>[ +H{R,()(x -0t = .. =$ JFPP@-0"de (2
0 *a

(2) goi 12 56 du dang tich phan cla cong thic (M) cha f(x).
Xét flx) = (1 + x)* thi:
Y =afa-1) ... -1+ )" 2L
va

fx-e" (L +0)> " 1dt 3)
0

Ry = afa - 1)’.1.'.(0. -n)

Bay gid xét chudi:

a(a~1) 24 +a(u.—1)“.('a—n+1) N
n!

1+ox+ “

14 chudi hoi tu tuyde déi khi Jx| < 1.
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Thuc vay

Up 4y a-n

u

x| > jx| khi n - .

n n

do d6 chudi (4) héi ty tuyét d6i khi |x| <1 (tidu chuan I’ Alamberr).

Vay s8 hang tdng quat cda chudi (4) phai ddn dén 0.

Mat khac theo dinh ly gia trj trung binh (trong tich phén xac dinh) thi
(3) vidt duge:

oo -D..{a-n)
’ n!

R, (x) =

(x-00)"1+8x)>" ' x (0< 0<1),

hay

(a-1)..(a-n) ,
n! *

R (x)=

1-5 n(l +0:0)* Lox 3"
1+6x

(a-1)...(—n) .

Trong (3') thita sb
n!

" 13 s6 hang téng quat clia chudi hoi
tu (4) (thay a bdi o - 1) nén thita $6 nay dan tdi 0 khin - c.

Thita s6

n
1_BJ <1Vn, ¥|x| <L
1+06x

vi khi [x] <1:0 <1 -6 <1+ 6z Thita sd cudi cing (1 + 6x)* ".ax cing bj

chan khi [x] <1 vi né khéng phuy thude n.
Do d6 R, (x) = 0 (n — ) va ta c6 khai trién:

A +x)®* =l+ox

+a(a2'+1)x2+w+u(a+])...(u—n+1)x,,+ CVlx) <1

n!

Chudi nay goi la chubi nhi thic.
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Chu y:
1) Trong cong thic (2) thay 0 bdi x, ta cé6 sé hang du dudi dang tich

phén cua cong thice Taylor.

R = L [V @)t dt

2) Cong thic Euler:

Ta da cé:
2 3
x x x
e"=1+ — +—+
o2 3
. X Ia .1'5
SIK = ———+—+
1 3 s
2 it
cosx =1 ——+——
22 4

Thay r bdi s6 ao ix (i Ja ddn vj a0:2°=- 1)

Ta c¢6:

x ixd 2t P
e =14+ —=-—-— - =
o2 3 45
2 a 3 5
S (AL A VRS . S SR
2! 4! 3 ot
e = coax + isinx (1)
Thay ix bdi — ix ta cb:
e = cosx - isinx (2)
Céng (LTi) vé vdi vé& cua (1) va (2) ta ¢6:
e~ e =
COS8SX =
2

&Y
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ix _  -ix
sinx = "—2+ (4)

Céac cang thie (1), (2), (3) va (4) goi 1a cac cong thite Euler.

Téng quat: Trong khai trién clia €', thay x bdi: z = x + iy ta c6:

ex __:ex+ky :el‘ Ely.
hay
2 . . 2 2 3
- x,x iy, @) 1y 2,27
=1+ 1!+2!+“_)(1+ 1!+ of + ..)=1%+ T 2+3!+

Ap dyng phép nhan chudi: (Chu y: sau §3 ctia phdn A). Ta eling ¢d céc
cong thie Euler, vdi z = x + iy 14 mot 86 phitc bat ky:

iz -iz
iz « +e
e’ = CcosSz +18InzZ, coOs8z=
2
iz iz
-iz s . —€
€ " = CcOosZ -1s81nz, S1nz= 2.
]

Bay gid xét mot s8 truong hgp dac biét quan trong clia chudi nhj thite:
a) Khai trién eta In(1 + x), In(1 - %)

Trong chubi nhj thic cho a = -1, ta ¢6:

1
x+1

=l-x+x2-x*+  +(-1)"+ ... vii 1<x<]1.

Do d6, theo tinh chat clia chubi lily thira ta cé:

x 2 3 n+l
In|x+1|=ji=x—x—+x——...+(—1)” X .
px+1 2 3 (n+1)

vl —1<x<].
Chudi nay cong hdi ty tai x = 1, nén khai trién nay vin ding tai x = 1.

Thay x bdi —x ta c6;
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2 3 i+l
Mil-xl= (x+—si it 4+
p . (n+1)

+ ) vil 1<a<l.

b) Khai trién ctia aretgx

Trong chudi nhj thite cho a = -1, va thay x boi 2 ta cé:

21 =1-x"+at DT+
x° +1
do dé:
x x."l Iﬁ 2n+1
arctge = |— =x-—t—+.. + (1) + .. 1<x<1,
oxt+1 3 5 on+1

Chudi nay cling hodi tu tai x = £ 1, nén khai trién nay van ddang khi
x=*1.

- DA‘ 3
c) Khai trién cua arcsinx

x. . , 1 \. .
Trong chudi nhj thie choa = - g va thay x bdi -x2 1a c6:

2 a1 a = _ 2n
1 _ 1+x_+1..3x +.“+1A._%Aa.‘.(2n, 1)x +o 1%l <1
1-x2 2 2.4 24.2n
do dé:
. ] 1 2 134
arsinx = | Sxto
0 41~ x2 24 5
1.3.5..2n - 2n+1 -
+ b..(zn-l) x véi lx] <1

+
2.4.6..2n (2n+1)

Ta da ¢6 khai trién theo chudi Maclaurin cia cac ham e*, sinx, cosr,
(1 + 2" goi la cac khai trién ¢o ban. Tir cac khai trién co ban nay ta cé thé

suy ra cac khai trién (theo chudi Maclaurin) ctia mot 6 ham khac.
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Thi du:

n

D fx)=x"e* = 2%l + %+%+. At )

n!
aJ 1 nl
= x2+x_+xﬂ+_”+1 +... Vxe R,
| ) n!
sinx .
vll 10
2) flx) = x
1 véi x=0
3 2n+1
sine= =-Z 4+t 4
noa 2n +1)!
R > 4 2n
xe0r 20T l—-Jc—+Ji -+ D" X +
x 3 F @Gn+ 1!

Chudi nay hdi ty V x € R, khi x = 0, tdng clia nd S¢x) = 1. Vi khi

0 =1 nén:
2 5 2n
X X X
x)=l-—+" = (- — vx e R.
/@ 7w G *
*3)
2 n 2 2n
X X x X
x)=ecosx {1+ —+— 4. +—+ N 1-=—+_. +-D"
f ¢ JHA ! ¢ A ( )(2n)!
=1+x+([l—l‘Jx2+(-l+l]x3+[L—l+ L x4+...
2 2 2 6 24 4 24
i

1+x- 22 4  (vxeR.
3 4

(Theo phép nhan chudi §3 phan A).
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§4. AP DUNG CUA CHUOIL

Trong 8§ nay ta xét vige 4p dyng 1y thuyét chudi vao tinh gin dung. Ta
bigt da s cac bai toan frong thyc 1idn ddu dua dén vide tinh gan dung, do
d6 ta cang thay tAm guan trong 16n lao ciia ap dung chudi vao tinh gan
ding.

Dau tién dua ra cic eéng thie ude ludng sai s6 khi ap dung chudi tinh
gn dung.

Gia st ham fix) khai trién duge theo chudi (T) tai lan can diém

f0 = fie + L4 0)( —xoh%(i—xwh

(n)
+ f_%(x—xo)" +.. (M.

Né&u tinh gan ding flx) theo cong thie:

fix) = foe) + L0 )+ L0 g2+

SUIFN
+ ————f (10)(1—;{0)".
n!

thi sai s6 mac phai 1a;

_ f(h‘l)(xo)
Ryx) = NS

(x —10)"+] + ..

Theo céng thae Taylor thi:

f(rul)()
R, (x) = (—T)T(x-xn)"'l , = x, t Ok —x), 0<B <1,
n+1)!

Do d6 sai 6 mac phai sé duge udc lugng theo cong thie:

B f(ml)() el
{R()| = | m——~ ! —(x-xy)" |



Dac bigt néu chudi (T) ctia fia) 14 chudi dan dau 6 cac s6 hang gidm
dan, nghia la;

f)=u, —uytu; -u,+ + (D lu
VOi u, > u,> > u, > . néu tinh gan dung fx) theo cong thite:
) =uy —ugtuy—u,+ D g,
Thi sai s6 mac phai la:
Ry(x) = (-1) Uy oy + D" iy + (D) Py
hay
Ry@) = DMunsy - @aiy = Uasy) -]
suy ra:
| Ry | =gy — Wnys - Ugig) o |

nhung z,,», u,,,>0.., viu, giam din, theo cach chimg minh djnh 1y vé
sy hoi tu cua chubi dan dav thi: JR,(x)| < u_,, nghia la sai s mac phai bé
kém s6 hang dau tién bo di.

134y gid ta dua ra cac thi du ap dung chudi dé tinh gan ding.
4.1. Tinh gia tri ctia ham s6

Thi du:

1) Tinh gan ding Ve vai d6 chinh xac 102. Ta biét

2 n
X x X

"= 1+ ~+—+. . .+>—+ .. VxeR.
12 n!

1
chox= 51 ta ¢6:

1 1 1
1/E=1+ + +..+

+
2.1 229 2" n!
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Ta lai biét:

r

Ry = - e 1 Vil 0 <c < 1
(n+ N gnil 2
mit khac
1
e < el<yyd <2,
Do do Rn(l)< I
2 (n+1)2"

Mudn dat d6 chinh xac 107 ta phai chon n sac cho:
1 1
LS 5

(n+ 112" 1000

D& dang thit thdy bat ding thae nay théa man khi

n > 4. Vay lay n = 4, thi dat d6 chinh xac, nghta la;

\/:=1+—1—+ L +. ,1 + L = 1,648
210 2¢9 233 2ty

vdi do chinh xdc 10°%,
2y Tinh sinl = sin57°18 vai da chinh xac 107,

Ta biét:

3 I—‘Zntl

sink= X% 4 +(-1 =+
. 13 @n+ 1)

vdi moi x, cho x = 1 ta ¢é;

sin 1=sin3718'=1- — + _l — o+ (-D)? 1 .
o En+1)
PN z. N 1
Day la chuoi dan dAu nén R, (1) € uyyy = ———
(2n + 3%

Vay phai chon n sao cho: chon n =2 thi duge, vi:

<
2n +3) 1000

1 t_oor 1
(2243 7' BO40 1000
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1

o dé sinl = sin57°18’ = 1- l' + = = 0,842 v6i d§ chinh xéc 10

3

3) Tinh sd' =

Ta biét:
3 5 7

arctgx= =2 42 X 4 vk 1<x<lL
3 6 7
cho x= v3 ta co:
3

arctg—3=£=—‘/—§(1—l+1 .1
3 6 3 9 45 189

1 1 1
lodd =243 -—=+—-—+...
¢ I( 9 45 189 )

Dung cdng thitc nay c6 thé tinh gdn ding s6 n véi d4 chinh xac thy y.

4) Tinh logarithme

Ta bist
2 3 4
ln(]+x)=x—%+%——z—+... QD vii-1<x<1.
2 3 4
x* x* x
Inl-x)= -~ x—-"~—-"— " . D vii-1<x<1.
( ) 23 4 2

Néu ding cac ¢ong thite nay dé tinh gin dung logrithme thi chi tinh
duge logarithme ciia nhiing s6 bé hon 2 vi -1 < x < 1 nhung ta c6 thé bié&n
d6i nhu sau:

Lay (1) trit (2) ta c6:

3 .5 L2+l

1+x x x
=2{x4++—+=—+..+
1-x 3 5 2n+1

In

+ . )Vre(-1,1) 3
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khi x € (-1, 1) thi bidu thiue 7%

> 0. Nhu vay dung (3) c6 thé tinh

-X

logarithme ctia mot s& dudng bat ky.

1+x . N -1
Dat: =Nkhidox= A
R vl N Y
V=Yt L Nl AN
N+1 3 N+1} 5§ N+1
2 . e A v aa _ N -1 1

chang han, tinh In2 v8i 0 chinh xac 0,001 3 day N = 2, -A—r-+—= E,do ds
ln2=2+ 23+ 25+..A+ 2 st 4)

3 33 5.3 (2n+1).3“"

2 < 2
(2]1 + 1).3271 +1 32n+l

Nén cac s hang cia (4) nho hon céc sd hang tudng Ung cia chudi
nhan;

2 2 2

2
§+§3—+3—5+...+5~2ﬁ+--- (5)

Goi s6 hang du cia chudi (5) 1a r,, thi:

_2
r,= 2 ., 2 | - L. )
n 32n+3 32n+5 l—i 4.32n+1
32

vA s hang du clia chudi (4) 1a r, thi r, < r, hayr, < . Léy n=3thi

4‘3273-#1

r < % < 0,001.
4.3
2 .2 2
3.3 535 1737
0.6932 = (0,693. V3ai do chinh xac 0,001.

Vay In2 = §+ =0,6667 + 0,0247 + 0,0017 + 0,0001 =

461



4.2. Tinh tich phan

Thi du:
1

2
1) Tih 1= [e ¥ dx chinh xac tdi 10",
0

Ta biét tich phan nay khéng tinh dugc theo céng thic Newton -

2 N i "
Leibniz vi ¢’* khéng c6 nguyén ham biéu dién duge qua ham sd cap.
Bay gid tl:
-2 n
=1+ iy Xy Yx e R
U n!
thay x bdi —x? ta co:
2 4 (3} 2n
e"‘Q: ]_x_+x__x L+ (=D X 4 .. VxeR
1! 2 8 n!
Do do:
1 1
2 3 5 _1\t 2041 2
1= _[e ‘7dx=(x-x—+—x_ GO +
0 13 25 n'(2n+1)
0
1 1 1
hay I=—- + A =+ ..

2 11328 w598 BTy

Day 13 chudi dan d&u vi -- == < 10 nén 14y n = 2 thi dat db chinh

RUWANA
XAC.

1 1 N . PR a
VayIl~ —~——+—— =(,461 chinh xac14i 10°.

2 393 259°
o e %sinx
2) Tinh I= j' dx .

0 X



Ta biét

. X C
Sx = ———+—- Z—+ . Vxe R
DA S 5 B
nén
: 2 4 6
S X X X By
> =1 -+ -+ Vx = 0.
X 3 8 7
... sinx . L N .
vi lim =1, nén Kkhai trién nay ding vx € R.
n->0 Xx
Do dé
3 5 a
SINX x 1x 1x
I—j dx= (———"—~+=—— )
0 X 1 33 535
0
hay
a 5
a a
I=a- +—- ..
A3 5L

Diing cong thize nay ¢6 thé tinh I vdi 46 ehinh xéc tuy .
4.3, Giai phuong trinh vi phan
Ta biét, noi chung phudng trinh vi phan chi ¢6 thé gidi gAn ding. Mot

trong cac phuong phap giai gan ding 13 ding chudi. Ta sé 4p dung chudi dé
giai bai toan Cauchy. Ching han, xét bai toan Cauchy:

Tim nghi¢m caa phuong trinh: y" = F(x, y, ¥) (1.

Thoa man sd kién yL_IO =¥y, y'| =.Y;J 2

x=x,

D61 vai phuong trinh cap cao ta ¢6 thd 1am tuong .

a) Trudng hdp chung

Gid siz nghiém cia bai todn (1), (2) tén tai va khai trién duge

theo chuéi Taylor tai lan can diém x,
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y=flx) = flxy) + %(x—xo)+ (x—xa)2+,_.

!

' (xp)
2

+

{(n)
fg('xo)(x—xo)n+

n

Duya vio (1) (2) ta sé tim dudc flx,), f(xohs [ (xy) v@ c6 nghiém
phai tim.

Thuyc vay, tit (2) ta ¢6:

o) = )., =Yor f'(x0) =¥, =¥
T (1) va (2) ta cb:

P =y, =Fayy), , =F.5.%)
Pao ham (1) ta duge: y” = F, + Fy'y'-i»F;-y"

Do d6, va theo trén: f"(x,) = y'" . x’ ta b 7 (xy), ...

Trong thuc t&, sau khi tim dugce chudi Taylor ciia y, ta phai xét sy hai
tu cta chudi dé.
Thi du:
1) Giai phuong trinh: y* = 2y%.
Théa man sd kién : yL:D =1. Ta cé:
O =3l =1, (O = 2y2L:O =2, frO =y, =4y, =8

v —_ 11 _ 2 " _
FO= ', =4y +dyy| _ =98,

Thay vao khai trién Taylor ciia nghidm y = fx) tai lan can diém x = 0
taco:y=fx) =1+ 2x + 4x% + 8° + ... v& phai la chudi nhan céng bdi ¢ = 2x,
. . 1 2 N N
né hai tu khi [2¢]| < 1 hay: |x| < 5 lue dé tong caa nb la

1-2x
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Vay ta ¢6 nghi¢m phai tim la:

1
<x< —

1 1
= vdi -— .
Y 2 2

C1-92x

Thyc ra ham s6 nay théa man phudng trinh va so kién trén véi moi x,
1 oa N e e 2 . . N
trex = 2 nén né la nghiém cua bai toan véi moi x trit x = % .
Chu ¥ rang phuong trinh trén c6 thé gigi bing phudng phap phan
cw a d
ly bién s6. Thyc vay, &t y’ = 2y*® ta cb —‘Z = 2dx suy ra -l=2x+c hay
y

Y
=1
2x + ¢
Cho thdéa man sg kién taes: 1 = 01 suy ra ¢ = -1 va ta ¢6 nghidm
+c
riengy = trung vdi két qua trén.
1-2x

2) Giai phudng trinh: y=x-y (1)
Théa man so kién ¥, =1 (2

Gia sd nghiém y = fix) khai trién duge theo chudi Taylor tai 1an can
diém: x=1.

y=fo)=AD + % x—l)+f—l'2(—!}-l(x-1)2+...

d day, ta c6

=y, =1.fD =y _ =x-5

=1-1=0

x=1
F= =020, 1-2 101
Tudgng ty:
(1) =-2,fO0) = 4, f=-14, /7 = 68, /7 = -336.

Do dé ta c6 nghiém cta bai toan (1), (2):



. 3 3
_e-DY -t
2 3 6

5 146 1
GV ) S M C Sl EOY
3 180 15

(6))

Ta thay chudi & v& phai, hé s6 etta 7 s6 hang ddu khéng ¢6 quy luat gi.
nén dén day khéng thé biat chudi hoi tu hay khéng ma chi biél né théa man
50 Kién (2).

Mudn biét né 1a nghiém cia phuong trinh chinh xac dén muc nao, 1a

chi ¢6 thé thi tai nhing diém cu 1hé.

Ching han tai x = —, thay vao (3), tinh d&n 7 s§ hang dadu ta c6 :

N |-

y = 1,183, dao ham (3), thay x = % viao va cling tinh dén 7 sé hang dau ta

cé: y’ = -0,895.
Thay vao (1) va tinh toan ta c6: vé trai |4 y° = -0,895 v& phai 1a
x  y?=-0,899.

Vay sai 88 d hai vé 1a -0,004.
b) Trudong hdp phudng trinh tuyén tinh

P61 véi phugng trinh vi phan tuyén tinh, ding chudi lay thita dé giai
nhiéu khi thuan tién hon, phuong phap nay goi 1a phuong phap hé s bat

dinh, néi dung nhu sau:
Gia st phuong trinh ton tai nghiém la téng cua chuéi liy thita:

an
y= Y a,x" trong mét mién nao dé. Pao ham y thay vao phuong
n=0

trinh ta duoc mét déng nhét thite, déng nhadt cdc hé s6, ta tim duoc
cdca, (n=0, 1,2 ..) sau dd xét sy héi tu cua chudi ta sé c6 nghiém

phai tim. Ta ¢ minh hoa phuong phdp nay qua thi du sau:
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Thi du: Giai phuong (vinh

o1 k*
Y+ —yHI-Toy=0 k>0
X x

phuong trinh nay goi 1a phuong trinh Bessel cap k& > 0. ¢é ral nhidu ung

dyng trong vat Iy toan. 1)é don gian, ta chi giai phuong trinh Bessel c¢ap
khong:

N
y +;y+y=0 1)

Gia st nghi¢m cia (1) 4 t6ng ctia chudi lay thim y=

"
S a,x” (2) trong
mdt mién nao dé.

n=0
Pao ham ta co:
o« . « A
y.: Z nanxn- , y.._ Z n(n —l)ﬂnxn- 2
n-0 n=0
Thay vao (1) ta cé déng nhat thic
o - - ¥
Z nin - l)anx’I N + ; Z "-anxn_l + Z G,;I" 0.
n 2 no

n 0
Bay ¢id cho bang khéng hé 86 etia cac liy thita cua x, ta co:

o » . . 1 N : o

- Hé 6 caa ~ 1a a,, nhung trong chudi khdng cé — nén bat budc
x

a, =0.

X

-Hegsdetax™ (n+2)(n+ Da,,+ 0+ 2a,,,+a,=0,suy ra;

n+D%a,,,+a,=0 hay a,.,= L”z 3)
(n+2)

e — —ay N
Tu (3) suvra: a, = — ay=—5=0 vig; =0,

2 3

_ @ 20
a,= —=
42 2242



T3ng quat:

ay a

L.
% 9242 _(2m)> 9227 ()2

Ao 1 = 0.

Thay vao (2) ta c6:

x?,m

= 5- -Hs —
y aomz=0< ) 27 )2

Dé dang thiy lim

1M 50|

h’”—z‘ =0, do d6 chudi nay hdi tu Vx nghia 12 né la
Cam
nghiém ctia phuong trinh (1), V.

L&y a, = 1, k¥ hiéu:

me

Jo(x) =mZO(~1)“ —_—ZQm.(m!)Z

Tat nhién Jy(x) van 12 nghiém caa (1), ngudi ta goi Jy(x) 14 ham Bessel
¢ap khong.

D41 vdi phuong trinh Bessel cdp 2 nguyén, 1am tudng ty ta c6 nghiém
riéng:

Ithk

@ = ¥ (-nn
v = 2D 227k () (4 B!

Ju(x) goi 1a ham Bessel cap k.

C. CHUOI VA TiCH PHAN FOURIER

§1. CHUOI LUONG GIAC

Trong khoa hoc va ky thuat ta thudng gap cic hién tugng tudn hoan
nghia 14 cac hién tugng sau mdt thdi gian nhat dinh lai lap lai nhu ci.
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chang han: mye mide thay tridu 1én xudhg, cudng do dong dign xoay chidu,
cac dao dong cd hue...

V& toan hoc dé nghién citu cac hién tugng tudn hoan, ta ding cac ham
tuAn hoan. Ta bigi cac ham tudn hoan ddn gian nhat la cic ham s8 lugng
giac dang:

sinnx, cosnx 1

Trong thyc tién ¢6 nhimg qui trinh gdm nhidu hodc cé khi vé sé cac
hién tugng tudn hoan don gian. Do d6 dé miéu ta toan bo qua trinh, ta phai
nghién citu mot tdng vo-han cac ham lugng gide (1) nghia 12 nghién ctu mét
chudi ham ma cac s§ hang 12 cac ham lugng giac d6, goi 1a chudi ham lugng

> s

gac.
DPinh nghia:
Chudi ham c6 dang:

ag ®
— + Y (a,cosnx +b,sinnx)

2 n=1I1
goi la chudi ham lugng gidc. Trong dé ag a6, b, n = 1, 2, ... la cdc

> ~ PR B ” - » .
hang 86 goi la cde hé 86 cia né.

Ta thay chudi ham lugng giac la mét loai chudi ham dac biét, nén né ¢é
moi khai niém, tinh chat ciia chudi ham tdng quat. Pdc biét, ta thdy néu
chubi ham luang gidc cé téng la f(x) hay héi tu vé flx) trong mét

mién ndo do thi fix) phdi la tudn hoan chu ky 2

Thyc vay, 10 rang tong S, cia chudi:

M=

(ay, coskx +b, 5in kx)
1

n

s =%,
2

1

12 mo6t ham tudn hoan chu ky 2x (mbi s8 hang cé chu ky 2% ).



Do d6:

S+ 27 = lim S (v +27) = lim S, (x) = S(0).

n s "o

§2. CHUOI FOURIER

Theo §1 dé nghién cdu mot qua trinh gdm vé sé hién tugng tuan hoan

don gian, ta di dén nghién cttu chudi ham lugng giac

aq 0
? + Y (a, cosnx + b, sinnx) M
n=1 '

Bay gid xét van dé ngugc lai rat quan trong trong thyc tién la: cé rat
nhiéu qua trinh bidu dién bang mot hidn tugng tudn hoan phic tap, dé
nghién citu ditge thuan lgi ta phai phan tich hién tugng tudn hoan phic tap
d6 thanh nhing hién tugng tuan hoan don gian.

DE giai quyst van dé nay, vé toan hoc ta phai gial bai toan: Cho trude
ham s6 f(x) tudn hoan chu ky 2x, tim chudi lugng gidce (1) co tong la
fx) hay héi tu vé f(x). Nguoi ta goi viée lam dé la khai trién f(x)
thanh chuéi lugng gidc.

Dé giai quyét bai toAn nay ta chia lam hai bude:

1) Gia s ham flx) da khai trién duge theo chudi lugng giac (1) nghia

flx) = 950_ + > (@, cosnx + b, sinnx) 2)
n=1

Tudéta sé tinhag, a, b,,n=1,2, ...

2) Tim diéu kién dé fix) khai trién duge theo chudi lugng giac (1), nghia
la tim didu kién d€ ¢6 (2).

Bay gid 1an lugt ta gidi quyét cac bude nay.
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2.1. Cac hé s6 va chubi Fourier

Dau tién ta chimg minh mét b 4o ding vé sau,

Bé dé:
n n
_[cosnxdx = Isinnxdx =0, n=1,2,..
n -n
n n . ) 0 néu: m=xn
_”cosnxcasmxdx = Jsznnxslnmxdx = .
n “n N néu: ms=n
n
jcosnxsinmxdx =0, mn=12,..
-n

Ta chi chimg minh mét cong thde (cac cong thie khac ching minh
tuong (1Y) chang han ching minh:

n
Icos nrcosmrds =0, ndum#n
-7

Thue vay vi

]
cOSnx. cosmx = 5 lcos(n + m)x + cos(n  m)x]

nén
n 1 n
j’(:os nxcos mxdx = 5 I[cos(n +m)x +cosn mixjdx =
n ~“-n

1 sin(n+m)x  sin(n - m)x *
= + =0

2 (n+m) (n-m) |,

Bay gid ta dua ra dinh 1y gidi quyét bude 1 ciia bai toan.
Dinh ly:
Néu f(x) tudn hoan chu ky 2x, khai trién duoc theo chuéi luong

gidc, nghia la:

16



flx) = 070 + Z (a,cosnx + b,sinnx) (a)
n !

(chudi la héi tu déu vé f(x), vx € R) thi:

—_—3

a, = % f(x)dx, a, == If(x)cosnxdx, b, =— Jf(x)smnxdx(b)

a

n=12,..
Chitng minh:

DE ¢6 a,, 14y tich phan 2 v& ciia (a) theo £ tif -1 dén = ta c6:

n
j’f(z)dx Id.r+ Z (a, jcosnxdx+b jsm ru:dx)

-n n=1 -n -n

Theo cong thide (1) clia b8 d& trén thi sd hang sau clia vé phai ding
thuc nay bang 0, do dé:

If(x)dx—?" jdr:i';&x =agn
-n

-R

Dé tinh a,, ta nhan hai v& cila (a) vdi cosmx rdi 14y tich phan theo x ti
-n dén =, ta cé:

n a, n
f(x)cosmxdx = = (cosmadx +
2

n “x
w0 n
+ Y (a, Icos nxcos mxdx + b, Ism nxgosmxdx)
n=1 - -n

8 vé phai:
S6 hang thi nhat bang 0, theo cang thie (1) clia ba dé.

Con tdng T, theo cédc cong thie (2), (3) ciia bd dé chi con lai s8 hang:



n
a, fcosnxcosmxdx =a,x
n

Ung vdi m = n, cdn cac s6 hang khac déu bang 0.

n
Do dé [f(x)cosnxdx =a,x, suy ra:

-n

1 b4
a,= — If(x)coanxdx
n

-X
Ta thay cac cong thic tinh a4, a,c6 thé thdhg nhat 1am mot:

n
a,= 1 [f(x)cosnxdx, n=0,1,2,..
n
-n

do ta 14y s6 hang d8u cia chudi 1a: % .Tudng ty, ta cé b,

Pinh nghia:

Cdc hé 56 ag a,, b, n =1, 2, ... tinh theo céong thitc (b) goi la cdc
hé 86 Fourier, con chudi lugng gidc cé cde hé 86 Fourier goi la chudi

Fourier cua ham f(x).
Pic biét:
Né&u ftx) chan thi theo tinh chit cla tich phan 14y trong khoang d&i

xung ta c:

2”7 21
ay = —]‘f(x)dx,anz —jf(x)coenxdx,b, =0,n=12,...
"0 "0

(Vi flx)cosnx chén, flx)sinnx 13 1€).

Lic d6 trong khai trién ctia fix) chi ¢6 nhilng s6 hang ¢6 dang cos, ta
bao ham fix) khai trién dugc theo chudi Fourier dudi dang cos hay

khai trién chén.

Néu flx) 1&:
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n
a,=a, =0, b, = 2 [flx)sinnxdx, n=1,2
n
0

(Vi flx)cosnx |6, f(x)sinnx 14 chan).

Late d6 trong khai trién cla f(x) chi ¢6 sin ta bio f(x) khai trién duoc

thanh chudi Fourier dwéi dang sin hay khai trién 1é:
Chu y:

1) Néu f(x) tuan hoan chu ky 7 thi:

a+T
If(x)dr = j f(x)dx Ya eR.

Thuc vay:

a+T a+T
_[f(x)dx ff(x)dx+ jf(x)dx_[f(x>dx+

a a T T
[Fe+THdt = [ f(x)dx + [ f(x)dx = [f(x)dx.
0 0 a 0
Suy ra: Cac hé s6 Fourier sé& khéng khac trude néu ta lay tich phan
trén doan khac van ¢6 dé dai 2x.

2) R vang didu kién da dé chudi lugng giae (1) hai ty tuvét dai va déu
vé flx), Vx € R 13 chudi s8;

|
lao| Z(Ia I+15, 1)

hoi tp vi
lacosnx| < la,l, Ibsinnx| < |b,l (Vx € R)

nén chudl s6 dudng nay 1a chudi trdl cia chudi tr] s6 (uvét doi cda chudi (1,

theo titu chuan Weicerstrass, chudi (1) 1a hoi tu tuyét doi va déu Vx € R.

1o



Ro rang cac hé 86 Fourier tén tai chi vdi didu kign flx) kha tich.trén
[-7, =).

2.2. Didu kién dé f(x) khai trién dugc theo chudi Fourier
Dé giai quydt bude 2 ciia bai toan ta cb:

Dinh ly Dirichlet 1:

Néu ham f(x):

1) Tuén hoan chu ky 2, khd tich trén doan [-n, #].

2) Ton tai cdac gidi hgn mét phia:

lim fix-h)=f(x-), lim f(x+h)=flx+) (h>0)taix ¢ [-nx]
h—-0 h—>-0

fim FEW I fles )= fix)

ho0 -h h »+0 h

thi chubi Fourier ctia f(x) héi tu vé
flx—)+ fx+)
2
Ddc biét néu f(x) lién tuc va c6 dao ham mot phia tai x thi chudi
Fourier ciia f(x) hdi tu déu vé f(x) tai x.

Ta sé ching minh dinh 1y nay & §3, bay gid ta tam cdng nhan dé ap
dung xét 1 58 khai trién.

Y
Thi du:
1) Khai trién ham flx) tuin
hoan chu ky 27 xac dinh bdi; I /
! I
0 khi -m<x<0 0 x
= ) 1 E brd
f=) {x khi O<x<r V1T

R3 rang f(x) thoa man diéu Hinh 197
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kién khai trién (Djnh 1y Dirichlet) ta tinh:
17 1,9 - 1 n?
ag= ;_];f(x)dx = -r:( [0.dx + ;Ex.dx) == 12—

-T

0 7 T
a = | F(x)cos nxdx = %( J0.cosnxdx + [ x.cosnx.dx) = lj’x coanx.dx

-n -n 0 7[0
1 xsinnz|” 1F 1 cosnx[" 1

== - —[sinnadxy=— = —(cosnn - 1)
Ty Ty mon |y an

-2 -

1 n — néu n=2m+l .

=— D" -1l=19mn (m=012,..)
i 0 néu n=2m

17 1 ¢ n
b, =— [f(x)sin nxdx=—{ [0.5in nxdx + [x.sinnx.dx) =

_n T _q 0
1 —xcosnx|" 17% -n -1
—(————— +—[cosnx)=——cosnm=—(-1)" =
7 n b Mo nn n
1 néy n=2m+1, (m=0,12,.)
_|n
- _1 an 5 ‘
— néu n=2m, (m=12,.)
n
Vay
flx) = E_i(cozx . 005231 .+ cos(Zm + 12)::
4 © 3 2m+1)
<smx _ sin2x SRR 51N nx )
1 2 n

2) Khai trién ham flx), tudn hoan chu ky 2r, xac djnh bai:

-x khi -1<x<0
ﬂx)={x PRSI 1 198)

x khi 0O0<x<=x

R6 rang fix) 8 day cting théa man didu kién khai tridn, flx) 1ai 1a ham
s6 chan nén b, = 0 ta chi phai tinh ag, ..



7!2
—— =T

g
ay = = f(x)dx =

o

L ]

D) n y
a, == f(x)cos nxdx =
o
_—;,12 néu n=2m+1 I |
=3nn ! L
0 néu n=2m -r 9
(xem thidy 1)
do do: Hinh 198
flx) = I i(cos:c + cos3z + cos@m + x 12)1 +..), Vx e R
2 =m 2m+1)
Piac bigt x =0 ta co:
=Z_ i(1 + L) + ! >
2 = 3 @m+1)
Suy ra:
2 1 1 1
welv vt 5+
8 3 5 2m+1)
Néu tim tdéng cia
chudi & v& phai theo djnh Y
nghia thi rat khé khan.
L
3) Khai trién fix) tuan x { .
hoan chu ky 2r xac djnh bai ! 7] |
_ | !
7’3 néu —x<x<0 —— —
flx) = .
2 néu 0<x<=x
4 Hinh 199

IRBHR)
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R3 rang théa man didu kién khai trién, 3 day f(x) 16 nén:

a,=0,n=0,1,2,..

Ta tinh:

Tn 1 - R |
If— sin nxdx = —(ﬂ) =—(cosnn~1)=
ot 2

b =
2 n o 2n

o

3w

1 .
—:néu n=2m+1
=3n

O:néu n=2m

do dé:
sinx sin3x  sinSx sin(2m + 1)x
+ + +..+
1 3 5 @m+1)

flo) =
chox= = thi:
2

m
l: ]___+l+m+(_17)
4 3 5 @2m+1

sin3x

ta cs S, =sinx, S, =sinx +

Hinh vé cho hinh anh caa sy hi ty y

clia 8y, S,, ... v& flx). (H.200)

2.3. Khai trién ham flx) tuin
hoan chu ky 2! theo chudi Fourier X

-1
-1 -1 =
in( )

)

> Y N l
Ta da xét khai trién cua ham
f(x) tuén hodan chu ky 2=, bay gio ta
xét hhai trién cta ham f(x) tuén

hoan chu ky 21, 1 > 0 b4t ky theo chudi Fourier.

Ta s& d8i bién s6 dé dua vé trudng hop da xét:
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barx = it lhif(x)=f(£t):q>(t) vakhi -/<sx<lthi-n<fi<m
i x

Do dé theo trudng hgp da xét.

o@) = o, S (a, cosnt + b, sinnt)

n=1

vdi
1 n
— [@(t)cosntdt (n=0,1,2,..)
T -X
= — _f(p(t)smntdt n=12 .-
—ﬂ
Tr3 lai bién s5 cii bing cach thay ¢ = %
N l n
(Rut ttx= —2); dt = de. ta cb:
n
Ax) = %o , Y (a,cos N +b,sin E)
2 T & !
. 1t nnx
véi =7 If(x)cos ] de (n=0,1,2,..)

11
b, _[ f(osin 2 dx (n=1,2,..)
Wy

Bdc biét néu f(x) chdn thi:

1
=2 (x)cos—dx n=0,1,2,..)
10

b,=0 (n=1,2,..)

Néu f(x) 1é thi:
a,=0,(n=0,1,2, _.)

S,



!
2
b, T jf(x)stn 7 X dx Y
(n=1,2,..) ]
, - ! y
Thi du: : 1) V z
1) Khai trién ham fix) tudn !

hoan chu ky T = 2 xac dinh bai:
flx)=xnéu-1<x <1 (H.201) theo
chudi Fourier, d day fix)18,1=1. Néna,=0,(r=0, 1, 2, ...)

Hinh 201

Ta chi con tinh b,

1 _ L |
b = 2jf(x)sin%dx= 9 xcosnnx| +joosmu:dxl=
) 0

nx |0 nn
= gy cosnT sin muc[l j== >-1)" _ 2 (<D™
nn n’n? |0 nx X n
Do dé:
fx) = 'Q'(Bmm ”i"jm +Si“33’“ PR L O

2) Khai trién ham fx) tudn hoan chu k¥ # x&c dinh nhu sau:

foy=xvdio<x<m (H. 202 {y
chy ky cua hamsola2l=x

Theochi g 32.1ta co: .

a, = —jf(:c)dx-:jxdx=
Zo -
9 17} v x
27(
a,= = fxcos2nxdx Hinh 202
o
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- . n
_ 2 xsinZlnx . cos2nx

)

r on 4n? g
g n _ . n _
b, = ﬁj’xsm‘mxdx _é( xc0S2nx Slﬂ%m) =_1
™o n on am* y n
Vay
fx) = n _(sm 2x L 8in 4x o+ sin2nx +)
2 1 2 n

2.4. Khai trién ham f(x) trong doan {0, I] theo chudi Fourier

Ta da xét khai trién cia ham fx) tufin hoan chu ky 2! theo chudi
Fourier. Bay gio ta x6t khai trién ham f(x) khéng tuin hoan cho trong doan
ty ¥ [2, b]. Khong kém phan tdng quat, ta xét @ = 0, b = I nghia 1a xét doan
(0, Z1. Vi néu khéng thi tinh tién tryc ta cdng ¢6 doan nay.

Pé khai trién ham f(x) khéng tudn hoan cho trong dogn [0, 1] ta
lam nhu saw:

Dung mét ham f,(x) tudn hoan chu ky 21 va trong (0, 1]:
fi(x) = flx).

Khai trién ham f(x) tudn hoan chu ky 2l vita tim duge theo
chudi Fourier.

Vi trong [0, 1}, f,(x) = f(x) nén chuéi Fourier vita tim dugc sé co
téng la f(x) hay héi tu vé f(x) trong [0, I] nghia la ta dé khai trién
duge ham f(x) theo chudi Fourier trong doan do.

Ta xét vai cach trong thye tién thudng lam dé dyng ham £,(x).

1) Gia su d6 thj clia fix) trong doan [0, ] 13 cung A.B 1ay cung AB dai
xung vdi AB qua truc Oy va ldy ﬂ(x) la ham tudn hoan chu ky 2 dé thi cha

né trong khoang [- 1, I] 1a cung B' AB (1. 203) v rang f(x) 12 hdm chan nén
trong khai trién clia n6 chi ¢é cos. Ngudi ta goi viée bidn ham f(x) thanh
ham f,(x) nhu vay 1a kéo dai chdn f(x) thanh f,(x), hay khai trién flx)

theo cos.



2) Tudng tyg nhu 1) Y

A ) 8
biéh f) thanh £, 1a ham 5 _ _ - _

. i ~ o -~
16, lic dé trong khai trién ! T

|

clla noé c¢hi ¢6 sin. Ngudi ta b ! !
goi vide lam dé 13 kéo dai _'l 5 ] p”
1é f(x) thanh f,(x) hay
khai trién f(x) theo sin. Hinh 203

Thi du:

1) Khai trién fix) = x trong [0, 1] theo chudi Fourier. Ta sé kéo dai lé
fix) thanh £,(x), nghia 1a 18y f,(x) '3 ham tudn hoan chu ky T = 2, x4¢ dinh
bdi:

filx) = x trong [-1, 1].
Theo thi dy d 2.3 ta cé:

.| sInnny
+oo+ (-1 —
2 3 n

2 sinmx sinZ2nx . sin 3nx

Hilx) = ;( 1

+..)

Do dé trén (0, 1] ta c6:

fx) = Fi(x) = i(smnx _sinZry  sindmx R SU) LY
b4 1 2 3 "

-..)

2) Khai trién ham fx) = 22 v4i 1 < x < < 2 theo chudi Fourier.

Xét £,(x) tudn hoan chu ky y
T=1=2L fitx) = lx) = 2* trén - j - I_-
(1, 2) (H. 204). Theo chi § & 2.1, P/
tacs @=1,T=1). //
A ) L

_ 1%, 1 7
ay,= -]-jx =3 P :
1 JR Y
2 7] Vi 2 X
2 2 1
a, = Z{x cos2nnxdx = 2.7 Hinh 204



.2 _
b, = Zj'xz s 2nnvdx = —ﬁ n=1,2..
1 nn

Vay

3 2 i
flx) = _r_+(coi2.12tx cozéla;_x __(sm e sm241tx +.)
1°xn 2°n

Trong thi dyu nay, ta da kéo dai truc tiép ham flx) thanh ham tuin

hoan fi(x).

*§3. CHUNG MINH PINH LY DIRICHLET 1

Trudc hét ta chung minh:
3.1. Bé dé

Néu f(x) kha tich trén [a, b] thi:

b

Iim jf(x)sm)\xdx 0 (o=+ o) (1
ey
Chding minh:
Ta c6
b - COSAX b
lim [sin)vdx = lim — =0 (2)
PR a Y A a

Bay gid chia [a, b] ra 1am » phan bat ky bdi cac diéma = x, <x, <

X .. <xyu =b

batm, = inf Ax), =123, .1

[xx el

Xét: gx) =m, khixy<x<x.,,¢=12, .. ,n)



Theo (2) thi

b
‘lim jg(x)sin radx =0 (3)
a

L 3

b
mat khac, tich phan {g(x)dx 13 tdng Daboux dudi clia fix) ma giéi han ciia

a

b
né 1a tich phén jf(x)dx do d6 V£ > 0, Yn > n,

b b b
| {f(x)dx~ [g(x)dx | = | [[f(x)-g(x)dx | <k
Theo dinh nghia cia m;; f(x) — m, Iz 0, vx € {x, x;,,].
Do dé fix) — g(x) 2 O va

b b
| [If(x)- g(®ldx | = fIf(x) - g(x)|dx <s.

(tr} 88 tuyét d6i cia tdng cac s6 hang dudng bing tdng cac trj s6 tuyét dsi
cla cac s hang)

Vay vdi g(x) da chon, ta ¢é:

b b b
| {f(x)sinixdx - [ g(x)sin)xdx | < [If(x) - g(x)| IsinAx | dx

[
< ﬂf(x)—g(xﬂdx <e(b - a) 4)

a

T (3) va (4) suy ra:

)
lim _[f(x)sin hxdx =0
oo a

Tudng ty ta cb

b
lim [f(x)cosixdx =0
Ao a
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ap dung b6 dé nay ta thay cAc hé s6 Fourier clla mot ham kha tich dan tdi
khong khi n — . 1idu nay 1a hién nhién néu cac hé sd 1a hé sb cha 1 chudi
héi 1u (didu ma ta van eon chuta biét).

Hé qua: Néu ham f(x) lién tuc va c6 dao ham lién tuc trén [a, b}
triz tai mét 86 hitu han diém f(x) va fi(x) cd gian doan logi mét thi:

b
lim Jf(x)sinkxdx =0
Aox a

Thyc vay vi khi d6 fx) 1a kha tich trén [a, b] theo b dé, ta c6 ding
thic trén.

3.2. Chitng minh dinh ly Dirichlet
Theo lugng giac so cap:

. 1
sin(n + —
( 2)€1

n
L Scosha=— 2 (1
2 2sin &

Xét
ao n
S, () = — Z ay coskx + b, sinkx) .
Theo ¢dng thic xac djnh cac hé s6 Fourier (2.1) thi:
1 T
W= 2— J'f(t)dt + Z [ ( [f(t)cosktdt)coskx)

n
+ L[ ftysin kedtsin ko1
T g

n
=1 {f (t)[— + Z(cos kt cos kx + sin kt sin kx)ldt
T _x k=1

::|r-

} f(t)[l+ %cosk(t—x)]dt.
¢ 2 k=1



Theo (1):

1 5in(n+‘1)(t ~x)
§ == t
" fc‘[f() (¢ -x)

-n 2sin -
2

batt x=u thi:
. 1
1 sm(n + —)u
— [f(x+ u)— 2 du
% n QsinE
2

S,(x)

1 sin(n + ‘l)u
D, (u) = — 2
* 2sinE

2

(2)

b
goi 1a nhan Dirichlet (tich phan | D,(w)dx goi la tich phan Dirichlet).

a

mn
Ro rang [D,(u)dx =1.(dat f=1 trong (2))

n
Xét:

_ y 0
ﬂx)_;ﬂf_) = [(f(x +w) - f(x7)ID, (w)du

mn

Sn(x)'

+ [lf(x+u) - f(xHID, (wdu 3
[

voi fix*) = flx + 0), lx) = fx - 0).
Theo gia thiét 2, ciia dinh 1y thi cac ham:
(flx+uw)—f(x)] [f(x+uw)-f(x")]

u
s —
2

.ou
Sin 2
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12 bj chan tai lan can didm u = 0. do d6 chung kha tich trén cac doan [-x, O,
{0, 7] theo b3 dé trén cac tich phan 3 vé& phai cla (3) dan tdi khong Khi
n - o do dé:

flx )+ f(x™)
2

hm S, () =

fGxT)+f(x™)

Né&u fix) lién tyc tai x thi flx) = 2

va Iim S (x) = flx).
n—wx
Con sy héi ty déu clia chudi vé flx) thi suy i hé qua cia tinh chat cha
chudi ham tdng quat:

) T < Py > N 3 ~ A’ yua A A
Moi chuéi ham c6 cdce 36 hang lé cdc ham s6 lién tuc héi tu vé

mét ham lién tuc trong mét doan nao d6 thi chuéi héi tu déu trén
doan dé (?). ‘

3.3. Pinh ly Dirichlet 2

Ta di ¢6 dinh ¥ Dirichlet 1, d6 1a mot didu kién du dé khai trién flx)
theo chuéi Fourier.

Dirichlet cing di ching minh duge didve kién du téng quat hdn sau
day, goi la djnh 1y Dirichlet 2 (chimg minh tudng ty vdi chimg minh djnh 1y
Dirichlet 1):

Néu:

1) Ham f(x) tudn hodn chu ky 2x, khd tich [- 7 =].

2) Tén tai mét céch chia doan [-n,nj:

A= X <Xy <..<x,<X,,,= w560 cho trong méi khodng (x, x;, ),

(i=12, ., n) ham f(x) lién tuc va don diéu thi chubi Fourier ctia

f(x) héi tu vé ﬁ);ﬂl, Vx € [-mx] trong d6 f(x*), f{x) 1a cac giéi

han bén phai, trii ciia f(x) tai x.



Pdc biét néu x c |-mx] la mét diém lién tuc cua flx) thi chudi

Fourier ciia f(x) héi tu vé f(x).

Thi du. Trong caAc thi dy da xét § 2.2 thi cac ham f{x) déu théa man
dinh 1¥ Dirichlet 2.

Cha y:

1) So sanh véi diéu kién dé khai trién f(x) thanh chudi Taylor thi didu
kién khai trién fix) thanh chudi Fourier 13 rong rai hon nhiéu, do d6 chudi

Fourier duge ap dung rong rai trong cac nganh khoa hoc.

2) Ham f(x) théa min diéu kién 2) trong dinh 1y Dirichlet 2 goi ham
lién tuc va don diéu timg phan (khic).
3) Xét khai trién Fourier ciia ham flx) trén [-x, ©):

flo) = 2o 3 (a, cosnx + b, sin nx)

n=1

Ta tinh:
n

jfz(x)dx = Rl i(cn cosnx +b, sin nx)[2dx

-x -n 2 n=1
Theo cong thic b), (2.1) thi:

L 12 (odx = %»f ¥ (a2 +b2)
T _n

n=1

Cong thitc nay goi 1a cong thic Parseval, né cho cach tinh gia trj trung
binh ciia binh phudng ctia ham tudn hoan trong mot chu ky.

*3.4. Tinh kha vi vai kha tich cia chudi Fourier

Ta c6 thé chimg minh: Néu flx) va cac dao ham ctia né dén cap m (m >
1) 1ién tye trén [- I, I va A= 1) = D, £-D = £O), ., f= (- I) = £=50) ngoi ra
f(x) ¢6 dao ham cAp m + 1 lién tyc timg phan trén [~ 4, 1] thi:
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s o 2 (EnY .
1y Chudi s6 Z[T] (lag +1b, 1) hdi 1y
k1

2) €6 thé dao ham ting s6 hang chudi Fourier cha flx) m lan trén
(-4, N
Néu f(x) kha tich Riemann trén (- /, 1] thi ¢6 thé 14y tich phan timg s6

hang chudi Fourier cia né trén doan nay.

*§4. CHUOI FOURIER DUGI DANG PHUC

Dung s6 phite va cac cong thac Kuler, c6 thé dua chudi Fourier cia

ham flx) trén doan [-=x, ] vé dang phuc:
flx) = % . Y (a, cosnx + b, sinnx) (1)
n=t

13 khai trién theo chudi Fourier ciia ham f(x) trén [-=,z).

Theo cac ¢ong thiae Euler:
inx _ e—inx

rnx +e—inx ) e
cosnx = , sinnx = —
2
Ta ¢é:
inx —-inx inx -inx
_ay 2 e +e e —e
fl) = —=+ 3% (ap +b, —)
2 n=1 k4 2F
18 ; . N .
=% 2 Y. (a, —ib,) + e (a, +ib,)
2 2 LN

pat C,=a, - ib,, C.,=a,+ib, thi C, =C, (C, (lién hgp phite ciia C,).

thi:

fooy = 204 % T C, e 4 O e 2
n=1
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Theo cac edng thue (), (2.1) thi:
= — j'f(x)(mq nx —1sin nx)dx = — jf(x)e Yy
n -n

n ,
Co=Cp = [fx)e"™dx
T oa

(C., nhan duge tit C, bang cach thay n bdi - n) do d6 cong thie (2) ¢é
thé vidt gon:

f(x)— — ZC P 3)
o 1 T[ inx
Vai — _[ fix)e "™ dx vac,=a,
Ty

Chudi (3) goi la dang phitc cta chudi Fourier (1) cuia ham f(x)

trén doan [-x, #l.
Thi du:

Khai trién theo chudi Fourier ham fx) = e* trén doan [-x, ).

Ta cé:
i n
C. = lj' x, mde Iex(l—m)dx
T x n
L.
_ 1 = -m)‘ _ 1 n-inn _ ~mgnmy
r 1-in |_ (1 —in)
— (_1)” b b4 R Ue SR Y . _— n
—ﬁ(e —e ")y (Vie=e"™x=cosnr=(-1)".
—-in
Do dé;
n L)
fo= 2t 3 o
2n . 1-in
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Ta ¢ théd dua chudi nay vé dang thye.

X6t s6 hang img véin va - n.

iy ma e e inx _ (_1)" einx +e—in1 +ni(einx _e—inx)
Tl -in 1+in 1+nt
- (-1 Zeosnx - 2nsin nx
1+n2

Vay

. e"-e™ 1 = cos nx — n8inx

far = 2 UL gy osmx o nsng,

2 n 1 ) 1+n

Chuy:

Tudng ty 1a ¢ chudi Fourier dudi dang phie cta ham fx) trén doan
[- 4, 1

*§5. CHUOI FOURIER TONG QUAT

Ta da xét bai toan: Khai trién ham f(x) theo chudi Fourier trong mot

doan nao 46, nghia 1a chudi ma cac sé hang la cac ham lugng giac:
1, cosx, sinx, cos2x, sin2x, ....

Bay giif ta X6t bai toAn tong quat hon: khai trién ham f(x) theo mot hé
ham: @, (x), (%), ..., ¢.(x)... trong mdt mién nao dé. Bai toan nay thudng
gap trong vat ly toan hoc.

5.1. Khéng gian Ly(a,b]

Trong dai 56, ta bist rang:
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Trong khéng gian tuyén tinh L trén trudng s4 thuc R, ta xac dinh anh
xag: L x L - R, nghia 13 anh clia médi cap phédn ti cé thit ty (f, ¢) € L x L:
£, ©) la mét 88 thye, ky hidu (f, ¢), ngudi ta goi (f, @ la tich vé huong

ctia cde phdn tiz f, p € L néu né théa man cdc tinh chét (tién dé):
DvioeLl:(f,p=(p 0
2) Vel (,p20,(f,)=0chikhif=0
3) vf,peL, Vi e R (A, @) = A(f, @)
DYoo eL:(firfo ®=r®+ s .

Khéng gian tuyén tinh L frong d6 cé xdc dinh mgt tich vé

huédng, goi la mét khéong gian Euclide.

Bay gid xét hai ham f, ¢ kha tich (Riemann) trén [a, b1, ta goi chiing la
twong duang néu:

b
[(f -@)dx=0
Cho I 14 tap hgp cac 1dp ham tuong dudng (kha tich Riemann trén [a,
b)]). Ré rang I 12 mat khéng gian tuyén tinh.

Trong I, ta xac dinh s6:

b
f, 0= [fodx, Vf,pel (1)

RG rang s6 nay thoa man céc tinh chdt 1 - 4 cua tich phan vé hudng.

Véy (f, ¢ la mét tich vé hudng trong I va khéng gian tuyén tinh
Itrong dé cé xdc dinh tich vé hudng (1) la mét khéng gian Euclide,
ky hiéu la L, = Ly[a,bl.
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Cha y:

Khéng gian ciia cac ham s8 ma binh phuong kha tich Lebesgue trén la,
b], ky hi¢u L,la, 61. RG rang LZZ[a,b] 12 mot khong gian con cua Lyla, bl. Ta

bigt trong khéng gian Euclide bat kv ta c6 b&t dang thic Buniakovsky -
Schwarz. '

(. o)1 S (F.F7 (o).

Ap dung vao Lola,b) ta cé:
1 1

b b 2(b 2

[£(x).p(x)dx < [ f fz(x)dx] [ i cpz(x)dx]

a a a
Cho mét khéng gian tuyén tinh L, ta goi norme hay chudn ctia f

c L 1a mét 56 thuc, ky higu |f|| thda mén cde tinh chét (tién dé):

D |fl >0, vf L, |f| =0chikhif=0.
2) M= 1alrl, FeL, vicR
3 |f+q| <|f] + |ol (Bét ddng thitc Minkowsky).

Mét khong gian tuyén tinh trong d6 c6 xdc dinh mgt norme goi

16 mét khéng gian dinh chuén.

Né&u L la mot khéng gian Euclide véi tich vé6 hudng (f, ¢) thi ham
‘/(f,f) , Vf € L, thda man cac tinh chit 1) -3) clta norme, do d6 né 14 norme

cua f trong L.

Ilf!I L= y(f.f) chng goi la norme cua f sinh bdi tich vdé hudng (f, ¢).
Vay theo dinh nghia: norme sinh bdi tich vé hudng trong L-z 1a:

b 3
|1, = [If2<x>dx]
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TU tinh ¢hatl 2 cla norme, suy ra:

| | L
7’

b . Ny o /) b Ny
U[f(x) +qoPdy < U/%— .de + [Wmde
43 J a a
Cho L la mét Ehéong gian dinh chuéan.
Day (f,) < L goi la héity vé f €L theo norme néu:

tim |f, 1], =0

Pic biét, (f,) ¢ Ly héitu theo norme vé f € L, néu

b 2
Iim [ [l (0 - f(x) ]2dx] =0

Su héi tu theo norme trong L, cing goi la su héi tu theo trung

binh binh phuong.

R5 rang sy hoi ty déu clia mot day ham kha tich kéo theo sy hoi ty

theo trung binh binh phuong cua day, nhimg diéu nguge lai néi chung
khong dung.

5.2. Chudi Fourier trong khéng gian dinh chuin
Dinh nghia 1:

Cho L la mét khéong gian dinh chuén. Ta néi ring chudi f, + f, +
e £y ¥ . VG f, ¢ L hoi tu theo norme vé ham f € L néu day cdc téng

riéng cua chudi S, = f, + fy + ... f, héi tu theo norme vé f(x), nghia la:

”f—S,,”L —0 khin—> o,
Khi d6 f goi la téng cia chudi va ta viét:

f=fi+fir..+f, +..

18-



T day, ta chi xét L la mét lkhong gian Euclide dinh chuan
W= V&, P : narme cuia fsinh bdi tich v huéng (f, f).

Dinh nghia 2:

Hai phanta, f, ¢ c L goi la truc giao néu (f, p) = 0

Mét day cdc phan ti cia L: ¢, ¢p - 5 @, . g0i la mét hé truc

giao néu (g 9) =0, k=1 (k1=1, 2 ..), goi Iad mét hé tryc chuén
néu:

0 néu kel

{ = Oy = .
o 9) H {1 néu k=1

. -
(8. goi la ky hidu Kronecker), nghia la |¢ = (¢,¢)® = 1
RS rang mdt hé tryc giao @y, @,, ..., @, ”(pn“ 20, n=1,2 ..)¢6 thé
dua vé hé trye chudn:
Wi W s W . VO, = “—‘-"—" n=1,2,.)
n

Ta bigt trong mot khdng gian Euclide n chiéu, mat hé »n vecteur trye
giao 14 ddc lap tuyél tinh, hé d6 la mét cd 56 cia khong gian.

Trong khéng gian L, ta sé& xét c¢ac didu kién dé mét day phan ti cha
khong gian tao thanh mot cg 88 cua khong gian.

Dinh nghia 8: Cho hé truc giao ¢y @y ..., @, ... (1) 9, € L, ||(pn || = 0,

vfcl, sé 5 - (f, @) goi la hé 86 Fourier cua f déi vdi ¢, hay thanh

Lol

A k] A% ~v [ T
phan cua f dér vai ¢, va chusi:

n

- 1
Z —2 .(f;(pn)q:'n
~Tlen]

goi la chuéi Fourier cia ham f d6i voi hé (1). Néu hé (1) la trye
chuén thi hé 86 Fourier cua f d6i véi o, la (f, @,) va chudi Fourier
ciza f d6i voi hé (1) la:



S (f, P )P
n 1

Mot bai toan duge dat ra la: vdi didu kién nao thi chudi Fourier cia
ham f hdi tu vé f hay c6 tdng 12 f trong khong gian L?.

Khat niém chudi Fourier cia ham £ d6i vdi hé truc giao (1) trong khéng
gian L 1a md rong mot cach ty nhién khai niém bidu thj mot vecteur 1a mat
td hgp tuyén tinh cia cac vecteur cla mdt cd s3 trong mot khong gian
Euclile hu han chiéu.

Hé ham (1) thda man cac didu kién dé€ chudi Fourier clia f hoi ty vé [
ciing goi 1A mgt co sd chha khong gian “vd s3 chigu™.

D& giai quydt bai toan dat ra, 1an lugt ta ¢6:

Pinh Iy 1:

Néu day ham @y, @p .y @, ... ld mét hé truc chuén trong khéng
gian L thi Vf € L, ta c6 bdt dang thiic:

Thoo? st =
=1

goi la bét ddng thitc Bessel.
Ching minh:

Theo dinh nghia ciia norme va tinh chat cia tich vé hudng ta c6:

2
vneN.O<

f‘_izl(f,‘Pi)‘Pi

= (F - S0 f - S .00%)
t=1

i=1
=D - TUFe)
=1

Do @6 ta ¢6 bat dang thic Bessel.

bDate, =, 9), G =1, 2, ..., n) thi bat ding thdc Bessel vigt duge dudi
dang:



C]_ +C2+ +L (ff)

Cho n — = thi tdng J v& trai bat dang thic nay 1a mot chudi dudng.
Chudi nay hoi tu vé v& phai cia bat ddng thic Bessel khéng phy thude n.
Vay

drd+.vd+ < p=|f?
Bé&t ding thitc nay goi la bt ding thitc Parseval.
Pinh nghia 4.
Mét hé truc chudn cdc phén tiz cia khéng gian‘ L:
Pn Do e s P
goi la mét hé ddy dui trong L, néu Vf ¢ L ta cé ddng thitc Parseval.
e vcr. vk =|f)?
vai
c=h o) (n=12.)
Pinh Iy 2.

Hé truc chuén g, Pp ..., @, --.. (1) trong khéng gian L 1é mét hé
déy du trong L khi va chi khi:

VfeL: |[f-S,| >0 khinos =
trong do
S, = CyPn CaPp e o3P (= (fs @), i= 1,2, ..., 1)
la téng riéng thit n cia chudi Fourier ciia f d6i véi hé (1).
Ching minh:

vn € N, xét:



2
”f _Sn“, = Hf - ‘ch(px = “f”) - Z.]CLZ
=1 1

n D g
khi n - =, v& phai clia dang thic nay dan dén sa: ||f]|” - S CE néu hé (1)
i1

)4 ddy di. theo dang thdae Parseval thi s§ nay bang khong. Do dé,
lm Jf -S,{| =0

n-»x
Nguge lai név Jim |f-S,| =0 th |f]*- £CZ =0hay $C? = |f|?
n e i=1 1

(dang thite Parsevaly, theo dinh nghia, hé (1) 1a day du.

Tit dinh 1y 2 suy-ta néu hé @), Py ... 5 @ ... 16 mét hé truc giao ddy
du trong khéng gian L thi chuéi Fourier cua f € L déi vdi hé d6 héi
tu theo norme vé f trong L:

f= ic,,(p,,, vai ¢, = Do)

it fenlf

Péc biét trong Ly [a, b] thi:

b
[ f(), 0 (x)dx
c. =2

b g
{Iwi(x)dx]
[/}
vé chuéi Fourier ctia f héi tu vé ftheo trung binh binh phuong:
b 3
Iim[j(f—sn)gde -0
n—owx a

5.3. Sut héi tu theo norme ctia chudi Fourier theo cic day ham
dic biét c Ly(a, b}

a) Chuéi lugng giac

Xét day ham 1, cosx, sinx, cos2x, 5in2x, ... (1) trong khoéng gian L'.Z

{-n,m].
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Theo bd dé 3 (2.1), dinh 1§ 2 3 muc trude va cha y sau §3 thi hé (1) la
mst hé trye giao ddv dd. Do dé chndi Fourier clia f e L'Q {-m,m):

@ + Y (a, cosnx + b, sinnx)
2 n 1
vai
1 T
a,= = {f(x)cosnxdx (n=1, 2, .. n)
n

-

s
b, = = (fx)sinnxdx (n=1,2, .. n)
b4

-n
12 hoi tu theo norme vé £,
b) Chudi theo cic ham dic biét khae

DAu tién ta md rong khai niém tryce giao. Xét L2 la, b} Ta goi cac ham

¢(x), (@) l1a trye giao v8i ham trong lugng hay trong lugng p(x), (px) > O

trén [a, b) ndu:

b
[@(x)w(x)p(x)dx =0

Nghia 1a néu p(x) {plx) va y(x) yP{®) Ja tryc giao theo nghia théng
thuong. Khai niém tryce giac theo trong lugng khong lam thay dai k&t qua
da xét § phan trudc.

Sau day 12 mdt s6 da thice dac bidt, tryce giao theo trong hugng plx).

1) Cdc da thic Tchebichef

1
T (x)= oy cos(narc cos x)

tryc giao trén (-1, 1) vdi trong lugng
1 x?
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J .

1 1-x

21 néu m=n

1 Tn(me(x)dx:{O néu m#n

2) Cde da thic Legendre

n, 2 q\n
P.(x) = 1 4'(x-1
2 n! dx”

tric giao trén [-1, 1] v8i trong lugng p(x) = 1:

1 0 néu m=n
[Pn (P (x)dx={ 2

2 néu m=n
12n+1

3) Cdc da thitc Abel ~ Laguerre

e® d"'(x"e™¥)

Ln(x) = ? dxn

tryc giao trén (0, +ec) v8i trong lugng p(x) =e™

@ é’
j'e"Ln(x)Lm(x)dx={0 n"u m=n
0 1 néu m=n

4) Cdc da thuc Tchebichef — Hermite

2 2

T gn. T
H,(x) = '“’—I.d -
n de

2
tTydc giao trén (-oo, +x) v&i trong Weng plx) = e

) 0 néu mzn

fe 7 Hy(mH,(0dx={ far

e —— néu m=n
2

Do tinh tryc giao cia cac hd ham trén, nén ngudi ta cliing dat van dé
khai trién ham f € L, [a, b] theo chudi Fourier ctia cdc hé ham dé.
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Thi du:

Khai trién ham f(x) =x* (-1 <x < 1) theo cac da thitc Tchebichef

Gia st; 2= TC, T, (x)
n=0

Ta cé:

ij(x)d_r %C_‘T(I)T(I)d_r nC,

Styl-x no 1 y1-a? g?m-1
Dat arc cosx = ¢ .
& _ g
1-x?
0 néfu m=1, m=3
om R 3 3
Cp= ~—[cos” tcosmtdt = 1= néu m=1
T 0 4
1 néu m=3

1 3
= [ ——=—=dx =0(ham 1&)
—H}l—x2

Vay x? = %Tl(x) + Ty, x e (-1, 1),

*§6. TICH PHAN FOURIER

8.1. Ham kha tich tuyét dsi

Ham f(x) xdc dinh Yx € R goi la kha tich tuyét d6i trén R néu

(Vo) | dx héitu

o«
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Thi du:

sin o

5 1A kha tich tuvat ddi trén R vi

fix) =

1+x

o osinax 0 dx
ji 5 ldx < f =T
, 1T+x s 1+x

6.2. Tich phan Fourier

Cho f(x) 1a mot ham kha tich tuyét déi trén R va khai trién duge theo
chudi Fourier trén [- 7, 1]:
i . bie7
f(x) =20, > (ap coswyx +b, sinw,x), w, = Ricld
n-1
vaii:

1
a,= —

~

!
_[f(t)coaw tdt (n=0,1,2,..n)
-1

!
j’ f(Bsinw,tdt (n=1,2, ... n)

Nll—-‘

Thay cac hé 86 Fourier vao chudi ta c6:

! < !
o) = -l—l ff(t)dt % Z If(t)[cosw,,t CoOSW,x +8inw, tsinw, xldt

w !
L Y () cosw, (t - x)dt e}

ir
= —\f(Hdt+=
2 - ln:l—[

+a

Theo gia thiét [If(x)|dt =k (k € R)

Do dé:

1! 1! k
— Hdt < — Bldt < — 0 khil = 4+,
2[_J'If( 2l_J‘Ilf( [ 5 - i o
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Pat \w, =, w,= T on=o01, 200 \w, > UKhil - tx

Khi dd (8ng eon lai eaa (1) vidt duge:
s / '1 N [
) j/*(t)(‘oswn(f -x)dt==3% Aw, If(t)(‘()sw,‘(r - vydt .
! L7 !

~| =

n
Ta cor v& phal nhu t6ng tich phan coa ham:

! {f(tycosw(t - x)dt
n

-

trong [0, +=x).

Vay cho I - 4+ ta cb:
2)

1 | =

flx) = f dw I f(t)cosw(t —-x)dt

) -

Dinh nghia:
Tich phéan d vé phdi cua (2) goi la tich phan Fourier ciia ham

f(x)
trén R.
Tuwong 1 nhu dd1 véi chudi Fourier ta cé:

Diuh ly:
Néu fla mét ham khd tich tuyét déitrén R tai x ¢ R, tén tqi cdc

Eioi hqn mot phia:
flx, fs), lim TR =M ) 0y, (e )= fx7)
h >0 -h h—>-0 h

thi tich phén Fourier ciia f(x) hdi tu vé hay bing:

flx )+ flx')
2

Pdc biét néu thém: f(x) la lién tyuc va cé dao ham mot phia tai x

thita co (2):;
[EYI



vi: coswx(f — x) = coswtcoswx + sinwfsinwx nén (2) vidt duge:

flx) = 1 Icoswxdw j'f(t)coswtdt +
n 0 -

o ©
+ L [sinwxdw [f(t)sinwtdt 3)
s 0 S

A(w) = 1 If(t)coswtdt; Bw) = 1 jf(t)sinwtdt (C))
n -0 r —a

thi:

flx) = J [A(w)coswxdw + B(w)sinwx]dw (5)
/]

Cong thitc nay cho khai trién clia fix) trén R thanh nhitng dao dong

diéu hoa ma tan sb bién thién lién tyc tit 0 - +oo.
8.3. Tich phan Fourier ctia cic ham chian va 1é
N&u f(x) 13 ham chan, tit (4), ta c6:

A(w) = gajsf(t)c:l:\s\wtdt , B(w)=0.
o

Khi 46 theo (3), tich phan Fourier clia f 1a:

flx) = gafcoswxdeTf(t)coswtdt - (6)
n 0 0

Né&u flz) & thi tuong ty ta cé:

flx) = 2 jsin wxdw+ff(t)sin wtdt N
To 0
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Chuy:

Néu ham f(x) chi xac dinh trén (0, +o) thi c6 thé kéo dai chan hoac 1&
fix) ra (-, 0) va ta ¢6 tich phan Fourier cia f(x) dud nhitng dang khac

nhau cua ham fix).
Thi du:
Khai trién theo tich phan Fourier

1 néu 0<x<1

0 néu x>1

) fx) = {

Kéo dai chan, ta cé:

2 oo 1
flx)= = fcoawxdw[coswtdt =
T o o

Do dé

2+ ,[ coswx sinw
0

——dw

1 néu -1<5x<1

21. coswx sinw
G w

0 néu {xpb1

Né&u kéo dai 18 ta cé;

— T dw= 1 néu x=+1
2

+eo 1 +c0 - _
fix) = 2 Jsinwxdw[sinwtdt = 2 J sinwx(l - coswx) 4,
4 L2

0 0 w

D fx)y=ed x>0

Kéo dai chin ta cé:

+0
fo== Icoswxdw j' e % coswidt = 2 I 5 coswxdw
-0 n qQw +b
Kéo dai 1é ta co:
g +® +¢0 g +
fix) = = [sinwxdw | e ¥ sinwtds = = I 5 sinwxdw
LA 0 Towl+b
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6.4. Tich phan Fourier duéi dang phitc - Bién d4i Fourier

Theo cac eong thie Euler (hi cong thae (5) viét duge:

o cim:r o L ST _ o1
fx) = I [A(w) + B(w) |dw
0 2 21
hay:
fla) = 5 { L AGw) - 1B(w)e™ +| A(w) + iBw)le “*}dw
<0
bat
F(w) = fA(w) - iB(w)]
Theo cac cong thae (4) ta co:
Fw)= [f(tXcoswt —isinwndt = [ f(te “'dt
va
n[A(w) +iBu)) = Fw)= [ f(t)e""dt
Né&u ky higu F(w) = F(-w) thi:
f(x) = L J-[F(w)em’x + F(-w)e )y,
an
ot R < A 0
Nhung | [F(-w)e *d(w)= | Fw)ed(-w)= [Flw)e™*d(w)
0 0 <
Do dé:
177 wx
flx) = — '[F(u:)e dw (8)
2n 7,
véi F(uw)= [ f(ye ™" dt )
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Pinh nghia: Ham F(w) xdc dinh bdi (9) goi la bién déi Fourier
cua ham f(x) ¢én ham f(x)} xac dinh bai (8) goi la bién d6i Fourier

nguoe cua ham F(w).

T cac cong thic & (6), (7) ta ¢6 cac cong thie bién déi Fourier ciia ham
c¢han va 18

F,(w) = g- j/f(t)coswtdt, fx) = E _"F (w)cosuwxdw
T n

F.(w) = 2 j'f(t)ainwtdt , fl) = 2 _‘-F,-(y;)sinwxdw
o "o

(p: chan, 1; 1)

cing goi la céc bign déi Fourier dudi dang cos va sin.

Thi du:
Chofix)=e™ (@a>0,x20)

3ién déi Fourier dudi dang cos clia ham sd nay la:

2+CA

2
Fwy= (= [ e o coswidt = 1’~%
T o T a® +w

duéy dang sin la:

n a? 4 u?

F (uw) = 2 j e~ ginwidt =J§_a.ui._
o

Vi e kha tich trén [0, +«) nén:

2a '’ coswx

2 2

dw=e™, (x>0)
T ya” +w

o o . \

< wsmnwx _

= f————Fdw=e (x> 0)
T oa®+w
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hay

'j’ coswx
0 a’ +u? 2a

T wsinwx n

W =
0 (12-4-11)2 2

Céc tich phan nay goi la cac tich phan Laplace
Chuy:

Theo trén bién ddi Fourier Fw) clla ham f(x) duge xac dinh 1 phuong
trinh:

1 +a0 .
x) = — [Fw)e™ du
flx) 21[__[) (w) L
va nghiém cla phuong trinh nay la:

Fw) = ?j f(Hre™™"dt

Phudng trinh trén goi 13 mét phuang trinh tich phan dang don gian (&n
bham nam dudi dau tich phan).

*§7. AP DUNG CHUOI FOURIER VA BIEN POI FOURIER
VAO VAT LY TOAN

7.1. Bai toan dao dong cia day

Dau tién ta quy udc ddy la mét 6 thé ma dp dai c6 thé gian ra duge so
vdi cac kich thutée khéc va c6 tinb chat dan héi. Ta sé& giai bai toan:

Cho mat sgi day cang gitta hai diém va xét syt dao ddng cia day.
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Dé duge don gian khi giai bai toan ta dia1a che gia thiét sau:

1) Day déng chat c6 mat dd khéi lugng (dai) 1A p = const, ta cang day
gida 2 diém A, B trén tryc Ox ciia hé toa dd vuing gée xOu, 3 trang thai can
bing phudng cua day triang
vdi phuong cboa tryc Ox.

(H.205) U

2) Ngoai lyc tac dung vao
day chi la lgc ngang cé
phudng song song véi tryuc Ou

. B
vA ¢6 mat do 1a mot ham s6 - 4 -
cua x va thoi gian ¢ g(x, £).
3) Duéi tac dyng cua hye
ngang day dao dong nhé va Hinh 205

lusn ludn § trong mét phing xOu. Dya vao céc gia thiét nay, trudc hét, ta
lap phudng trinh dudng udn cha day. Theo cac gia thiét nay phuong trinh
dudng udn ciia day tai thoi diém ¢ s6 c6 dang u = u(x, t).

Xét mot doan day kha nhd tuy ¥ ix,, x,]1, dat x, — x, = dx (H.206) ta thay
cAe e tac dyng vao doan day nay gém:

Lyc quan tinh 6, Idc ngang ; va lygc cang ’1: theo nguyén 1y
D’Alambert thi:

Q+F+T=0 (1)
Vi phudng trinh dudng udn clia day tai thdi diém ¢ c6 dang u = u(x, 1)
nén h¢ sb gée cua Liép tuyén tai mot diém trén day sé 1a:
ou . o . .z 2y
tga = — va gia toc caa 1 diém trén day sé 1a —
dx o2

Do dé, theo gia thidt 1) lgc quan tinh 5 ¢6 do 16n 15
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.2
p.dx, ;t_zu , theo gia thiét 2) phudng cla né song song véi Ou, cing theo

gia t‘mct 2) e ngang F 6 d6 1dn 1a g(x, t)dx. Vi doan [x,, x,] kha nho nén
coi: T T(xz) T(xl) Chié&u (1) 14n lugt xudng Ox . Ou thi ta cb:

0+ Tcosa| - Tcosa.|x_ +0=0 2
X 12 —x)

~2
-p.dx. %r—;l + Tﬂino(l_“=JE2 - Tsinallzxl +g(x,t)dx = 0 (3)

trong d6: T = | T |.
Vi

1 . tga
cO8A = —=————, gina =

\}1 + tgza ‘[1 + thu

e v . . o : ,
nén theo gia thiét 3) ta coi duge cosa = 1, sina = tga = % do d6 dang thiic
(.

(2) viét dugce:

-7} __ =0 hay T(x) = T(x,)

Ix- x, x=x,

nghia 1a d6 ldn cua lyc cang khong déi theo x, mat khac day ¢6 tinh dan hdi,
theo dinh luat Hooke (7' = kx) luc cang khong ddi theo £; nhuvay T'= T, =
const.

Do d¢:
. . u du
Tsmu.| _ —Tsmcxl = To{— -—
X=X9 X=X ax =2, 61 xmx,
Diat x, = x thi
o
Oxly y, Oy Ox7

(theo cong thic Ay = dy).

500



Lac dé

Tsina‘x_x - Tsin 0.[1 L =Ty —dx
2 1

va dang thie (3) viét duge

hay

2 2
—pdxzt—2u+T0 z—l:dx +g(x,)dx =0
X

8211 _ 02 3211

o2 ax?

a= JE, G(&t}:ﬂ
p’ P

dx +G(xt)

)

Néw G(x, t) = 0 nghia la khéng co ngoai lye thi ta co:

2 2
—-—a Z=¢12 —a 2 dx
ot ax?

(5)

Hinh 206

ul

S0



Cdc phuong trinh (4) va (5) vite lép dé xdc dinh phuong trinh
duong uén hay d6 léch ciia day tai mét thoi diém trong truong hop
co ngoai lyc va khéng cé ngoai luc goi la phuong trinh dao déng
cuong biic va dao déng tu do cia day, ching khéng phai la phudng trinh
vi phan thuong ma 12 phuong trinh vi phan ¢6 chita cac dao ham riéng goi la
phudng trinh vi phan dao ham riéng, vi ndi dung gan lidn vdi cac bai toan
vat 1y nén ngudi ta ciing goi chung 1a cac phuong trinh vat 1y toan hoc.

Cac phudng trinh nay duge 1ap tit thé ky 18, nén thudc loai cac phuong
trinh vat 1y ¢d dién, ching né rat nhidu tng dung trong thuc tidn.

Pé xét dao dong ciia day, ta phai dat bai toan dé giai cac phudng trinh
da.

Ta chi xét trudng hgp dao déng ty do nghia 14 xét phuong trinh (5) va
gia st day d6 dai J, gén chat cac ddu x = 0, x = L. Vi day gdn ¢hat cac diu
nén ta phai dua vao diéu kién.

"L:o =0, ulle =0 (6)

Negoai ra phai cho d4 [&ch va toe d6 ban d4u cua day:

ul,p=f 24 = F )
=0

Vay d8 xét dao dong ty do ciia day gin chat cac ddu ta phai giai
phuong trinh (5) théa man cée didu kién (6) va (7). Nguoi ta goi diéu kién
(6) va (7) 1a bién kién va sd kién va bai todn (5), (6), (7) goi la bai
todn hén hop d46i vai phuong trinh dao déng tu do cida déy.

Ta sé disng phuong phdp tdch bién s6'va dp dung chudi Fourier,

ciing goi la phuong phdp Fourier dé gidi bai todn nay.
Ta tim nghiém cua (5) dudi dang:

u(x, 1) = X(x)T®) (8)
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Dao ham thay vao (b) ta cé:
XT" = o?X'T hay . LO_X'@ g
a2 T X

Dang thic (9) ¢é v8i moi x vi £, ma vé phai chi phy thude x, v& trai chi
phy thudc ¢, do dé 2 vé& phai cung bang 1 hang s6:

a‘_f 7;((:)) - ’; ((:)) =C (C =const)

hay
X"(x) - CX(x) = 0 (10)
T'(t) - Ca*T(t) = 0 | (11

D6 14 2 phuong trinh dé xac dinh X va T.
Bay gid cho (8) théa man diéu kién (6) ta dudc.
Y __,=XOT®) =0, u| _,=XOT@=0

Do dé X0=0,XH=0 12)

Nhu vay X phai 14 nghiém cta (10) vdi bién kién (12).

Bai toAn nay vdi moi C, ¢6 nghiém tAm thuong X(x) = 0.

Ta tim nghidm khong tdm thudng nhu sau:

Phudng trinh dac trung cua (10) 1a: k2 - C=0.

Xét cac trudng hgp ¢6 thé xay ra:

a) C=)2>0, lic d6 k = * % va nghiém tdng quét cla (10) Ja:
X(x) = Cie™ + Cye'

Cho théa man (12) ta ¢ hé:

—
—

=0

{cl»rcz:o X
vi

CieM +Cre™™ =0

M e—M
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nén hé nay ¢é6 nghiém duy nhit: C, = C, = 0, do dé6 X(x) = 0 tuc la
trong trudng hgp nay bai tean cung chi ¢6 nghiém tdm thuong.

b) C = 0, lic d6 (10) vidt duge: X" =0suy ra X = C, + C,x theo (12) ta ¢
C, =C,=0va X(x) = 0, nghia la trong truong hgp nay bai toan lai ciing c6
nghiém t4m thudng.

¢) C= -x2<0,14c d6 k = + A va nghiém tong quat cia (10) 1a:
X(x) = C\coshx + Cysintx,
Cho théa man (12) ta cé:
X(0)=C,=0,X(1)=C,sinkl =0
Gia stt C, = 0 (vi néu khéng thi lai chi ¢6 nghiém tdm thugng X(x) = 0)

thi sinal =0 hay M =kn (=0, £1 , 2, ...) suy ra: L = %ﬁ nhtt vay % phy

2
thudc k, ky hidu h =, = Lad ,hcdo € = - )k = - [EIEJ va ta duge nghigdm:

X(x) = C,sin EIE

Ta thdy X(x) phu thudc & nén dét C, = A, va ky higu:
X=Xk=AksinkTm (13)
Ta chi 14y £ la cac sd nguyén duong: £ =1, 2, ... vi k <O thi do A, la

héng 88 tiy ¥ nén nhap diu trit vao A, ta laic6 k> 0, ¢dn k=0 thi X; =0 13
nghiém tam thudng.

Khi X =4, = %’E thi T(®) sé phu thudc &, k¥ hiéu T(¢) = T,@® va (1D
viét duge:

kra 2

Ty (t) + [TJ T, )=0 (Wi G =-)3)
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phudng trinh nay ¢6 nghiém tdng quat la:

T, (¢) = B,cos ka;at + Dysin krat

(14

B, D, 12 cac hang so tiy y.

Theo (8), (13), (14) thi u s phy thude k, dal z = u, thi

u(x, t) = (Bycos knlat + Dysin krat A, sin kTM

dat a, = A,B, b, = A,D, (ciing 1a nhilng hang s& tdy ¥) thi

u(x, ¥) = (a,cos kﬂlat + by8in krat ¥ sin anx (13)

86 hy = hadd got & gia trj riéng va nghiém u,(x, #) goi 14 ham riéng cua

bai toan (5), () né bidu didn dao déng tuong wng cua day, goi 12 dac dong
riéng.

Nhu vay dao ddng cia day gom vé s6 dao déngrigng (vik =1, 2, 3, ...).
DE xét toan bd qua trinh dao ddng clia day, ta phai xét chudi:

uy(x, )= 3 ( aycos k"l"‘ + b,sin k"l"t ) sin ﬁl’i (16)
k=1

D& dang thay (16) thoa man (5), (6) néu chudi hdi ty déu va dao ham
dutge hai Jan theo x va ¢,

Bay gio ta xdc dinh cac héng 86 tly ¥ a, b, thi tit so kién (7), ta c6:

u,_, = ‘%aksm - = fix}

Su 2 kna k

— = Y ——.b,sin— =F(x)
R =1 .
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Gia st cac ham flx), F(x) khai trién duge theo chudi Fourier trong

khoang (0, !] thi cac ddng thic nay ching to a, va krat

b, 12 cac hé sb
Fourier rrong khai trién ham f(x) v F(x) trén [0, I|.

No d6 theo cac eong thite xac dinh hé s6 Fourier thi:

2 1 1
o= T [ fxhsin i’l‘i dx; b = E:z_ { Fxjain k_’;idx an
0 2

T chiy 3, 9 §2, ¢6 thé ching minh rang:

Néu:

1) Ham f(x) cé dao ham lién tuc dén cép hai, c6 dao ham cdp ba
lién tuc tieng phan trén {0, 1] va £(0) = f(1), £7(0) = () = 0.

2) Ham F(x) c¢6 dao ham cdp mét lién tuc, c6 dao ham cap hai
lién tuc ting phdn trén [0, 1] va F(0) = F(l) = 0 thi u(x, t) xdc dinh bdi
chudi (16) trong dé a, b, xdc dinh bdi cdc céng thize (17) la nghiém
cua bai todn (5), (6), (7).

Bay gid xét dao dong thit & clia day (ng véi ham riéng

uy, = (g, cos hnat + bysin i7;it) sin Erx
ham nay cé thé viét
u, = F,sin —I:E .8in( k1;at + @) (18)

Trong d6 F, = 1(a,2, +b o= arctg‘;—* , @, by, xac dinh bai (17).
)

T (18) ta thay: dao ddng rieng thit & cda day la mot dao dong didu hoa

vdi tén 86: w, = E;i pha ban dau 12 g, va bién d6 phy thudc x; F,sin anr .
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Thi du:

Xét dao dong ty do clia day c6 do dai I = 1, gin chat cac ddu x =0,
x =1 vi dd 1éch ban dau cho bds:

» 1
x néu O<x<—
ul,_, = f(x)= 2 (Haom
1-x nfu —<x<1
2
U
|
|
{
!
0 1/2 1 X
Hinh 207
VA oA AA L O
Con toc db ban dau: — =F(x)=0
t=0
Theo (17) ta cé: b, = 0.
1
Z 1
ay = 2[jxsinkfudx + J'(l - x)sin krxdx
0 1
2
kel Zcosk bre| Lcosk
_ o COSkmE +ICOS T e+ (1 )50 x| '.[COS T el
kr o o km kx i 1 km
P
. T !
= 2( sinkrxy] — ——sinknx| |
o

kZn? k2?2
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:2| --—}fsillf “+ 3 —I1l= ——=5 —_
g2 5 22 2 2.2 2
(-n".1
(2m + 1Y 2
0 néu k=2m, m=12..

néu k=2m+1, m=012...

Do dé theo (16) ta ¢o6:

u(x, t) = iz 3 1) —_— ————sin(Zm + 1)rx cos(2m + 1)nat
1% m=0 (Zm +1)
= . 1 R 1
Theo so kién khit=0,x = 3 thiw = 7 do d6 ta suy ra:
1 _ 4 2 -1 A O N
= hay = - 7
2 g2 Zo (2m +1)2 8 ,,Eo (2m +1)?

Tir eéng thic nghiém ta thay do léch cyc dai khi:

sin(2m + Dnx = 1, cos(2m + )rat = 1.

hay le_—v;‘.\t:():
2
2
[ — iQ.n_: l
28 2

Nhu vay dd Jéch cye dai khi dao dong ciing bang dd léch ban dau.
7.2. Bai toan truyén nhiét trong thanh

Ta quy udc thanh la mot s6 ¢d thé ma cac kich thude khac 12 nhd so vdi
chiéu daj cua né. Ta s& giai bai todan: cho moét thanh nao d6, xét sy truyén

nhiét trong thanh d6. P& giai bai toan duge don gian, ta dua ra céc gia this:

1) Thanh déng chat, mat d khai lugng (dai) 15 p, hé s8 truyén nhidt la
k, nhiét dung 13 ¢, tiét dign ngang cta thanh 1a s 12 nhitmg dai lugng khéng

doi.
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2) Dat thanh trong véi

mot doan trén tryc Ox cia hé u
toa dd vudng goc xOu (H.20%).

3) Tr anh ¢d 3

} Trong thanh ¢é ngudn 2 x+dx
nhi¢t, mat dé phy thude x va , T | ———
oo . . g X
thoi gian ¢: F(x, f) vA mat bén
cua thanh 1a cach nhiét.
Hinh 208

Goi u 1A nhiét dd cua

thanh thi u sé phy thude x va thai gian ¢:
u=ulx, .

Theo ¥ nghia cd hoc ctia dao ham thi téc dd truyén nhiét theo truc Ox

sé 1a: % Duya vao cac gia thiat trén, ddu tién ta !ap phuong trinh dé xac

dinh u. Xét mot dpan kha nho (x, x +dx] theo nguyén 1y can bing nhiét thi:
bién thién nhiét lugng cha doan thanh bang téng nhiét lugng qua doan
thanh va nhiét lugng do ngudn nhiét phat ra trong thanh. Ta xét mot
khoang thdi gian kha nhd 4t thi:

Bién thién nhiét lugng ctia doan thanh trong thdi gian 4t 1a:

dt

)
u(x, t+dt) —ux, t) s =

&

va nhiét lugng can thiér dé c6 sy bién thién dé 1a:

ou
—dt.
cpdx ™

Theo djnh luat Fourier nhiét lugng qua thiét dién tai x trong thdi gian
dt 1a:

- ks 3= 4
Ox
va nhiét lugng qua thi€t di¢n tai x + dx cing trong thdi gian df 1a:
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Culx +dx, 1)

oxX

- KS dt

do dé6 nhiét lugng qua doan thanh trong thgj gian dt a:

[ Su(x + dx,t) i
&

3

2
XS XD~ kS % dear
& on?

Cudi cung nhiét lugng do ngudn nhiét phat ra tix doan thanh trong thai
glan df la; Fdxdt,

Vay theo nguyén |y caAn bang nhiét, 1a cé:
-2
code 2 dt = kS ¥ dudt + Fodr.dt
&t o2
hay
32
—=a*u+g(x,t) (1)
ox

trong dé: a = E—, g:iF

cp cp
Pdc biét néu khéng c6 nguon nhiét g =0 thi ta cé:

3 a2
cu_ et 2)
ot ax?

Cac phuang trinh (1) va (2) vita Igp dé xde dinh nhiét d6 u cia
thanh goi la cdc phuong trinh truyén nhiét trong thanh trong
truong hop cé nguén nhiét va khéng cé nguén nhiét. Pé la phuong
trinh dao ham riéng, cing la cdc phuong trinh vat ly todn thuéc loai
cé dién.

Bay gio ta dat bai toan déi véi cac phuong trinh da.

Xét trudng hop thanh ¢6 dd dai I, 0 < x </ va 2 diu chGa thanh cach
nhidt,
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Vi 2 dAu ctia thanh cach nhidt, nén toc do truyén nhiét theo hudng cta
t1pe Ox t2i cae ddu dé phai bang khong, nghia la ta phai dua vao bién kién

Ju ‘u

x

, —| =0 3
» . (3)

x-1

Ngoadi ra con phdi cha nhiét dé ban ddu cua thanh nghia la phdi dua

vao sa kién:
ul,_, = f(x 4
BBat toén tim nghiém cta phudng trinh (1) hoac (2) théa man bién kién
(3) va sd kién (4) goi 13 bai toan hén hgp déi vé phudng trinh truyén nhiét.
Ta s& dung phuong phap Fourier dé giai bai toan nay trong trudng hgp
khéng c¢é ngudn nhist.
Tim nghiém caa (2) dudi dang:
Ulx, ) = X(x).T(}) )
Pao ham, thay vao (2) ta co:
T (HX(x) = a*THX (x)

T(@) _ X"(x)

hayv =
a?T@y  X(x)

v3i mol x va £

Ping thac nay chi xay ra khi 2 vé& ciing bing mot hang s6 c.
T _X'@) _,
2Ty X(x)

hay
T - ca’T@) =0 )

X'@) - cX@x) = 0 (7

oll



T (6) (a ¢6: T = Aet . A |2 hang s6 thy . Nhigt dé cta thanh
khong the tang v han Khi z — o nén chi c6 thé 18y ¢ <0, dat ¢ = -1 ta co:
952
Tit)y=A, e ™t (8)

va lde d6 phudng trinh (7) viét duge: X (x) + »’X(x) = 0. Phudng
trinh nax ¢4 phuong trinh dac trung la: k! + X2 = 0. Suy ra & = £ i%
va X(x) = Beos)x + Dsinkx (9). B, D 12 nhing hang s tuy 9.

Theo (5), (8), (9 ta cb:
2.2
Ulx, £) = e ** (acoshx + Psinix). (10)
trong dé o = AB, B = AD la nhiing hang so tay y.

Bay gio che (10) théa mén bién kién (3) dé x4ac dinh X, ta ¢6:

X = o My sindx + Pheosh).

ox

oul b (0+B)=0

Ox x .0

G _ e Cansinkd + Prcoshd) = 0
e, .,

suy ra f = 0vasin(id) =0 hay M =kr, £ =0, £1, ...

Do dé i = %i nhut vay A phy thudc k.

Ky hisu . = %, = kTR Nic 6 (10) vidt dugc:

Uz, t)=acosk—1lu-.e 72 (11)

Ta thay u phy thudc &, datu = U, vaa =a,.



Ta cé:

ottt
Ulx, t) = a, .cos ”

Tachilay 2 =0, 1, 2,... vi 2, 13 hang s6 tuy ¥.

Vay ta sé duge vé s6 nghiém vieng U, cla bai toan, dé xét toan bd qua
1rinh truyén nhi¢t cha thanh, ta xét chudi:

—l21952

)2

Ux,t) = Y ap cos knx
k=0

. €

(12)

Gia st chudi nay hol ty déu va dao ham duge timg 56 hang mot 1an dai
v3i t va hai 14n d8i vdi x thi né thoa man (2), (3)

Bay gids cho (12) thoa man so kién (4) dé x4c dinh a,, ta c6:

Ul = Say c0s™™ =) (13)
=0 = ay COST -
£-0
Gia st f(x) khai trién duge theo chudi Fourier dudi dang cos trong

khoang (0, I} thi dang thue (13) chitng td a, chinh la hé sd Fourier trong

khai tridn d6.

1
- %jf(x) cosk"_dx , k=0,1,2, .. (14)
0

C6 thé chizng minh néu f(x) khai trién dugc theo chudi Fourier
dudi dang cos trén [0, 1] thi nhiét dé cua thanh tai diém x va thai
diém t bat ky duoc xdc dinh bdi cong thic (12) trong dé a, duge xdc
dinh boi céng thite (14).

Thi du:

Xét sy truvén nhidt trong mot thanh dé dai I: 0 < x < hai d8u cach
nhiét, nhi¢t dé ban dau la:



uy néu 05.7:5i
ul, o =f(x)= ) 2 (11209)
0 néu —2-<xsl

U
U, |
|
!
g //2 / x
Hinh 209
Theo (14) ta cé:
I3
2
ag = 2 qudx =Up
Ly
2% krx (—l)mﬂ néu k=2m+1, m=012...
ay = 7!”0 COSde = @2m +n -
0 0 néu k=2m, m=12...
Do d6 theo (12) ta c6:
P - E-. )
u, ty= 24250 s L 8
Ll 2 z mZ::o 4 2m+1 ¢
Suy ra:
ug
u =
|Z=é 2
Cm+1)n

véi moi ¢ (vi cos =0). Khit-»aonhiu—»%
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Thyc t& sau mdt 1thai gian kha dai thi nhiét dd cia thanh bang nia
nhiét d6 ban dau.

7.3. Phuong trinh Laplace

Ta da xét cac bai toan dao dong cliia day va truyén nhiét trong thanh,
bidu thj bdi cac phuong trinh:

~2 2
611 28 u

= s f
2 glx, )

Céc phuong trinh nay cling goi 13 phuong trink dao déng va truyén
nhiét mét chidu (trén dudng thing).

Tudng ty, néu xét bai todn dé trong mat phing va khong gian thi s& di
dén cac phudng trinh.

a2 2y 3%
at_:=a ((;'; ) +8(x, £ (1)
2 2 2 2
D *u y
a—;::: ( :;+a_; —) +8(x,% 3 1) )
ot ox? 2 oaz?
8 o%u
ol a2 (6 l;+—) +g(x, 5, t) (2)
ot ox &y
2 2 2
3
ou_ 20 ';+—a ';+~—';) +8(x, 3 28 @)
ot ox® dy* o=z

Cdc phuong trinh (1,), (I'), ((2) va (2')) goi la cdac phuong trinh
dao déng hay phuong trinh truyén séng (phuong trinh truyén nhiét)
trong mt phdng va khéng gian. Néu nghién citu cac bai toan trén, trong

.. . 15} R P
trang thai dimg (khéng phy thude thdi gian ¢: Eu =0 ) va trang thai ty do



glx,y, Y =0, g(x, ¥, 2z, ) = 0) thi (U vac phuong tyinh (1), (2) va (1). (2) 1a

¢H: chAc phudng trinh:

Au=s ——

Cdac phuong trinh nay goi la phuong trinh Laplace trong mdt

phing va khéng gian.

Sau day ta s& xét mdt bai toan don gian da1 véi phudng trinh Laplace

trong mat phéng_

Tim sy phan bd nhigt d5 trong mat dia trén, bist nhiét dd trén bién cua

dia (trong trang thii dimg).
V& toan hoc ta phai giai bai toan:

Tim ham urx, ¥} théa man phudng trinh:

trong hinh tron ban kinh a (1) va didu kién bién: u = f trén bién cua

hinh tron (2).

Bai todn (1), (2) goi la bai toan Dirichlet trong (cung goi la mét

bai todn by d6i véi phuong trinh Laplace 2 chiéu).

Ta biét trong ly thuyédt trudng, ham v thda man phuong trinh Laplace

(1) goi 1la mét ham diéu hoa.

Ta sé dung phuong phap tach bién Fourier dé giai bai toan (1), (2).

H16G



Ta biét phuong trinh (1) trong toa dd cde (r, @) goc cyge 0 1a tAm hinh

tron, ¢d dang:
19, ou. 1 &%
A= —=—(F—)+— =0 3
u rér(rar)+rzaw2 3
Tim nghiém cua (3) dudi dang:
u(r, @) = R("d(y)
Thay vao (3) ta duge:
O"+1Db=0 4)
d  dR -
—(r=9)-)R=0 )
g ar r dr ) @

nghiém cua (4):
B(e) = Acos Y. ¢ + Bsin V. ¢,
Chu ¥ rang:
ulr, ¢ + 27 = u(r, ¢)

Do dé g + 2n) = Og), nghia 13 Dlp) 1a ham tuidn hoan chu ky 2n.
Vay ta chi ¢6 thé Jay ﬁ =n(ne)vad(@) =D (p) =A,cosng + B sinng.

Tim R(r) dudi dang: R(¢) = r* thay vao () taduge n? =p? hay pu=+tn
(n > 0).

Do dé R(r)=Cr*+Dr-", C, D = const.

Ta chi ¢6 thé lay R(r) = Cr® (1 = +n) vi r - « khi r - 0, nghiém tim
dugc sé khaong by chan.

Nhut vay nghiém riéng cua bai toan 1a:

en
-1



va

u (r, @) = r"(Acosny + B sinng) vdi r <a.

ulr, ) = Y.r"(4, cosng + B, sin ne)
n=0

ciing 13 nghigém cua bai toan néu chudi hoi ty déu.
Dé xac dinh A, B, ta dung diéu kién (2).

u(a, ¢) = % a” (A, cosng+ B, sinng) =f (6)

n=0
Xét £= flgp) gia sit khai trién duge né theo chudi Fouriet:

flp) = (12_0 + %(a,, cosng + fi,, sin ng) ("

n=1
vdi:
_ 1 n B l n
o= — [f(®de, a,= — [f(@)cosnpde
T L3
1 n
Pu= - [ f(¢)sin npde (7
So sanh (6) va (7) ta co:

A0=a—°A=a—",B=13L‘-
2' n an n an

u(r, p) = 070_'_ s L) (a,co8ng +p,sinng) (8)
npa

C6 thé ekitng minh néu fla mét ham lién tuc va kha vi thi chudi

(8) héi tu khir <a.



Vay né 1a nghiém ciia bai toan (1), (2).
Ch y:
Néu thay a,, B, duge xac dinh bdi (7) vao (8) va bién d6i ta sé dugc

1 7 a? -r?
u(r,¢) = — ) dt ®)
« 2n _I,(f r’ - 2ar cos(@ - t)+a2

Tfch phan (9) goi la tich phan Poisson. Khi r = a (9) khéng xac dinh,
tuy nhién

Hm u(r, @) = flpy)
o0

Vay tich phan Poisson 1a lién tyc trong hinh tron déngr < a.

Tém lai, ham:
n 2 2
L, —o-r dt khi r<a
u(r, @) = 12n r®_ 2arcos(p—t) +a?
) khi r=a

théa man phuong trinh Au = 0 va lién tuc trong mién déng r < a,
nghia la né la nghiém cua bai todn Dirichlet (1), (2) (nhu dd biét do

la mét ham diéu hoa).

C6 thé chitng minh, tich phan Poisson cho nghiém cua bai toan (1) (2)
chi véi gia thiét flp) 1a lién tye.

7.4. Ap dung ctia bién d8i Fourier

Ta da 4p dung chudi Fourier d& giai vai bai toan c¢d ban trong vat 1y

toan.
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Ta cong ¢6 thé ap dung bidn déi Fourier dé giai mdt s6 bai toan vat 1y

toan hoce khac.
Thi du:

Xét sy truyén nhidt trong thanh nita vé6 han biét nhiét do ban déu cia
thanh va nhiét d6 tai ddu hitu han cia thanh 13 khéng d6i (khéng ¢6 ngudn
nhigt) vé toan hac, ta giai bai toan:

Tim ham u(x, t) théa man phuong trinh:

Ju 262u
—87:6 ax—2, x>0,t>0 (1)

vai diéu kién ban dau ulx, 0) =0, x >0 (2) va didu kién bién u(0, t) = u,
t>0. (3

Ta c6 thé ching minh: néu u 12 nghiém cia bai toin (1) > (3) thi bién
ddi Fourier duéi dang sin ctia u:

i ¥

u, = u(w, £) = 4— ju(x.t)sin wadx CY
o

14 nghiém cta phudng trinh vi phan thudng.

ﬂ =a? (w. Jguo - w2u,-) >0 )
dt n

thdéa mén diéu kién ban ddu: u(w, 0) = 0 (6) véi diéu kién: u cé cac dao ham

v, u” trong [0, +=) va u, v, ©” kha tich tuyét d6i trong [0, + =) (7).

Nghiém ctua (5) théa man (6) la:

uw, t) = JE Lo (- gw'aty
T w

Theo cong thic bién ddi Fourier nguge, ta cé:

m
M)
o



2 - X
u.(x, t) = —Uy I
1]

wla?l - dw
e ™ sin wx —
w

Hay

v ~X
ulx, 1) = uy(1-= | e W't gin we d—w) (8)
0 w

. dw
[ sinwx— =
0 w

[N

R3 rang ham (8) théa man cac didu kién (2), (3). Vay né 1a nghiém cua
bai toan (theo ndi dung vat 1y cia bai toan, ta c¢6 thé gia thiét ham u thoa

man (7).

BAI TAP

1. Tim tong riéng S, va tdng S (néu ¢b) clia cac chudi

1 1 1
D + + +
1.2.3 2.3.4 3.45
2) §+_0_+_”+T‘2’.H—_lz +
4 36 n“(n+1)
3) ¥ (1" —L |
) Y1
n 2 ’lz—l
® ok _gn
4y y——-
nl 5"
« 2n—)
) Y xet]
n l'l—,rZ
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2. Diung didu kign Cauchy xét sy hdi ty cua cac chudi

1) El

n=171

2)1+1——l+l——1-+
2 3 145

1

1 1
3 + +...+ +
V1.2 23 ‘ln(n+1)

1
4) 1+L2+—2+...+L2+...
2¢ 3 n

8. Xét sy hoi ty clta cac chudi

2 1 271
A—(= +
)5 2(5) n(S)
o 2,3,4 n+1
3 7 2n +1
(1)n+l

Trr "o

4) L+L+L +—1_+
22 52 827 (3n-1)?
2
5 £
n= 12"
>2n-1
6) Z
S1(V2)"
X 258.03r-1)
),,2,159 (4n-3)
fL
8 S ;
n= l(n+



nn—l

9 z—n_»x
U2 e n 1) 7

20

12—1

11) z(n l)n(n 1)
n= ln+

“12) V2 +42- V2 +y2- 2442 +...

e 2n+1

13)

n1(n+1)2(n +2)?

3

14) 'af,"—n

n=1¢€

= (nt)
19 n;l(zn)’

16) Y arcsin %
n

n=1

17 Z In(l + -)

n=1
d 1

18 e
) nz_zn InnIn(Inn)

19 3

20) E - cos—)

n=1

21y ¥

n=tn”



o
*UY) T
n ln

hd 1
n=2 (h\ hl ﬂ)

*23)

Inn

*24) Z !

n In

o0 n

. nl.x
n1(x + @) 2x +ay).. (nx+a,)

*25)

x>0,a,>0,a,>a. a=x.
« '
@+ VDHE 2200
& 1

n=2ninfn

27

®>1

28) z—

Jnn!

Sllld x
l1+x

29) zj

n=10
» A__l_
*30) Y(ntn -1

nl
4. Xét sy hoi ty tuyét dai, héi ty ¢d diéu kién cua cac chudi
( 1)71 1

) ZT_

e 7 n-1
5 $EU

n=1 n

il 1 2n+1
3 Syt
,IZ__I( ) nn+1)



d n+]
1) Z(—I)"—--——i
nl (n+)vn+1-1

s

5 T Sinna
n l(l[llo)n
I n Innm
& > —
n=1 n
*7) ] _ ]- + 1 _ 1
V2 -1 2et -t 3
1 1 ] 1 1
1-- - - — - -+
R TL I

*9), S sinn?

n-1

10 1+'L~—L+

L +
RIS T L S U
*5. Xét sy hoi ty cha cac chubi

» X1+ = (-1 -
1) Tong cia zl nn; Z( Ll
n=t 3 n-1 3"

2) Higucaa ¥ : Z_L
n_14n - 1 ,,_:12n

3 Tichetia 3y ——; ¥

o

2
4) l+l+l+m+ 1 +..
2 4 2ﬂ—l+

1 1 1 (-1,"*! y
5) | Z- =+t — et

T 2 s W

i
n I\=

a n i~ n-1
6) Tich cua 1 - Z(EJ 1+ Z[%j (M

+ .



8. Tim mién hoi tyu cua cic chudi ham

ol
1) Z—x
n=1n
s - n-+1 1
2) E(—” Inx
n-1 n

3) 3 sin(2n —lz)x
n=1 (271.— l)
& cos nx

4) Z nx
n=1 €

5) z (_Dn +1 e sin x

n=1

oo 2n+l
6) 5. 2n
n.l(n+l) x

o _q1yn+l
7n g U

n=} n3n(1 - S)n

8) i(x" +

n=1

)

2’[ In

*7. Nghién citu dac tinh hoi ty (déu, khéng déu) cla cac chudi ham

o IZn

D TEYTTE— trong (-1, 1)
nl n

2) ZL, 148<x<+ew, V86> 0.
n:lnx
> sinnx

3 2 , -0 < x < 4w
n=1 2"’

4) i(_l)n&]xd

n=1 J;

O0<x<l.



o n
5) Y I, x e (0. +0)
n=om!

6) Y(d-x)", 0<x<l.

n=1

X nx

X——=>-
n |l+ﬂ,51?2

7 Ix|] <+

0 2
n
8)
nz:] \ n!

9) 32" sin——, 0<x<+eo
n=1 3".1

(" +x™), —<x<2

B | =

& sin x. 81n nx

10 —_—
) nz_-'l \/n+x

8. Dung tinh chat dao ham va tich phan duge ting sd hang, tinh téng

, D€x <+

cua chc chudi.

a .5 2n-1
IV TR A [ I
3 5 2n-1

D1 -3 +5c'+ .. +(-1)"Cn— D2+ ..

3) l+—22—+...+i+...
E 2 4 x"
-1
PRTEL IS SRR IR G|
833 53 7.3 (2n -1)3"
5) 1,35 420

*9. Xac dinh mién tén tai va tinh kha vi cua f(x)

1) f(x) = iw

n=l R+X



0

{x|

D fix)= Y 5
n=1n° +x

3) flx) = iarctgiz‘ lx) < +x
n-1 n

*10.

1) Xac dinh v d8 day £,(x) =n're '™

a) Haoi ty trén [0, 1]

b) Hoi ty déu trén {0, ]

¢) C6 thé chuyén qua gidi han dudi dau tich phan.

2) Chiing minh f,(x) = nx(1 - x)", hdi tg khéng déu trén [0, 1], nbung ta
VAN ¢6:

1 1
im {fu(x)dx = [ lim f,(x)dx
n st 0 0" rx

3) Tim;

2 gyl n
A lim yEU T

x +-0 ;) n 27 +1

o 2
b) lim Y

noe 91+ nx

2
4) Tinh tich phan clua

© 1
flx)= Y (x?*' —x2 1) trén [0, 1].

n1
11. Tim khoang hoi tu chia cac chubi lay thita: (xét ca hai ddv mut):

oy

non2"




( -l)n 1 n
n

2 P —

5_2n
1
3) 2—(“ )'x
n=1 2n +1

4) %(—1)”(2n+1)2.x"
n=0

2n 1
5 n
) Z[2n+l) *

n=1

6) Zﬂ-

n= 1)1.

o

= n Y
» ,Eln+1[§]

10) Yntc™

n=1

n=1n"

12) 3 (-1)

n=1 n>3"

o (x 3)27!

13 X

moi(n+DIn(n+1)

= (! )2 o
) nzl (2’”'

n-1 (I _5)71
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rn

Jn

15) 3

n=1a

,a>0

1oy £ GV

n=1 n
12. Khai trién theo chudi Taylor

1) f(x) = Inx tai lan can diém x = 1.

1

2) fx) = = tai Jan cgn didm x = -1.
X

3) flx) = 2; tai lan can diém x = -4.
x“ +3x+2

4) fix) = ¢* tai 14n can diém x = -2.
5) flx) = cosx tai 1an can didm x = %

X

*6) f(x)-= theo chudi liy thita cta
Vi+x

1+x

13. Khai tridn theo chudi Maclaurin
1) flx) = a®.
2) fix) = cos(x + a)

3) flxy =In(2 +x)

3x-5

2

4 flx) = ———
x“-4x+3

5) fix) = cos’x.

6) flx) = ——
9+ x

7 fle) = In LH*
1-x



8) fix) = sin’xcos’x.

9) fix) = [e ¥ dx
0

dx

Vl-:d

11) ftx) = In(1 + x + x2 + 5%

10) flx) = |
0

*12) f(x) = arccos(1l  2x?)

*13) flx) = e"cosx  (dung céng thuc Euler)

“14) flx) = xsin o -
1-2xcosa+x

15) f(x) = chx.

14. Tinh gin ding

1) sin18° vdi d6 chinh xac 10°°.
2) Y19 vdi d6 chinh xac 10°
3) m vdi d6 chinh xac 10

4) In3 vdi 46 chinh xac 10°

1
5) [e ¥ dx v6i do chinh xac 10*
0

l .
6) [ = dy véi d6 chinh xac 10°
J; B
0

7y {41+x3dx véi d6 chinh xéc 10°*

O s -

100

8) ,- In(1 +x)
n

x

dx vdi dé chinh xac 10°*



N

b

]
9) [x*dx vdi 46 chinh xac 107
0

n
10) [V1+cos® xdx véi dd chinh xac 102
1]

15. Ap dung chudi, giai cac phuong trinh vi phan

Dy=2+x Ly _ =%

, 1
2)}‘ :y2+ x3 ’ .)’|x=0 =§

HA-xy=1+x-y, 3 _ =0

Hxy"+y=0 3, =0, 5| ;=1

w2 ‘
Oy + -y ty=0, Ao =1, ¥, =0

=0

2
6) d—'; + xcost = 0, x| =a, dx =
dt t=0 -0

dt!
18. Khai trién theo chudi Fourier cac ham tuan hoan chu ky 2x

ax néu —-m<x<0

D flx) = {

bx néu O<x<m

2) flx) = sinax, -1 <x <1

3) fix) = chax, -t <x <=,

n—-X

4 flx) =

, 0<x<2=m.

17. Khai trién cic ham sau day trén khoang (0, ) thanh chudi Fourier:

D) flx) =™

a) dudi dang sin.



b) dudi dang cos.

2)

x khi O0<x=< g
flx) =
n-x khi z <xX<TW
2
a) dudi dang sin
b) dudi dang cos.

3)

x khi D<x<X™
fix) = 2
0 khi z <X
2
dudi dang sin.
4) flx) = x(x - x) dudi dang sin.
5) flx) = xsinx  dudi dang cos.

6)

cosx khi 0<xs§
flx) =

—cosx khi §<x<n
dudi dang cos.
18. Khai trién cac ham sau day thanh chudi Fourier

1) f{x) = 2x trén (O, 1).

x néuy 0<x<]1
2 fre) = 11 néu l<x<?

3—-x néu 2<x<3



A fix) =10 xtrén (5, 15).
1

.3
ht — <
flx) = 1 khi 2<x 2 trén (%,3)

3-x khi 2<x<3
dudi dang cos.
*19.

1) Cho flx + ) = -Ax) (phan tuin hoan chu ky r). Tinh cac hé s6

Fourier cla f(x) trén (-m, 7).

2) Biét cac hé s& Fourier ciia ham kha tich f(x) chu kv 2%, tinh cic hé
s6 Fourier @,. b, c(a hdm fix + h), h = const (ham chéch).

*20.

1) Tim g(x) néu [ g(2)sin zxdz = f(x) va
0

a)
x ., .
fx) = Eslnx néu 0<x<nm
0 néu x>n
b)

n »
Ecosx néu 0<x<m

flx) = % néu x=n

0 néu x>x

3!



2) Chimg minh cac hé thie:

1 néu 0< |z
*e sin at .
a)—jcosxt dt=:0 néu |x| >a
n
0
_l néu |x| =a
2
signx néu |x|
0 néu x| >1
27, 1-cost
b) = § sinxt dr=4_1 néuy x=-1
To 2
l néiz x=1
2
.o 2 _
¢) Je_t ;cosxtdt=£e E
0 2

*21. Ap dung phudng phap Fourier giai cAc bai toan :

<a

<1

1) Tim dang cta 1 day tai thdi diém ¢, néu day dao dong tg¢ do gan chat

cc dav, do léch ban ddu u|,_ =0, tdc dp ban ddu %[

day lal.

=1 va d6 dai cha

2) Tim sy phan bd nhigt 44 trong mot thanh 46 dai 13 = nhiét d6 ban

do khong dés u,.

TRA LOI CAC BAI TAP
1.
ns,=L1d- 1L, 1, g1
22 n+l n+2 4

dAu cia thanh 1a u|,_g = @(x), ddu x = 0 cach nhigt, ddu x =« ¢6 mét nhigt
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D8, =1-

1,1
HS, = —l—+
)} S, 2[2

$H 8= -

cafn

1
(n+])2 ’

1 1 1
-HY(=——)], 8=
(=1 (n n+1)] 4

S=—L khilx|>1, S=
1-x ) 1

anl
X

X

e

1 1

1-x2

2.

_L

- )
n-1 a-1
— x2

2 1442 1

1) Phan ky: (S,, - S, > % > £)

2) Phan ky; (Sg, — Si, > E)

3) Phan ky: (S,,—S,> Z)

4) Haity; (S

3.

1) Héi ty
2) Phéan ky
3) Phan ky
4) Hoi ty

5) Hoi ty

np

1

1

_Sn< l <£)
n

khi |xt <1.



6) Hoi ty

7y 11 ty

8) Phan ky

5) Hoi ty (uy < ——— = V7).
n?2z

10) Hdi tu

11) Hoi ty

12) Hoi ty (u, = Jz -\)2+J2 +o. 442 ).

Dat \/5 220053—, u, <2Ln)

13) Héi ty
14) Hoi g
15) Hoi ty
16) Phan ky
17) Phan ky
18) Phan ky
19) Héi tu
20) Hai tu
21) Hgi ty

292) Phan ky (¥2*L 5 1)

n

23) Hoi tu (u, < —5)
n
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C30) Hotty. (u, = en’s —1=

538

1 1

—=1)
n,v; 71_)

25) x < a: hdi ty, x > @ phan kY (dang tidu chudn Raabe)

24) Phan kv (

26) 1161 tu (dung tiéu chuén Raabce)
27) Hoi ty

28) Phéan ky

29) 111 ty

lna

Inn

n? +1 n

n?

ocler)

n — «)

4.

1) Héi ty cé diéu kién
2) Hai ty tuyét déj

3) Hai ty c6 didu kién
1) Hoi ty tuyét déi

5) Hoi ty tuyét da

6) Hoi ty ¢6 diéu kién

1 1
y By =
VE+1-1 7 Jre1+1

7) Phan ky Ugg .| =

Xét z (Uzk_l + qu)
k=1

8) Phan ky (uy _, = L y U = —

ah a
Xét cac chudl Y usp v Sug)
k=1 k=1



9) Phan XY (ching minh lim sinn? = 0)

n—u

10) H&) ty tuyét dai khi p > 1, hdi ty ¢6 diéu kién khip = 1 phan k9 khi
p<0va0d<p<].

5.

1) Hai ty

2) Héi ty

3) Hoi ty

4) Hoi ty

5) Phan ky.

6) Héi ty tuyét doi

8.

1) Héi ty tuyét d6i khi x> 1, phan ky khix < 1.

2) Hoi tu tuyét d6) khix > e.

1151 ty khong tuyét déi khi 1 < x <e, phan ky khix < 1.
3) Hai tu khi - ¢ < x <+,

4) Héi tu tuyét dai khi x> 0, phan ky khi x < 0.

5) Hoi tu tuyét dai khi 2kx <x < (2k + 1w (2 =0, +1, ..)

6) Hoi tu kKhix2 1, x <-1.

5l 4-2—
7) Hoi tu khix> 3 ,x< 3
101

8) Hoitu khi-1<x<-2; 2 <x<],

7.

1) Héi tu déu

H3Y



A

2 H6i tu déu
3) Hoi ty déu
4) Hai ty déu

5) 1161 tu khong déu

n LR
( sup Ir(x)EF sup |e’—2£~|=+°o)

O<x<+o0 0<x<+oo £ O k!

6) Hoi ty khong déu ( sup {S,(x) - S(x)l=1)

0<x<1
7) Héi ty déu (ding tidu chudn Weiertrass)

8) Hoi tp déu  sup (x™ +x7") = 27 +2Ln < gl

L
~<x<
2_1_2

9) Hoi 1y khong déu (dung tidu chudn Cauchy)
10) Hai ty ddu (ding tiéu chudén Dirichlet)
8.

1) arctgx, x| <1

_ 2
(171;)2' |x| <1
A+x%)
, x>
)(1_ 5
3 5
4) ﬁ (xét -4 tali x = ! )
6 3 5 B
5) 3.

Dren fa= ¥

a=1(n +x)




2) -~ < x <+, fx) = -
nz-l (n2 + 12)2

FeO)=- T, re0= T
n1

1
n n-lh.2

vay khéng kha vitaix = 0.

o 2
Nf@ =3 4" 510 -0 <x < o,
nn tx

10.

1)
a)Va: lim f(x) =0, Vx e [0, 11.

nox
b)a < 1.
¢)a<2.

2)f,x) >0, 2 €10, 1].

n2signx — x| x|

, x# 0.

n
(lim (sup (nx(1-x)*)= lim [L] = 1 # 0.
e

no® Qox<l -0

f. hoi tu khong déu. Nhung lim n

n-Hx

3)
pLleCV™ 1,
2,1:1 n ' 2
© 1
b) o
"E.:]nQ
1 1
4 (f(x)dx =~
b 2

n+1

1

(xQ-x)"dx=0.
0



x 1 \

. A 1
( (xv.ml_xzn-l)dx:,_ - = -
,Elb‘ 2. nn+y 2

Viée tinh tich phan ting s6 hang 13 hgp [¥).
11.

1)-2 €x<2.

2)y-1<xx1

3 -1<x<1

4)-1<x<]

5)-4<x<4

B)~-o<x<+x

Ty-2<x<2.

8)-e<x<e

9-1<x<1.

10)- 1<x <1

ID-1<x<1.

12) 2 <x < 8.

13) 2<x < 4,

14) 4<x<4,

15) Hoi ty tuydr ddi -1 <x < 1.

x == 1. hdl ty tuyét d6i khia > 1, phan ky khiO<a < 1.

16) Hoi ty tuyét d6i khi x| < %,x =j:% chudi phan ky.



12.

L3 _aat
D YT GV pex <
n

n=1

2) Yr+Ix+D)", -2<x<0
n=0

3) §(2 nol_g7 by 4 q)! - 6<x<-2.

n=0
4 el + Z(x+2) ,~x<xr<+®
n=1 n;
( )27!]
9) nzl( 1) —(n—_l)!_.-iﬂ<x<+00

2 n
() _(-
6) X +l x +m+1.3.5‘7“_(~n _%) X +
1+x 2\ 1+x 24.6..2n-2) \1+x

13.

U fle) =1+ Z ln a

. $? & %
2) fix}) = cosa — xsina - ?cosa+ —rsina+-—-cosa+..

Ot n
+ - _gin(a+(n+1)=)+...., -w<x<+oo
n! 2
3) flx) = In2+=— < -+ ’ +(-1)*1 2" + 9<x<?
2 9ot e g o T .
4) flx) = - ,-l<x<.
n=0

_ . 1 a e
S) fix) = 1+§n§l—w,-m<x<+w_

013



6) flx) = Z(]) y ¥ <x <3
i (n,]
, 2n-l
7 flx)=2 <
7 n21(2 neny LEESL
8 o) oy 28773420
x) = s T
,E( Em x <xr <+,
x)=x+ —_—_— .
,121 (2n+'l)n' , ~<x<+w,
a0
]_O)f(x):x+ ZM;:‘"'”‘ -l1<x<].
a=1 27(4n+n!
1x x*n
11) flx) = z( 1)*" + z( DI r<x<,
n

n=l1

12) flx) = 2(|

13) fl= ¥

bnl

(2"; 1)”' Ibul
x|+ Y¥—=— """ )y 1<x<1.
Z Gty o sEE]

il ,('f"&) nx
COS—, ~x<x <+t
n! 4

) fix)= Yx"sinna, -1<x<],

n=0
o 1:2"
15) flx) = , - o<y <+ o,
n=0 (2’1)!
14.

1) 0,30902
2) 2,087
3) 3,1415

1) 1,09860



5) 0,7468
6) 0,621
7) 0.2505
8) 8,040
9) 0,783
10) 3,92

15.

b=+ Lyeteon.

1 1
Dy= ;+7x+—x +—x" +—x +2—x + ...

2 3 4

Dy= x+—x—+x—+—{c—+m, -1<x <1,

1.2 23 34

2 3 4

y=x- x2 + 12 - 12 +..,-0<x<+m,

ahe2 (2H°.3 (3.4
- SN x
Oy=

X

B)x = a(1-L42+ 244 246,55 )
21 4! 6! 8!

16.

b—an__Q(b-a) x cos(2n+1)x+

1)
4 b n=0 (2n+1)2

Fab) Yy I g b;" x
n

n=1

2sinan & n sin nx . R ) . - R
2) ——— ¥ (-1 ~—5 5 V8 @ khéng nguyén, sinax: néu a nguyén.
T n=1 a " -n

S(Em) = 0.
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z'chan a ros nx

n=] a ' +n

e

3) —— 7[ 20 2( l)n ] S{n) = char.
1) %sinnx
n=1 n
17.
1)
2 = n an, Rsinnx
a) — Y [1--1"e%"] O

o1 2a = [(-1)"e%" -1]cos nx

b r— 2 3. 2

an T -l a‘+n

2)

yrL sin(2rn - 1)x

4 @0
a) — 1
”na( (2n-1)2

x_2 2cos@n-1)x

b)
4 T, (2n-1)?
3) S b, sinng, by =(-1)*1 L
n=1 2k
%) 8 & sin@n-Dx
Taa @n-1)3

2

5)1- cosx NS €08 nx
.2 n=2 n®-1

6) _[_+ Z( 1y 1%]

4n?
18.

1 1-2 > sin 2nnx

nsl n

b2k+1 = (‘Dk .

2

2k +1)2



2nn

1-cos—-

2 3 Z 3 2nnx
2) 5-1'(_2,,2::1 3 cos 3 , 0<x<3
3 10 f&:_l)'l sin nnx

x -1 N 5

2 9 21 2nr 1 2nnx
4) v——z—cos——+—z cos ——,

3 21[2 n= ]_n 3 21[2 n=1 2
19.

Da,=0,a,,=0,b4,,=0,n=1,2, ...

2) a, = a, cosnh+5, sin nk.

E,,=bncosnh—a,,sinnh, n=12., a=ag

20.

1) (Xét bién dsi Foureir dudi dang sin cia ham \[gf(x))
P

ﬂ) g(x) — sin TI'.;‘
1-x
b)g(x) - ISIDI;Z
1-x
21.
¢ O
1) ulx, t) = 2 1 sin @n + mat sin

ar® 1-1(2n +1)? !

Giai bai toan:

u 252u

2 ¢ 3

ot Ox

u(0,6) =0, u(l,$)=0

l_, =0, ol
Ot le=o
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i _ 237
2D Ulx, )=Us+ Ta,e® ™ cosh,x
n=1

. 2n +1 2" .
Ap = 2, =——j’tp(x)mskndx—z_—u0
2 T, Th,
.. ) Y-
(Gidi bai toan <X =428 Z .
ot ox
Su
u|z 0= P(x). B =0, u|x:n =l

x- 0

Tim v dudi dang u = u, + V).



Phu chuong
CAC CONG THUC THONG DUNG

I. Cang thie long gihc

.n+l .on

sin _-—-xsin—x

1. sinx + sin2x + ... +sinnx = 2 2
X
sin —
2

n+1 .n
08 —xsin—x
2. cosx + cos2x + ... +cosnx = 2 2

.x
sin 5
1 sin(2n +1)x
—+cos2x +cosdx +... +cos2nx = ())
3 2 2sinx
ix —ix
. —e
4. sinx = -
21
. el.! +e x
0. cosx =
2

6.¢*'Y = e (cosy + isiny)

7. € 7" = ¢* (cosy - isiny)

I1. Bing tich phan bat dinh

1) Ham dai s6

a+l
+C.a=#-1
1

1. fx*dx=2
'..x * o+

2. j-d—x =In|x| +C.
x

249



o

3. [J__zJZ+C
dx
4. =—arctg —+C
a.2+x2 Q £
- J- 2d12=Llna+x+C
a” —x 2a a—x
dx 1 x-a
6 =—In +C
{ 2_4* 2a |x+a
dx X 2n-1
7.1, = + 1
1 I(x2+a2)'”1 Mmat (2 +a%)"  2na®
8. f 2 +aldx = \)x +a’ i———ln(1+\lx +a? y+C

2
‘ X a R 4
Ve -x?dx=" a?-x? +Z - arcsin = +C
2 2 a

<o)

10. jﬁdx=ln(x+ P ta®)y+C
11 I—L—d_x - arcsin=+C
' (a2 - 2 N a

12. | ‘;:dx= @+ 0B +x) +{@a-b)In(y@+2) +yb+x)+C

13._[ I iy = (a—x)(b+x)+(a+b)arcsin1fx+b)+c
b+x a+b

14. I a+xdx=—‘{a+x)(b—x)—(a+b)arcsin b—x)+C
b-x +b
15. j——d‘r—=2amsin —¢ +C

(x—a)(b-x) b-a



2) Ham siéu viét

ax
16. fe¥dx=2—1C

a

x
17. [a*dx = —+C

Ina
18. jsinaxd.r:--—@f-gf—
a
19. [cosaxdx = SINax L e
a

+C

20. (tgaxdx = —llnlcosaxHC
a

21. jcotgaxdx = llnlein
a

29, [-&

sin x

dx
o8 X

23. |

ax | +C

=j‘cosecxdx=ln|cosecr—cotgx|+C=ln|tg§|+c

=[secxdx = In|secx+tgx|+C=1In tg|§-+§|+C

24. jsinz xdx:%—%sinZaH-C

25. Icosz xdx = i+lsin2.r+C
2 4

sin" ! xcos x N n-1

26. [sin” xdx = — [sin™ ! xdx

n
cos” t xsinx n-1

27. [cos" xdx = + ‘[cos"_1 xdx
n n

28, j dx - -1 coa:lr n-2 d12

sin"x n-1sin"'x n-17asin"“x
dx 1 sin x n-2 dx

29. | =

n

cos® x  n-1cog"!

-[ n 2

x n-17 cos x
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30. [cos™ xsin" xdx = €0

m-1
+ -
m+n

. co
31. fcos™ xsin" xdx =

32

33

31

35

37.

38.

39.

n-1
m+n

+

. fsin mx sin nxdx =

. jcos mx cos nxdx =

jsin mx cos nxdx =

Sm--l x Sinn-

m+n

s rgin®

m+n

sin{m +n)x

X

fcos’"_2 sin” xdx (m <n)

1

i

Jcos™ x sin" 2 xdx (m>n)

sin(m —n)x

2(m+n) 2(m-n)
sin{im+n)x sin(m-n)x
2(m +n) 2(m -n)

—cos(m +nd)x cos(m -n)x

+C (m zn)

+C (m#n)

2(m+n)

20m -n)

+C (m#n)

dx 2 a-b, «x
. = tg(——tg =)+ C >4
".a-i—bcosx ‘/az_bz arcg(Va+ng)+ (@>8)

Vb—atg%+db+a

dx 1

dx 2

atge+b

i = In
a+bcosx \/627—0.2 b—atg-z—\)lﬂ-a

]

dx 1

= arct,
at+bsiny [ 2 ;2 gJa2—b2

atg§+b——\ﬂb2 -a?

+C (a<b)

)+C (a@a>b)

dx

a

2

cos® x +b%sin? x

! arctg(
ab g

f — = In
a+bsinx JbT—aQ atg§+b+ b2 _ o2

bigx }+C
a

)+C (a <b)
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41.

42.

44.

45.

46

47.

48.

dx 1 1

-' n r M m-
sin’ x cor” x m-1 gin™

Vvcos" M x
n+n-2 dx
+ 5 com-2 n (m * 1)
m-1 sin xcos" x
dx 1 1

m+n-2 dx
+

3|

sin xcos"x n-1lain™ 'xcos™ x

— - (nzl)
n-1 sin” xcos” “ x

dx
2

2 N .
acos” x +2bsin xcossx +csin® x

+b T
= 1 arctg ctex +C ac-b>>0 - T)[ <x<o
Jac—b2 ac— b2 < “

dx dx

a+bcos x+csinx a+\/b2+c2c05(r—a)

- b .
vdi cosa = ——, sina =

[e™ sin bxdx =

[e™ cosbxdx =

. j'x"e""‘dx =

(e cos™ xdx =

b2 +¢? b% +c?

e™ (asinbx—bcosbx)

+C
a® + b2

e™(bsin bx + acosbx)

+C
a® +b®

n_ax
xXe

2 j'x"_]e’udx +C

a a

e® cos” ! x(acosx +nsin x)

az + 712

n(n-1)

+ ——]‘e‘“‘ cos” ! xdx

a2+n2

jshaxdx = lchaJc +C
a

—j (dang 35, 36)

Hd



49. [chaxdx = lshax +C
a

50. _[thxdx =Inchx+C

51. [cothxdx = In|shx|+C

dx x
2. [—=In|th=(+C
Jshx nl 2|

dx
53. =thx+C
Ich2x
54>j‘ d; =—cothx+C
shx .

55. f shixdx = —§+%sh2x +C

56. fch?xdv =S+ L shox+C
273

57. {x" In xdx = x™"! (o 1

n+l (n+1)?

1+C

58. fIn" xdx = x In" x-nf "' xdx

m+1
59, [x™ In" xde=2 I y-_"
m+i m+1

[=™ In"" xdx

IIL. Bang tich phan xac dinh

- T

2 ot 1T ve on=
. n- it vét n=2m
sin” xdx = [cos™ xdx = ( " 2

0 ni!

1.1, =

S

1 vdi n=2m+1

|=

. 4 1 1 (-1y*?
2d,= (¢ 2"xd.ac:(—l"[z— 1-——+=-...+
(J;g ) 4 ¢ 3 5 2n-1

)]



A

2 s 2 Y
3. K,= [cos"” xsin nxdx = %(£+ 2 Foo+=)
0 ontl 71 2 n
p x
4. L, = [cos” xcosnxdx =
o 2n+1
5. Hy = [t In™ xdx < (2" — ™
o. m= )" InT xdx=(-1)" ————
k p (k+1)m+1
1 —_1) I
0. B(m, n) = Ixm—l(l—x)n—ldxz(LMl_)'
o (m+n-1)!
(HAm Beta hay tich phan Euler loaj I)
2 teon)t
7.1,,= j'sinz'" xcos? xdx = 2(2”;)'(2")1 (n,m, keN)
0 Q2n+2m+ Lyt pt (m + n)!

8. j e"‘?'dx = g (tich phan Gauss)

0

+0 s 4 2
9. | BNY gy = | Bmg X dx =§ (tich phan Dirichlet)

0 X 0 x Z

1

—
o=

+a0 4+
. Jeosx¥dx = [sinx?dx=1 ‘[E (tich phan Fresnel)
o o 2 V2

z 7
11. [Insinxdx = [ Incos xdx = - = In 2
0 0 2

+a0 2
15, I lnxzdx=_1t_

o 1-x 4

1 B 2
13 J’111(1 x)dx=_n_

0 x

1 2
14. | I“"zdx=-”—

01*1 8

o
en
It



T+x 12

0 néu |als?

n
16. jln(1 2(1(‘osx+az)dx= B
r néu lalp1l

B

1
17. B(p, ) = [P 11 -0)? 'dt
0

(p, g > 0, tich phén Euler loai 1 hay ham Beta)

I'(p) = _[t”'le"dt , p > 0 tich phan Euler loai 2 hay ham Gamma)
0 .

_Iip)I'ig)
B(p = p,g>0
. q T(prq) p.q
+<ntpl
1(p1(1—p>-j—dr- . , 0<p<1.
1+¢ sin pn
!
Zn)! neN

' =@ -1, T(n +§) = T .,

: } n*n!
I'(x)= limp ———— (Gauss)
n o x(x+1)..(x+n)

x # 0, x khic mét sd nguyén 4m

[l néu n=0
ongn 1 52 néu n=

2
L "% on o
18 xe Wdr="F—T(n+—
{c R

D aor

2 ‘384 néu n=2
1588 néu n=3

Tich phan Fourier

o .j‘- Czsxi t:‘l j’ tbm tf! —ax
h a“+t 2a a?+i? Ph

Tich phan Laplace

356
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_ a
20. j.e a vos xtdt = -

e
21. j'e % 3in xtdt =
0

2

2

a”+x

X

2

a+x

—r 22
22. j e? cosxtdt=e ?
\/EE
23, j cosxt T 1m
o cht 2ch_—
2
g1, [B8X g X X
o ¢kt 2 sh =X
2
. +E g 2
95 .( cosxt tvﬂ x
0 sht 4 cth
2
' sin xt
26, | "o =
0 cht
v p-1
27, j@d::’l L1 SxlP T - prsin 2
o f zl(p)(os-’? 2
x#0,0<p<1]
o T sinaxt . xP! b1 p
28. | dt=———" AP TQ-plecos—,x>0,0<p<1
2 2 - R 2
'(p)sin —-
. 1 néu x>0
29, = [ S gt =1 0 néu x=0
g ot »
-1 néu x<0

Do
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Jx <1
lx1=1

lx>1

néu

lx1

Jx <],

1 néu

2 "% 8 .
B0, = f sin? cos xtdt = 1 néu

Ty 2

0 néu

! sin x
31. [cos xtdt =

0 X

2y

t® gin‘ + 1-
32. I 5 2 cosa tdt = I:i,l

o ¢ 0 néu

1 sin” £
33. f(1-t)cosxtdt =2 5

0

*Psint . 1 -1~
34, J%smxtdt=l+x¥||1_xl

¢ 2

0

V. Chudi

1) Chuéi s8

1 1

l.1+—+..+—+... s> 1, chudi Riemann
8 nS
1
2In2=1-—=+—+
3
3. £=1—1+l+..
4 3 &
2
4. n—=1+i+ ! +.“+i+
8 2 2 n?
2
1
5.L=1+——2—+ 12 + 1 5+
8 3 @n+1)
2 _yn-1
6.£—=1——1—+i‘ A+( l)» +..
12 22 32 nZ




—TC__ +L 1 + +dl+
20 ot gt ot
SRS UL S U
o TR S

2) Chudi liy thita

2 n
9.5 =1+2+X 4. +X 4 (Ix]<+xw)
2 n!
3 _\a2n+l
10. sinx=1—f—+>__ (_L)x_+ (x| < +o0)
3 2n+1)
2 1\ ..2n
11. cosx = 1—527+... %;—+ (x| < +x)
. n).

12 (1+x)*=1+ax+ %ﬁx2+...

N a(a~1).. . {a-n+1Dx"

+.. (Ixl <)
n!
1 _ 2
13. =l4+x+x+ . +ax"+ . (x] <))
1-x
14 —— =1 z+x— _+(C1)" a0 e (x| < D)
1+x
2 3 n
15,ln(l+x)=x-x—+x—~...+(—1)""lx—+“, (-1<x=<1)
2 3 n
16 Lo = 1ot L (x| < D)
14+x
3 5 2n+1

X X X
17. arctger = x— "+ ——— _ +(-1)* ——+... <1
B AT D gy T (el <D

1 a2 1.8xt 3.5..(2n - 1)«
18, =1+lx +l 3x +...+] 3.5...(2n - 1)x
Vo2 210 2o 2" n!

+. (lx]<1)

569



1.2 1.ax° 1 3.5 (20— D"
+ +o+ :

1) aresmax = x + - 3 +.. lxl<1
2113 24215 2" 2n+1)
Chuéi Fourier
- x . sin 2x sin nx
1. -=5lnX + +..+ +.. N<xy<2rn
2 n
. X cos2x cosnx
2. -Insin>==In2+cosx + +o. 4 +
2 n
O<x<2rn (x=2nk)
n . sin 3x sin(2n +1)x
3. —=sihx+ +..+ ( ) +. D<ax<x
4 3 T 2n 41
x . sIn 2x _y sinnx
1. 7=smx——+“.+(—1)” 122y -T<x<Tx
pA p n
_ T 4 cos3k cos(Zn+1)x
o lxl=—~—=[cosx+ AR —+..] lxl <=
2 =n 3 2+

. (n—x)z z 08§ 2x co8 na
O ———— = —+co8a 4 st t———+.l lxl<x
1 12 2 n
2 .
083 os(2n+1
7. £(x—:c):1[—+msxomsz x +...+ﬁ(—n72)x+ A xl<xw
8 3 (2n+1)
5 T €08 2x » 1 COSnX
8 «x :———4[0()51——2-+.“+(—]) —+ M lxl<n
3 2 n
4 2
9. |COSI| = __(l+£+___+(_1)” 1(1)32&
x 2 3 4n°-1
. 4 1 cos2x 08 2n.
10. |sinx| = = (—- -..=E ‘2 nx )
n 2 3 4n° -1
11 nco'sax - 1 cosx (1) L"OS)I.I .
2asinan 924%2 4?1 a2 -n?

jx| < a khong nguvén.

Hu0



nchax 1 Cos X n COSRX

12. = +..+(-1)
2ashar 2q° g +1 ¢ a2+n2
|x{ <m; a khéng nguvén.
1—x2 ISR
13, ———— — = 1+ 2xco80 + ... + 2x"cosnO + ... |x| < 1.

1-2xco8b+ x>

L2
14, xco8d—x

—_— xcosB + ..+ xcosnB + ... |xf <1
1-2xcos0+x

xsin0

—
o3l
]

—————— xsin + ... +x"sinnG + ... [x| < 1.
1-2xcos0+x

1 Yy ¢
16. —Eln(1-2xc050+x2): xcos0+.. . +x" LoRnm

n

lx| <1,x=1, trd vai hé s6 cta 0.

sin 6 . sin n0
17. arctg¥=xsm6+“..+x" smn
1-xcosB n

[x] <1, |x| =1, trit vai hé s6 0.

V. Cac ham dic biét
1. Phuong trinh Legendre
(1 -x%y" - 2xy' +hy=0.
khi % = n(n + 1), phuong trinh ¢é nghiém la da thic Legendre

n, 2 q1\n
P.(x)= 1 d"(x"-1)
2"nt dx"

Cac da thdc P (x) tryc giao trén [-1, 1], nghia la:
0 néu n=m

1
_[Pn (x)P,,(x)dx = 92
1

néu nzm
2n +]

ey



9 Phuong trinh Hermite
Y+ -x)y=0
a2
khi 7. =2n + 1, phuong irinh ¢6 nghiém 12 e 2 H (x) 14 cac da thic Hermite.

2
2 g% r
Hn(x) = Le 2 M
n. d«"

12
tryc giao trén (-, +oc) v6i ham trong lugng e 2 nghia la

. 0 néu m#n
fe? Hy0Hn(x)dx =1 for

n

néu m=n

H.:x) 1a nghiém cua phuong trinh y” - 2xy’  2ny =.0.

3. Phudng trinh Laguerre

'ty + (- i-)y=0
1 =?
khi7 —n + 3 phudng trinh c6 nghiém 14 e 2 L (x).

Lo 1A cace da thae Laguerre
X n n x
Lp=23 e
n! dx"

{ruc giau teén (0, +x) vél 1am trong lugng e* nghia 1a

0 néu m=en
néu m=n

[e Ly, (x)L,(x)dx = .

—x
L.(x) 1a nghiém cta phudng trinhxy" + (1 —x)y' + ny =0
4. Phuong trinh Tchebichef

-2y -xy+)iy=0



khi % = »’ phugng trinh ¢é nghiém la

ﬂ!(x) . Tn(x):
2 2n—l

cos(n arccosx)
1-x

1a da thdc Tchebichef, trge giao trén (-1, 1) vdi ham trong lugng
1-x

nghia la:

U

X _ .
-1 1-x 221 néu m=n

1 TH(I)Tm<I) dy o {0 néu m=n
5. Phuong trinh Bessel
2y txy + (@ -y =0

¢6 nghi¢m 14 ham Bessel.

A T 2n
2) a0 nt (2 FA+n+1)

Dacbiét =k e N:
k n 2n
Jifx) = [ij |l+...+L[i] +..]
2) Rk nt(n+k) (2

2n
_ _ D" (x
)-—0 Jo(x)— 1+... + (n!)z [5] +

Céac ham J,(x) 1a tryc giao trén doan [0, 11 vdi ham trong lugng x.

8. Chudi theo cac ham dic biét

L SR i<l lxl<l.

V1-2tx +¢2  n-0

o063



x o

1-t¢ n=0 Tt

tn
ettt =% —'Ln(x) [£] <1

P (0), H.(x), L (x) 1a cac da thic Legendre, Hermite, Laguerre.

cos(xsing) = Jy(x) + 2 3 J,, (x)cos2nb

n=1

8in(xsinB} = 2 Y J5,.1(x) sin(2n —1)0

n=1

J.(x) 12 ham Bessel cap n € N.

VI: Pudng va mat

1. Ellipse

2 2
x Y
=1 ()
a® b
X = acost
y=bsint

a =b; dudng tron tam O.

2. Hyperbole
Ll
o2

=1 (2

A

x = acht
y = bsht

564

Y

N
N

N

/

Y

>

(2)

aQ
(1)
A
P) \\

X



3. Parabole

y
y2 = 2PI (3)
I
7] £ x
?
2
(3)
4. Cycloide
x=a(t—sint)
{1 =a(t —cost) @
Y
2a-——-- o
0 2an X
(4)
5. Astroide

x=acosdt
(5)

Y
y= a.sint
hay /\

5 z b
X +yt =al

665



8. La Descartes

<+ = 3axy ()

hay :
L
3at &, 3a Z
RS = Z
1+t Yo
Y- 3at®
1+
(6)
7. Cissoide cia Dioclés
3
x
yi=== (7
a—t
‘e at?
hay 1+¢2
y= at?
1442
8. Strophoide (7)
s a+x
y2 - xz (8)
a-x
Y
-~a
a

(8)



9. Tac bé& chia dudng tron

x = a(Cost+1t8In¥)
y=b(sint—tcost)

ya

(9)
10. Cardioide
r=a(l + cosp) (10)
x = a(2cost —cos2t)
y=a(2sint —sin 2¢)
@
Uza
(10)
11. Lemniscate ciia Bernoulli
@W+y =2’ -yH (11)
hay r? = acos2¢
Y
N p
AN
N s
a
AN x
4 AN
e AN
(1)



12. Hoa héng ba canh

r=asinde (r=0) (12) y

NN

o

(12)
13. Hoa héng bén canh
r=alsin2¢| (13)
(13)
14. Xoin éc¢ Archimede
r=ae (rz0) (14)
(14)



15. Xoan &c Logarithme

r=-e* (15)

(15)
18. Xoidn 6c Hyperbole
r=2 (>0 (16
P
a
e
o x

17. DPinh &e tru tron xoay

x=qcos?
y=asint (17)
z=>bt




18. Dudng bic hai
Ax* +2Bxy + Cy’ +2Dx + 2By + F =0

2) 8 = AC — B? > 0; Ellipse thuc: 4o; hai dudng théng o cat nhau tai mot
diém thye.

b) 5= AC — B’ <0 Uyperbole; hai dudng thang thyc cit nhau

¢) § = AC — B? = 0: Parabole; hai dudng thing song song, thuc hoac ao, phan
biét hoac trung nhau.

Piac bigt A = C, B = 0: dudng trdn thyc hodc a0, phugng trinh chinh tic:
(x—a) +(y—5)2=R? (tdm (a, b}, ban kinh R).

19. Mat phz:u:lg
Ax+By+Cz+ D=0

20. Pudng thing

X-X _Y~Yo. 2" 2
m n 2

hay
X = X0 +mt

y=ygt+nt
2 =20 +pt

hay

Ax+Byy+Ciz+Dy =0
Azx +B2y+C2Z+D2 =0

21. Mit ciu (thuc hoje ao)
2y +22+ 2ax + 2y + Lz +d=0
phuong trinh chinh tic:

@x-a)y+{ -b)?+{z—-c)*=R*(tAm (a. b, c), ban kinh R).



22. Ellipsoide

. . z
2 2 2 1
x y z
S+ =1 (22)
a2 B e
. N ¢
Diac bigt a = b = ¢: mat cAu tam O. N
Jd.a
~ g \T ~ b
q 1) y
! 7/
x
(22)
23. Hyperboloide mét ting
2 2 2
x* y° oz
—S t 5 ~—5=1 (23)
2 b2 2

a = b 1rdn xoay

24. Hyperbaoloide hai ting
.‘62

+ 2!
4

z
-==-1 (24)
C
a = b: tron xoay
i
g

£

(24)

I

Q
Q-
N




25. Paraboloide elliptique

2 2
2= Y (95
2p 2q

p = q: 1rdn xoay

QY — — —

(25)
28. Paraboloide Hyperbolique

2 2 z
z2=2—-L (96

2p 24
hay

Z=XY.

€L
(26)
27. Mt nén
2 2 2 z
x y z
—+=—-—=—=0 27
a? b o2 (
a = b: nén trén xoay
) —
Y
(27)

572



28. Mat tru
F(x, y) = 0: dudng sinh / Oz.
F(y, z) = 0; dudng sinh // Ox.

F(x,, z} = 0: dudng sinh // Oy.

29. Mat tru Ellipse z
2 2
X Yy
—+=5=1 (29
a2 bz ]
I
x 1
a = b: mat try tron xoay 2o 5177
Y
/ |
z o=t
\Jl_/
‘ (29)
30. Mat tru Hyperbole
2 .2
=-2=1 @30
a“ b z
Y
7 ____
L
s |
S
o _F

(30)

on



31. Mat tru Parabole

¥y’ = 2px (31)




(v6i cédc gia tr) khic sir dung cong thie I'(x + 1) = xI'(x))

VIL. BANG 1AM GAMMA

a0

F(x) = J‘t‘"le“d( vdil<xg?2

)]

T'(x) [

X I'(x) X X () X T'(x)
100 | 1,00000 | 1,25 | 90640 150 | 88623 175 | 91906
1,01 99433 | 126 | 90440 | 151 | 88659 176 | 92137
1,02 98884 || 127 | 90250 | 152 | 88704 177 | 92376
1,03 98355 | 128 | 90072 | 153 | 88757 1,78 | 92623
1,04 07844 | 120 | 89904 | 154 | 88818 1,79 | 02877
1,05 97350 | 130 | 89747 155 | 88887 | 1.80 | .93138
1,06 06874 | 131 | 89600 156 | 88964 || 1,81 | 93408
1,07 96415 || 1,32 | 89464 157 | 89049 182 | 93685
1,08 05973 || 1,33 | 89338 | 158 | 89142 183 | 93969
1,09 95546 | 134 | 89222 | 159 | 89243 184 | 94284
1,10 95136 || 135 | 89115 | 160 | 89352 | 185 | 4561
1,11 94740 || 136 | Boo18 ! 161 | 89488 186 | 94869
1,12 04359 || 137 | 88931 || 162 | 89592 187 | 95184
1,13 03993 | 138 | 88854 | 163 | 89724 | 188 | 95507
1,14 93642 | 139 | 8878s | 164 | 89884 180 | 95838 |
115 93304 | 140 | 88726 | 165 | 90012 190 | 96177
1,16 92980 || 1,41 88676 | 1,66 | 90167 191 | 96523
1,17 92670 || 142 | 88636 || 167 | ,90330 | 192 | 06788
1,18 92373 || 143 | 88604 || 168 | 90500 | 1.93 | 97240
1,19 92089 || 144 | 88581 || 169 | .90678 194 | 97610
.20 91817 | 145 | 88566 || 170 | 90364 195 | 97988
1.21 01558 | 146 | Besso | 171 | 91057 196 | 98374
1,22 o311 | 147 | sese3 | 172 | 91258 197 | 98768
1,23 91075 | 148 | 88575 | 173 | 91467 198 | 99171
1,24 00852 | 1,49 | 88505 | 174 | 91683 199 | 99581

200 | 1,00000

o
]

o



[12]

(13)
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